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BBenenune

YdebHoe mocobue OCHOBAHO Ha AaBTOPCKOM Kypce JIeK-
Uil I CTYI€HTOB acCTPOHOMHYECKOTO OT/IeJIEHUs TePBOro
Kypca pusudeckoro pakyasrera MI'Y um. JlomoHnocosa, co-
3JIaHHOI0 U 4duTaemMoro asropom ¢ 2015-ro ropa. Ilocobue
MOZKEeT OBITH HCIOJB30BAHO CTYJAEHTAMU ACTPOHOMUIECKHX
crernuaJabHocTel huzndecknx (pakyjIbTeTOB YHUBEPCUTETOR,
a TaKxKe HAYYHBIMH COTPYIHUKAME HHCTHTYTOB, 3aHUMAIO-
MIUXCS UCCTeOBAHUSIMH B OOJACTH acTPOHOMUU 1 (PU3UKA
KOCMOCA.

[Tocobue copepkKuT CBeJIeHUsS] M3 MaTeMaTH4YeCcKOd cra-
THUCTUKH, HEOOXOAMMBIE [IJid TEePBUYHONW 0OpPabOTKM JIaH-
HBIX Pa3InvdHOi Tpupoabl. B ToM dmcie, mpuBeseHbl CIO-
cOOBI TIpeJICTaBIEHUS TAHHBIX JIJIs WX MOCJenyoneil odpa-
OOTKM, METO/IbI BBIYUCICHUAST OCHOBHBIX XapaKTEePUCTUK JTaH-
abix. Ocoboe BHUMAaHUE yjie/isieTCsl JIMHEHHO W MOJTMHOMU-
AJILHON perpeccun Jjisi almpOKCUMAINN JAHHBIX HElpepPhIB-
upiME pyuknuamu. ObcyK1aeTcs BOIPOC MPOBEPKHU JTaAHHBIX
Ha COOTBETCTBHUE OINpeIeJeHHOMY THIIY paclpeesieHus, a
TaKzKe PsJi HeapaMeTPUIeCKIUX MeTOOB.

[Tocobue cuabGkeHO OOJILITUM KOJMYECTBOM IMPUMEPOB,
IPENUMYTIECTBEHHO W3 acTPOHOMUN. Kpome TOro, COMEepPIKUT
BBIBOJIBI (POPMYJI, KOTOPBIe OOBIYHO HE MPUBOJATCS B aHAJIO-
TUYHON JTUTEPATYPe, & TaKKe JOMOTHEHO IITaBaMy U3 CMerK-
HBIX 00JIaCTeil: TEOPUU BEPOATHOCTEH, KOMOMHATOPUKH, JTU-
HEHHOM a/rebpbl, KOTOpPbIE JeJIaI0T 10cObue CaMoI0CTaTOq-
HBIM TSI PEIIeHUsT TIITPOKOT0 KPYTa ITPUKIATHBIX CTATHCTH-
YeCKUX 3a7a4 6e3 obpaleHus K JOMOJTHATEILHON JTUTEepaTy-
pe.

JluTeparypa, uCoabp30BaHHAS TPU HANUCAHUU MOCOOUS,
yKazaHa B Oubjimorpadpuu m 4aCcTUYHO OCHOBAHA HA UCC/Ie-
JloBaHusdgx aBropa. g Gojiee yriayOaeHHOTO U3y4YeHUS W3-
JIOZKEHHBIX BOTIPOCOB, PEKOMEH IYETCS CJIeIYIOMAas TOMOTHU-
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1 IlorpemHocT; U OMMOKU M3MeEpe-
HUI

1.1 O npuaIUnax, mpodjsemMax, 0COOEHHO-
cTgaX cbopa u MaTeMaTu4decKoii o0opadoT-
KU JTAHHBIX

OxpyKaonui MUp MOJOH WHGMOPMAIUHA BCEBO3ZMOXKHO-
ro poja. KagecrBo coopa n 06paboTrku undopMalum cocTo-
UT HE TOJBKO B TOYHOCTH HpI/I60pOB n B HaJCZKHOCTHU IKC-
HePUMEHTAJIBHBIX YCTAHOBOK, HO U B MOHUMAHHUH TOTO, YTO
Bcd WHMOpPMAINUs XPAHUT B cebe 37eMeHTHl CJIy4YaifHOCTH.
HeB0o3MOXKHO TPOBECTH HECKOTBKO pa3 abCOTIOTHO OJUHAKO-
BbI€ SKCIIEPUMEHTHI UJIU OCYIIECTBUTH a0COTIOTHO OJIMHAKO-
BbI€ Ha6JIIO,ZLeHI/IH u MMOJIYIUThb a6COJHOTHO O,ZLHHaKOBbeI pe-
3ysbTaT. Coy4aliHOCTD — 9TO HEOTbEMJIEMOE CBOICTBO IIPUPO-
JIBI 1 ©30aBUTHCSA OT Hee HEBO3MOZKHO, & TIOTOMY HaJI0 YMETh
OOHApYKUBATH €€ W KOHTPOJIUPOBATH — KAaK KadeCTBEHHO,
TaK U KOJINYECTBECHHO.

[Ipu nabsroieHngax, 3MepEeHUIX, IKCIePUMEHTaxX pa3J/iu-
YaIl0T HECKOJIbBKO BHU/10B BO3MOXKHBIX OH_H/I6OK.

e Cucremarudeckue (WU HHCTPYMEHTAIbHbBIE) ONTHOKH,
omubKkK Karajaoros. CucreMarudecKue ONIMOKH SIBJISI-
I0TCSI CAeICTBAEM BIMSIOMNX Ha m3MepeHue 3pdex-
TOB, AefCTBHE KOTOPBIX HE PACIIO3HAHO U HE yCTPAHEHO
(nnm He yureno). Hampumep, Benenctsue pedpaxin
u3MepsieMasi BBICOTA CBETHJIA HaJ TOPU30HTOM OKa-
3pIBaeTCsd OOJIbIlle MCTUHHON BbhIcOTH. Ecam pedpax-
IAI0 HEe YYUTHIBATb, TO B H3MEPEHHUs] BBICOTHI CBETH-
Jla, HaJ| TOPHM30HTOM BHOCUTCS CHCTEMAaTHIeCKast Omno-
kKa. Ha mpakTuke MOJHOCTHIO HCKJIIOYATH CHCTEMAaTH-
YecKue ONMMMOKNA HeTh34.
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e CyObekTuBHBIE OMIMOKH HAOII0IATEI W SKCIePUMeH-
TaTOpa, B TOM 4HUCJIe TPyOble OIMMUOKN U ONEeYaTKH.

e Omubku, cBA3aHHbIE ¢ (PUBTICCKUME OCOOCHHOCTSIMHU
uceseyemoro mponecca (dusnaeckue ommbku). Ha-
IpUMep, COTJIACHO KBAHTOBO-MEXaHWYECKOMY NMPHUHITH-
1y HEOTIPe IeJIEHHOCTH, HEBO3MOYKHO OJHOBPEMEHHO 13-
MEPHUTh TOYHO UMIIYJIBC U KOOPJAMHATY YaCTUILHI.

e Cuyuaitable OmMMOKN, KOTOPbIE MOTYT OBITH KaK CBOIi-
cTBaMu pubopa, TaK U CBOMCTBAMHU CaMOTO UCCJeLye-
MOTO TIporeccal. 9Tu oIuOKH H3y4YaloTcsa CTaTHCTHYe-
CKUMHU METOJIaMU, ¥ OHU OYIAYT JAJbIle 00CYKIATHCS.

1.2 IlorpemHOCTH BBIYUCJIEHUN U JIeii-
CTBUHA C MPUOIMKEHHBIMY HECJTY YallHbI-
MU 4YUCJIaMU

N3-3a orpanuveHHOl TOYHOCTH M3MEPUTEJIbHLIX TPUOO-
POB pe3yJIbTaThl U3MEpeHuii Beeria npudanzkennsie. Kpome
TOrO, Pe3yabTaTbl MU3MEPEHUuil cojepzkar U CJIAyYalHyIo CO-
CTABJIAIONIYI0, OT KOTOPO HeJTb3s N30aBUThCS HUKAKUM TIO-
BBITIIEHHEeM TOYHOCTH. PaccMoTpuM cHadasa, KakK ONepHupo-
BarTb C pe3yJjbrarTaMu, JIMIICHHBIMU CJIy4ailHOI cocraB/idlo-
mieii. [Ipemnosokum, 94To CyImecTByer TOYHOe YUCI0BOE 3HA-
JeHne W3MepsieMOoil BeJTMIMHBI (KaK He3aBHCAIIAst OT TPHOO-
pa 00beKTHBHASI PEAILHOCTD ). MI3MepeHue ke JaeT KaKoe-To

LCnenyer 0cobo OTMETUTH BaXKHOCTH CIydailHBIX OMHUOOK B CO-
BPEMEHHbIX HCCJIeIOBAaHUAX 110 HepelleHHON IpobieMe BO3SHUKHOBEHHA
JKU3HA. YCJIOKHEHNE KUBBIX OPTAHM3MOB TaKKe €CTh BO MHOTOM CJIy-
JaiiHblii mponecc. HenanpapieHHbIe ciyvaiiHble n3MeHeHusT (MyTalnm)
— 9TO TJIaBHBIN MpoIece, obecednBaIONAil MaTepnas JJid 3BOJIOIHH.
Kpome Toro, Ha moHATHH CIy4aifHOCTH HOCTPOEH KOCMOJIOTHYECKHN aH-
TPOIHBIA IPUHIUII ¥ COBPEMEHHbBIE TEOPUY MHOTOMEPHBIX IPOCTPAHCTB
(xonmentust Mynbruvupa).
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npyroe 3nadenne. TakuM oOpa30M, ONpeneIsaeTcs KoHeuHaA
OULUOKA UBMEPEHUSA.

[peamnosioKum, TPOIEIaH P/l H3MEPEHUI, U KayKI0€e W3-
MEpeHHe COJIEPXKHUT CBOIO omuOKy. /lasee ¢ stumu uzMmepe-
HUSIME HUCCIE0BATE/Ib X0UeT IPOU3BOJIUTD, K IIPUMEDPY, IIPO-
creiimue apudMeTHIecKue IelCTBUA: CKJIAIBIBATH, BbIYUH-
TaTh, YMHOXKaTh, JAeuThb. Ompejesienne OmubOK pe3yJibra-
TOB, TOJIYYEHHBIX TIPU 00paboTKe NpUO/IMKEHHBIX YHCEJT C
M3BECTHBIME ONTMOKAMHU (C W3BECTHBIME MHTEPBATAMU H3Me-
HEHUsI) — NPAMai 3a0a4%a 0OPABOTKH TTPUOIUZKEHHBIX THCE.
Ecin Ke TOYHOCTH KOHEYHOT'O Pe3yJIbTaTa 3a/1aeTcs U Tpedy-
eTCsI OIIPEIE/INTh, C KAKON TOYHOCTBIO JOJIZKHBI ObITH H3Mepe-
HBI UCXO/IHBIE BEJTMIUHBI, TO UMEET MECTO 00pamHas 3a0a4a.

1.2.1 Tounasa ommmbka MPUOIUAKEHHOTO UMCTIA

[Iycte A — TO4YHOE HEM3BECTHOE 3HAYECHUE U3MEPSEMOi
BeJIUYMHBI, @ — N3MEePEHHOe 3HAYeHne, TOT1a

A, =a—A

€CTh MOYHAA OWUOKa npU6/LU97‘06HH020 qucaa.

1.2.2 IlpenenbHas abCcoOJIIOTHAA MOTPEHIHOCTD

HaumenbIee moaoKuTeaIbHOE YUCIO €4, TAKOE, UTO
a—¢, <A<a+e,

HA3LIBACTCS NPedeavHotl aOCOAOMHOT NO2ZPEUHOCTIIDIO.
ITPUMERP Ilpusejiem npumep BbIYUCICHHUS IPEIETbHON

abcosroTHOI morperrHocTu. Paccrosiaue S or S3emun 10 mia-

wernl [nmmze 581c? pasno a = 6.2 mapceka (1 nx = 3 - 103

2TInamera Iiiuse 581c — 5K30IIAHETA B IJIAHETHOI CHCTEME 3Be3Ibl
I'nuze 581, koropas Obina obHapykena B anpesie 2007 r. obcepBaropueit
Erporeiickoro acTpoHOMIYECKOro coobmiecTsa B Humn.
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M). OKPYTIUM JI0 HEJ0ro Yucia napcekon, S & 6 nk. [pu-
HATO CYNUTATH, YTO IIPEJeJbHAad abOCOJIOTHAS IIOTPEITHOCTD
(€4) OKDYIJIEHHOTO TPHOJNKEHHOTO 3HAYEHHS PABHA IOJIO-
BUHE €JUHUIBI IIOCIEHEr0 3HAKA OKPYIJIEHUS, T.e. €, = 1
nk /2 = 0.5 nx.

1.2.3 IllpepenbHas OTHOCUTEJbHAA MOTPEITHOCTD

Mana mim BequKa TpeaeabHas aOCOMIOTHAS TOTPEI-
HOCTb B IpeaplaymeM npumepe? BakHa He TOIBKO MaJOCTb
npeaeabHOi abCOJTFOTHOMN MOrPENTHOCTH caMa 1o cebe, HO U
ee MaJIOCTh B CDABHEHWUHU ¢ U3MEPEHHON BeJTMIHHON (TaK, JIsl
paauyca miaaHeTsl [mm3e 581c €, = 1 KM — 9TO OYeHb XOPO-
10, HO Ta K€ BeJIMYUHA JIJId U3MepeHust Janabl KepueHcko-
ro MOCTa IpeJcTaBser coboil 0ueHb rpybyI0 MOIPeITHOCTS ).
Broaurcs nousTue npedesvHoti 0mHocumesvHol no2peusro-
cmau: .,

%= 1a) @
WIn
a(l—0,) <A< a(l+6,),a>0
<AL

a(1l 4 0q) a(l —6,),a <0.

ITPUMEP Ilpupesem npumep BBIYUCICHUS IIPEICTh-
HOIl OTHOCHTeJbHOU morpentHocTH. [l1s MprBeIeHHOTO BbI-
me npuMepa mpo mwiaHery Limse 581c¢ dopmyna (1) maer
do = 0.5 uk /6.2 uk = 0.08 ujm, KaK OOBIYHO HPEJACTAB-
JIIeTCS NPeeIbHasg OTHOCUTEIbHAS TOIPENIHOCTD, 8%.

1.2.4 CaoxkeHne NpubIIN>KEHHBIX YNCEJI

[Iyctb a = a1 +as+as+- - -+ay,, vae a; — npubInKeHHbIE
qucia. [lycTs Tak:Ke H3BeCTHBI €; — IpeIesIbHbIe a0COTIOTHBIE
MOTPEITHOCTH KaxK 1ol u3 a;. CraBurcs 3aqada (psMas 3a-
Jlada) ONpeIeJUTh IIPEeJbHYI0 abCOMIOTHYIO MOIPEITHOCTD
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IJId BEJIMYUHBI Q. Omna ectb CyMMa HOpeaebHbIX abCcoTIOT-
HbIX HOI‘peH_IHOCTeﬁ KazKJ0ro cjaaracMoro:

n
€q = E €;.
i=1

3 3roii npocToit hopMyJIbl celyeT BazKHbIH BBIBOJ, YTO
HE HYYKHO CTPEMUTHCS MMOJIYyYaTh TPUOJIUKEHHBIE CJaraeMble
C Pa3HBbIM KOJUYECTBOM 3HAKOB I10CJIE 3alI4TOH.

1.2.5 Bpruntanue npubIM>K€HHBIX YHUCEJ

Beranranue — 310 aarebpamdeckoe CI0XKEHHE, MOITOMY
JUUISE JIBYX HPHUOJIMPKEHHBIX YUCeJI, A1 U (o C 33/ JaHHBIMH [IPe-
AeJIbHbIMI a6COJIIOTHbIMI/I HOFpe]l[HOCTHMI/I €1 N €9 UX pa3—
HOCTh @ = a1 — Gy 00JIajaeT TpeIebHOW abCOJIOTHON T0-
IPENIHOCTBIO €, = €1 + €9, a IpejieIbHasg OTHOCHTE/IbHAS I10-
IPEITHOCTD, COOTBETCTBEHHO,

€a €1 + €2

0g = — = ————. (2)
|al a1 — a

[lIocko/IbKy B 3HaMeEHATEJIe CTOUT PA3HOCTDh JIBYX BEJIHU-
YUH, TO BO3HWKAET MpoOJeMa pocTa MpeaeTbHOl OTHOCH-
TeJILHOMN TIOMPEITHOCTH, KOT/IA (] U (s MAJIO OTJINYAI0TCS APYT
ot apyra. [Tpobiema MoxkeT ObITH yCcTpaHeHa JIMOO yBeInde-
HIEM YKCJIa 3HaYaIuX 1udp mociie 3andaToi aubo, ecu mep-
BO€ HEBO3MOYKHO, CBEJCHHEM PA3HOCTH (1 — Uy K PA3HOCTH
a1 — Quo, TIe a1 = M + aq, G = M + Q.

ITPUMERP Ilpusejiem npumep BbIYUCICHUS IPEIETbHOMN
OTHOCUTEILHON TOTPEINTHOCTH JJIsI PA3HOCTH JBYX OJM3KHX
quces1. [1ycTh He00X0IMMO BBIYHCIUTD HPEJIEIbHYI0 OTHOCHU-
TEJILHYIO TOTPEITHOCTD JIeBoil dactu GopmyJisl, [1]:

Njw
Njw

(T1+7"2+8) —(r1+7“2—s) = U. (3)
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910 dopMmyaa Ditaepa, BeIparKaloas CBsI3b MEXKIY IBY-
Ms PaJINyC-BeKTOpaMu mapaboJibl, JIIMHON XOP/Ibl U BpeMe-
HeMm. OOBIYHO S eCTh MaJtas BEJIMYHHA 110 CPABHEHUIO C "1 +773,
U [O3TOMY MpPsiMO€e BeIYHCIeHre 1o (hopmysie (2) mpuBoIUT K
norepe ToYHOCTH. OT pa3HOCTU OJU3KUX YUCETT MOXKHO H30a-
BUTHCSI, YMHOXKUB U Da3JIeIUB JEeBYI0 9acTh ypaBHeHus (3)
Ha CyMMY

(7“1 + 7o+ s)% + (7‘1 + 1o — s)%.
Torma momygaercs
2(r1 + 7"2)%(30 + 0?)

3 3
2 2

(1+0)2+(1-0)

re
S
o=——<<1.
1+ T2

Mo2KHO BOCIIOJIB30BATHCA H0J1ee ODIIMM IPUEMOM, PA3JI0-
KUTH Mpeobpa3oBaHHOe BbhIpazkeHue (3) B Psiji 10 0.

ITPUMEP IllpuBenem npumep BBHIUYUCICHUA ILIOIIAIEH
MaJIbIX Iepecekamuxcsa obaacreil Ha HebecHoil cdepe. Cra-
BUTCS 3372498 BBIYUCINTD ILIONIA/ b HEKOTOPOIl MaJjo# obsa-
ctu Ha HebecHOIl cdepe, 3a1aHHOI YeTHIPbM IapaMUi KOOp-
JIMHAT CBOUX YIJIOB, & TaKxKe ILIOMAJb IepecedeHust JIBYX
TaKuX 00JIACTei.

[IycTh MOBEPXHOCTH S OHPEAEASIeTCsl YPAaBHEHHEM 2 =
f(z,y) u npeamosaraeTcs raaaKol BO BCEX TOUKAX, YTO O3HA~
JaeT CyIecTBOBaHME B KayKJI0H TOUKe BEKTOpa, MEPIEHINKY-
JIgpHOro 3Toft noBepxuoctu. [lycrs D — obaacth onpeeie-
Hust byHKIMU 2 Ha WwiockocTr Oy (o61acth D ecTh IpoeK-
st noBepxHoctu S Ha mwiockocTb Ozy). Tlnomaas moBepx-
HOCTH S, OTPAHUYEHHON 00/1aC¢Thi0 [, BEIYHCIsIETCsT 110 DOp-
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MyJIe:

SJN”%Y*@D dady.

Yroa v Mexky nepuennkyasspoM u ockio Oz oupenens-
eTCs BbIpayKeHTeM

1

[ 88) (8

[locTponM mpoeknuio exuHUYIHOMN 0baacTH Ao;; Ha KOOD-
IUHATHYIO ILI0CKOCTH Oxy:

cosy ==+

Ax; - Ay;

A(TZ' ;=
J COS 7Vij

rJie 7y;; BBIYHCJAAETCd B TOUKe ¢;;. loamas miomags S ecTsh
mpeJiel CyMMBI:

2
S =3y (ax) +(3f> AziAy;
i, v

0y,

OxkoHYaTeILHO,

S = H\/ af ( ag ) dady.

[Iycrh Tenepb z ecThb HesBHAd (DYHKIMS IEPEMEHHBIX &
uy: F(z,y,z) =0. B srom cayuae

a_F_'_a_F.%—O
or 0z Ox ’
8F+0F 62_0
oy 0z Oy '
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Kpome Toro,

9= _ _OF joF
ox Ozl 0z’
0: __or jor
oy Oyl 0z’
Oxkon4aTe/bHO,
VG () (5)
ox dy 0z
S = ff oF dzxdy.
(D) -
0z

Kazcioe nose onpegenserca na cepe x2 + y? + 22 = 1.
JIsis1 HesIBHO 3a/1aHHOI TOBEPXHOCTH

or _, oF _, oF
or x’@y_ Yoz

o jf\/x2+y —i—sz dy.

=2z,

BBoss nosisgipabie KoopauHATH Ha cepe e TMHIIHOTO Pa-
JIAYCa
T =cosq,y = sinq,
HePEeXOIUM OT JIEKAPTOBBIX KOOPAMHAT K IOJISIPHBIM C SKO-
OMaHOM LIEPEXOJA T

ro Qg
1
S: //ﬁTdadT

T Qa1

Breibepem B KadecTBe KOOpAMHATHOH 1tockoctn Oxy
IJIOCKOCTH HeOecHOro dKBaTopa. B srom ciaydae yroa a €
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(0,27) ectb mpsimoe Bocxoxkmenue, a 0 € (0,7/2) — crtone-
aue. Och Oz HanpaB/eHa HA CEBEPHBIN MOJIIOC.
CBs13b MeXK/1y TOJSIPHON KOODPIUHATON I U YTJIOM HAKJIO-
Ha 0 €CTh
r1 = €08 09, 'y = COS 01

(51 < 52)

Mg kazxgoro nomst (aq, 1), (az,d2), (as, d3), (a4, ds) Gy-
JIeM MPHOINZKEHHO CUUTATh (\ = (v3, (g = Qy M 01 = 0o, 03 =
04. Hammpumep:

ar = 170.56404, 6, = 18.3216;
s = 169.51245, 5, = 18.32824;

as = 170.5539, d3 = 17.32329;
ay = 169.50818, §, = 17.3299.

ITiomann
cosdy oo ]
S = ————rdadr = (g — o) - (sindy — sin ;) ~
m ( 2 1) ( 2 1)
cosdy a1
) )
~ (ag — aq) - (62 — 07) - cos 1; 2,

31ech U Jlajiee UCIOJIb3YyeM TPUTOHOMETPUUIECKYIO (hop-
MyJIy 7JI YCTpaHeHHsl PA3HOCTH CHHYCOB OJHU3KUX VIJIOB.
[Tockosibky cjiejlyer pacCMaTpUBATh JBA MEPECEKAIOMIMXCS
OJIsI, TO J/IsI TTOJICYeTa MOJHOM II0MA N HY>KHO HCKIIOYHTD
ILJIOIIAIh WX [TePEeCeUeHMs:

5172 - Sl +SQ - SU

DTO JIETKO cJeJlaTb B TepMUHAX IIPOCKIHUU: H€O6XO,ZLI/IMO

Ynopaa04uThb KOOPpAWHATHI YIVIOB JABYX IIE€PECEKAIOIUXCA 110~
e 1 1 2 ¢2 1 51 §2 §2
JIeH &y, 042,041,(52 u 51752751752‘
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[MonyuaeM yHnopsIoUeHHbIH (BAPUAIMOHHDLH) P A <
Oy < O3 < dig B 0] < 09 < 03 < d4. ﬂaﬂee,

Sy = (a3—ay)-(sin d3—sin (5~2) A (d3_d2>'(5~3—(5~2)~cos 03 + 52_

PaCCMOTpI/IM JBa I10JI4 ¢ KOOpAuHaTaM1, COOTBETCTBEHHO:
aj = 170.56404, §; = 18.3216;

oy = 169.51245, 5, = 18.32824;
ag = 170.5539, d3 = 17.32329;
ay = 169.50818, §; = 17.3299.

o = 170.37474, 67 = 18.66864;
a3 = 169.32095, 62 = 18.67431;
a3 = 170.36562, 65 = 17.67029;
af = 169.31784, 62 = 17.67593.

Jlns onpeieIeHHOCTH BhIOEpeM
aj = 170.56404, §; = 18.3216, ay = 169.50818, 6, = 17.3299;

oy = 170.37474, 55 = 18.66864, a5 = 169.31784, 55 = 17.67593.

yHOpH,ZLOLII/IM BEJINYMHBI yFﬂOB 10 BO3paCTaHI/IIOZ
(d1, o, 3, dy) = (169.31784, 169.50818, 170.37474, 170.56404);

(61,02, 03,04) = (17.3299, 17.67593, 18.3216, 18.66864).

[lotHAA TIOMAAL ITHX ABYX MepeceKalolmuxcs Mosei
€CTh:

Siz = S1+ 52— Sy = 0.99683 +0.99686 — 0.53213 = 1.46156.
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1.2.6 YMHOXKeHUEe NpubIN>KEeHHBIX YHCEJ

[Iyctb a = ay - as U 3aJaHbI € €3 — IPeJIEIbHbIE a0COTIOT-
Hble IIOIPELIHOCTU BEJIUYUH @y U Gy COOTBeTcTBeHHO. Ompe-
JIeJTAM TIpejie/IbHbIe a0COMIOTHYIO B OTHOCHTEIBHYIO ITOrPell-
HOCTH €, U 0.

[Ipousseenne TOYHBIX (HEX3BECTHBIX) BEJIMIHH

A= Al . AQ = (CLl — Al) . (a2 — Ag) = a1a9 — a]_AQ — A1a2+
+A1A2 = a— &1A2 — a2A1 + AlAQ,

e Ay u Ay — ToYHbIe OIMOKY HPUO/IMKEHHBIX BEJIUIUH (1
1 as COOTBeTCTBeHHO. TouHas ommubKa MPOU3BeIeHUs eCTh

Aa =a— A= alAg + a2A1 — AlAQ.

[Tocsienree ciraraemMoe eCThb BEIUYUHA BTOPOrO MOPSIIKA
MaJIOCTH, IO3TOMY €ii MOXKHO IpeHeOpedb. OKoHYATEIHHO
OJIydaeM

Ay = a1Ag + aAy
WIH, JJIs0 IpeaeabHOl abCOMI0THON MOrpeIrHoCTH,
€a = |ai|ea + |asler.

[IpesesibHAST OTHOCUTEIBHAS TTOIPEITHOCTD (1) mpousse-
JACHUA IBYX HpI/I6ﬂI/I)KeHHbIX Be/JIMYUH €CThb

_ G _|uletlola e a

= = = 01 + ds.
lal |a1as] jas|  ai]

a

B obmem ciydae it n COMHOXKUTETCH ay

0g = z”: O
k=1

Takum oOpa3om, mnpejesbHas OTHOCUTE/bHAS IOIPEIll-
HOCTb IPpOU3BEACHUA paBHa CYMMeE IIPpEAC/IbHBIX OTHOCUTE/Ib-
HBIX TTOTPENTHOCTE COMHOXKUTEJIEH.
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1.2.7 enenune nmpubINKEHHBIX YHCEJ

[Iycts a = ay / Q9 M TAK K€ KaK M B IIPEJLIAVIIEM CIIydae
nMeeT MECTO IIpsAMagd 3a/1a4a, T.€. €] U €5 33JaHbl U TpedyeTcs
OIIPeIeUTH IpeJeIbHbIE ADCOTIOTHYIO U OTHOCHTEILHYIO 110~
IPEITHOCTH €, U 0,. AHAJTOITIHO BHIBOLY (DOPMYJI JIJIsT YMHO-
KEeHUS, /I TOYHOIO 3HaYEeHU A

Ay a; — Ay

A= T m

Tounas omubka nTpubIMKEHHON BEJUYINHBL (:

ai a1 — Al a2A1 - alAQ
Ay=——

as  as — Ny a3 — as g

Brenem Bemmanny

Aa _ CLQAl —2a1A2

Qs

U HalJeM Pa3HOCThb 3TOH BBEACHHOW BEJUYMHBI U TOYHON
ONTMOKN NPHOJIMKEHHON BEJIUIUHBI @

Aa “A, = — (G2A21 - CL1A2)A2‘
as(ag — Ay)

[Tockosibky as # 0, T0o (A, — A,) ecThb Majasg BTOPOro
HOPANKA, a 3HAYAT ¢ TOYHOCTBIO JI0 MAJIOH BTOPOTO IOPAIKA
A, = Ay = (a1 — ay;Ay) /a3. Torpa npegenbHas abeoTIOT-
Hadd HOFpeHlHOCTb OTHOIIIECHU A JABYX HpI/I6JII/I)KeHHbIX BeJIN-

YH e€CThb
_ ailea + [asler
a— 5 .
a3
[IpesesibHAST OTHOCHTENbHAS HOTPEIIHOCTH (1) OTHOIIe-
HUA ABYX BCJIUYHH €CThb

ai|€2 + |ag|€e a € €
5“:(%#) Gl_a e s 5
2
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9TO B TOYHOCTH COBITAIAET C Pe3YJIbTATOM BBIUHACJICHUS Ipe-
JIeJIbHOM aDCOJIIOTHON MOTPEITHOCTH JIJIsl IPOU3BEICHIS TIPU-
6JII/I)K€HHbIX BCJINYMH.

1.2.8 Omenka omubku (YyHKIUN ITPUOIUMKEHHBIX
apryMeHTOB

[IycTh 3ajana HenpepblBHO-AuMD M epeHIupyemMasa (pyHK-
mast f u U = f(A). Ecin BMecTo TOUHOTO 3HAYEHHS ap-
rymenTa A moacTaBuTh €ro MpUOJIMKEHHOe 3HAYEHHE d, TO
nosydenHoe 3Hadenne Gyuaknun u = f(a) Takzke Oymer mpu-
OJTKEHHBIM.

[IycTh 3a1aHa npeesTbHas abCOTIOTHAS MOTPENTHOCTD €.
Permmum npsMyio 3a7a9y u HaiieM IpeIeTbHy 0 abCoTIOTHY IO
HOIPENTHOCTh PE3YIbTATA, €,.

U= f(A) = fla—A) = fla) — A f'(),

rae £ — HEKOTOpoe 4HCJI0, Takoe 410 a — A, < £ < a (uc-
nosib3oBaHa TeopeMa Jlarpan:ka 0 KOHEYHOM HPUPAIIEHNH ).
Kpowme toro, A, = u — U. Torma

Au = f/(g)Aa‘

Ecyiu B nocseneit hopmysie 3aMeHUuTh £ Ha @, TO OIIKO-
Ka TaKOi 3aMeHBI OymeT 6ojee BBICOKOIO IOPSIKA, deM Ag:
A, = fl(a)A,, win, T.X. €, = |A,|, TO TpeaenbHas abcoTIOT-
Hasl [MOIPENTHOCTb UCKOMOM (DYyHKIUU

ew = | f'(a)leq,
a npeebHas OTHOCUTEIbHAS MOIPEITHOCTH NCKOMO# (DyHK-
A
/(@
Oy = g
=
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Janee, mpegenbHag aOCOMIOTHAS MOTPEITHOCTD (DYHKIINH
HECKOJIBKIX apPryYMEHTOB HMeeT aHAJOTHYHYIO CTPYKTYPY:

orl. |91

€0 = ‘ o 5y | (4)

ea—l—‘

I/le YaCTHbIEe MPOU3BOIHbIE DyHKIMH f (T, y) GepyTcs B TOUKe
r=a,y=>.

ITPYUMEP IlIpusesem npumep onenku omubku pyHk-
N TPUOJTUKEHHBIX apPIyMEHTOB. YCKOPEHUE CUJIbI TAXKECTH
OTIPEIEISIETCST ¢ TIOMOIIBI0 ODOPOTHOTO MAasITHUKA CJIEYIO-
muM o6paszom, [1]:

472l
9= P2
rie | — mpuBeJieHHas JJIMHA MasiTHUKa, P — mepuos KoJeda-
HUS.

Habnogenus ngaim 3HadeHus BEJIMIUH U UX [peIeIbHbIe
norpermnoctu: | = 50.02 cm, P = 1.4196 cek, ¢ = 1072 cm,
ep = 107 cex.

BeraucinM ycKOpeHue CHJIBI TSYKECTH ¢ U er0 MPeIeb-
HYIO TIOTpentHocTh (3Hadenue ™ = 3.1416, T.e. ¢, = 5-1079).

[Ipumensist bopmyaty (4), MOJYIUM BbIPAsKEHHE JIJIsT pe-
JIeTbHOM abCOJIIOTHOM IMOTPEITHOCTH

8wl 42 872l
- "+ LEP — 0.37 cm/cex’.

Gg = EEW + EE[ P3

[Tocste BbITIOJIHEHUsT BhIUMC/IeHU TToydum g = 979.88 +
0.37 M/ cek?.

Ecyiu morpemHocTs BBIYUCIEHA € TOYHOCTBIO IO OJIHOM
3Haqaleil nudpsl, €, = 0.4 em/cex?, To g = 979.9 + 0.4
cM/cex?.
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2 OcHOBBI Teopum BEPOATHOCTH WU
KOMOMHATOPUKU

2.1 OmnpiT, COOBITHE U BEPOATHOCTH

OCHOBHBIMU OO'BEKTAMH, ¢ KOTOPBIME OIEPUPYET TEOPHUsT
BEPOATHOCTEH, ABIAAIOTCA ontim (WU UCNHMGHUE) U pe-
ayavmam onvima (Wan uczod, cobwmue). Tak, Gpocanue ur-
PAIbHOTO KyOMKa W BBICTPEJbI 110 MHUIIEHH — 3TO HPUMEPHI
OIIBITA, & BBIIAJIEHHE OMPEALIEHHOTO KOJINYeCTBa TOYEK Ha
UrpajbHOM KyOWKe U monajanue (MM HEONa aHue) B M-
IIeHb — 9TO IPUMEPbI COOTBETCTBYIONIUX JIAHHBIM OIIBITAM
COOBITHI.

B nporecce Kaxoro-uubyaIb OMBITA COOBITHE MOABIISIETCS
¢ ompejiesieHHOH yacToToit. HacTora CJIyKUT Jjisi olrpe/iesie-
HIsT OCHOBHOTO TOHATHSI TEOPUHU BEPOSITHOCTH — COOCTBEHHO
gepoamuocmu cobvimus. 1lycTh MpoBeIeHO N OJMHAKOBBHIX
OMBITOB («OJMHAKOBOCTH» O3HAYAET MO BO3MOXKHOCTH OJTH-
HAKOBBIE YCJIOBHsI BCeX OMBITOB). [IycTh pesysibraTraMu STHX
OIIBITOB CJIY?KUT, K IPUMEPY, IOSBJIEHHE HEKOTOPOro COObI-
tusg A. Torma gacTora mosBaeHnst COOBITHA A €CTh OTHOIIE-
HI€ YWCJIa MOSABAECHHH 3TOTO COOBITHS M4 K OOIIEMY YHCIY
ucupliTaHui n. Ecau 9uc/io ucnplTanuil BEJIMKO, TO TaKad da-
CTOTa ¥ Ha3bIBACTCS BEPOSTHOCTLIO COOBITUAS A:

BuumaresibHbiil 9uTaTe/ b 3aMETUT, YTO TPAHUIHBIC 3HA-
qennd Ajg p ectb 0 m 1.

Ecyin cobbITHE HEBO3MOXKHO, TO €r0 BEPOATHOCTH PaBHA
0, oJHAKO COOBITHE € BEpOATHOCTBIO p = () HeobA3aTeIHLHO

3CTporoe onpesenenne BepOATHOCTH MOXKHO HafiTH B KHHTE [2]
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HEBO3MOYKHO: TaK, BEPOSITHOCTH MOMACTD, CTPEJIAT U3 MUCTO-
JleTa, B 3aJIaHHY IO TOYKY Ha creHe (6e3 Kakoii-mbo morper-
HOCTH) paBHa HYJIIO, HO 9TO COOBITHE He SBJIAETCS HEBO3ZMOK-
HBIM. HeBo3MozKkHOE cobbITHE 0003HAYaeTCT &. AHAJIOITYIHO,
BEPOSTHOCTH JIOCTOBEPHOIO COOBITHA paBHA 1, JOCTOBEpHOE
coObITHEe 0003HAUAeTCs €.

JIiobomy ciiydaiiHOMYy COOBITHIO MOXKHO IOCTABUTDH B CO-
OTBETCTBHUE €TI0 BEPOATHOCTH, uncao oT () mo 1.

MaTeMaTu4iecKue onepaluu HaJl BepOATHOCTIMU BBOIAT-
¢ aHAJIOTUYHO OIepalusaM HaJ CJIYIaWHBIMA COOBITHSMH.
Jpyrumu cIoBaMH, HCIOJIb3YeTCs AallllapaT TeOPUU MHO-
KecTs, |2|. Kak komOuHATOpDHKA, TAK M TEOPHsI BEPOSTHOCTEH
PEICTABJIAIOT COOOl OOIIMpPHBIE CAMOCTOSATENbHbBIE JTUCITH-
IJINHBI, TOITOMY B PAMKaX JAHHOTO TOCOOUsSI BBEJIEM TOJBKO
OCHOBHBIE HMOHATHA U OOCYJIMM BazKHeHIe IpueMbl U Ipa-
BHJIa, HEOOXOTUMBIE I PellleHusT MPAKTUICCKUX 3a1a4.

2.2 Teomerpuveckass BEpOITHOCTD

YacTo ObIBaeT TakK, 9TO MHOXKECTBO UCXOI0B KAKOI0-I1u00
OTIBITa OECKOHEYHO — HAIpUMep, MOMaJaHWe TOYKH Ha 3a-
JTAHHBIH 0TPe30K. B mogo0HbIX caydasax (st paBHOMEPHOTO
pacipeieleHnst) BePOSITHOCTh COObITHS A eCcTh OTHOIIeHHE
COOTBETCTBYIONUX T€OMETPHYECKUX Mep (IJIMH, TLIOMA/Iei,
06beMOB):

P(A) - mes(g) ’
mes(Q)
rjie mes 0003HaYAeT MEPY COOTBETCTBYIONIEH Pa3MepPHOCTH,
g — 0BJIaCTD JIOMYCTUMBIX UCX0J0B U (G — 00J1aCTh BCEX BO3-
MOZKHBIX HCXOJIOB.

ITPUMERP IlpuBeneMm npumep Ha BHIYHUCICHHE T'€OMET-
pUYecKoil BepogTHOCTH. B J1I00ble MOMEHTHI IPOMEKYTKA
BpeMeHu 1’ PaBHOBO3MOZKHBI TOCTYILIEHUS B IPUEMHUK JTBYX
curnanon, [4]. Tlpuemnank Oymer 3abuT, ecanm MPOMEKYTOK
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BPEMEHH MeKIy MOMEHTAME MOCTYILIEHHS CUTHAJIOB MEHb-
e 7. OupeneiuTb BEPOSITHOCTD TOTO, 9TO ITPUEMHUK 3a0UT.

HyCTb T WY — MOMEHTHI IMOCTYIIJIEHUA CUTHAJOB B IIpU-
emauK. OTMeTnM 00J1aCTh MX JOIMYCTUMBIX 3HAUEHUI HA J1e-
KapTOBOH IIOCKOCTH. B X0/e onplTa BeJIMIHHBI L U 3 MOTYT
OPUHUMATEH JI00bIe 3Hauenud or 0 mo T', 3HAaYUT, 001aCThH
UX JIOIYCTUMBIX 3HAYEeHUl npejcrasiger coboil KBajpar co
croponoit T'. O6/1acTb, COOTBETCTBYIONAA TOMY, 9TO TPHEM-
HUK 3a0UT (T.e., MPOMEKYTOK BPEMEHH MeXKIy MOMEHTAMU
MOCTYIIIEHHs] CATHAJIOB OKAYKETCST MEHBIIIE T ), OPeIeJIsIeTCs]
HEPABEHCTBOM:

|z —y| <T.

Mepa obaacTu monycTuMbiX 3HadeHnit (G ecTh IMJIOIAIh
3TO# obacTu
S(G) =17,
a Mepa UCKOMOI 00/1acTu ¢ ecTh IO (b (DUI'YPbl HA 1LJIOC-
KOCTH, JiezKallleil B nepBoil yersepTu U OrpaHUudYeHHOd 0CAMU
KOOD/IMHAT W MPAMBIMU: § — X =T, 2 —Yy =T,y =1, ="1T"

S(g)=T%— (T 1)’
BeposTHOCTH TOTO, YTO IPUEMHHUK 3a0HT:

p:%:1—<1—%>2.

2.3 YcjgoBHadg BepOATHOCTD

Yenosnan eeposamnocmsy s qByx codobituit A u B (Be-
POSITHOCTBH TOrO, 4TO COObITHE A MOYABUIOCH LPH YCJIOBUH
HosiBJIeHHsI COOBITHST B) eCTh OTHOIIEHHe YHCJIa ONBITOB, B
KOTOPBIX cOObITHS A n B nosBuiuch BmMecte (map), K 9UC-
JIy OTBITOB, B KOTOPBIX MOSABHJIOCH TOJIBKO cobbiTie B (mp):

map _ mag/n _ P(A-B)
mpg mpg/n P(B)

P(A|B) =
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2.3.1 HezasucumMmsble coObITUY

JIBa cobbitust A u B Ha3BIBAIOTCS HE3GEUCUMBLMU, €CJTH
oxnospemenuo A we 3apucut or B

P(A|B) = P(A)
u B we 3aBucur ot A
P(B|A) = P(B).

3 sToro omnpenesnenns cjejyeT BaykKHOe CBOHCTBO He3a-
BHCHMBIX COOBITHIl, 9aCTO NPUHUMAaEMOe 3a CaMO OIpeiesie-
HH€ He3aBUCUMOCTHU

P(A-B)

PUAIB) = —5

= P(4)

nin

P(A-B)= P(A)P(B).

2.3.2 YMHOXKeHUIe BepodaTHOCTeil

I/ICHOJIBByH IIOHATHEC yCJ’IOBHOfI BEPOATHOCTHU, BBOJIUTCHA
onepanud YMHOHCEHUA sepOﬂmHocmez'Z:

P(A-B)=P(A)-P(B|A) = P(B) - P(A|B).

2.3.3 CioxkeHue BepodgTHOCTEI

Ecmw coomitua A; uw A; necosmecmmuvie, T.e. A; - A;j = &
g i # j, 1o P(A; + A;) = P(A;) + P(A;). Ecma co-
obiTust A; u A; cosmecmmwme, 10 P(A; + Aj) = P(A:) +
P(A;) — P(A; - Aj). Ilpyrumu cjioBaMu, COBMECTHOCTH A,
u A, osnauaer, uro A; - A; # <. Baxuo ominyarb Hecos-
MECTHOCTB OT He3aBUCHMOCTH: ecan A; m A; — mezaBucumsl,

10 P(A; - Aj) = P(A;) - P(A,).
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J11s1 He3aBUCUMBIX M COBMECTHBIX cOObBITHI A u B jer-
K0 fokazath, ato 1 — P(A + B) = P(A - B), rae ueproii
0603HAYEHO npomusonooscHoe cobwmue, T.e. A = Q — A,
HelicTBATEIBHO,

1 - P(A+B)=1- P(A)— P(B)— P(A-B).

C apyroit ¢cTOpoHbBI, T.K. COObITHS A 1 B He3aBUCHMBI, TO
MPOTHBOIOJIOKHBIE UM COOBITHS A B TakyKe HE3aBHCHMBI
U JIJIS HAX BBIIOJIHSETCS

P(A-B) = P(A)- P(B) = (1 - P(4)) - (1 - P(B)).

PackpbiBast CKOOKH B TIOCJI€/THEM BbIPa’KeHUH, MOJIyYaeM
MCKOMOE PaBeHCTBO.

ITPUMEP IlpuBeneM npuMep BLIYHCICHHsS BEPOSITHO-
CTH CYMMBI coObITHi. [lo MHOro/JIeTHHM HAOJIIOJIEHUSAM H3-
BECTHA BEPOSITHOCTH TOI'0, 9TO B paiioHe obcepBaTopun HOYb
Oyner sicuoii, [4]: B despane s1a BeposrHOCTH paBHa (.18,
B mapte 0.24 u B anpese 0.36. Haburonarenr O6yaer nmern
B CBOEM PACIOpsKeHUW UHCTPYMEHT B HOYb C 5-r0 Ha 6-e
queso 1 ¢ 20-ro Ha 21-e YHC/IO0 KaXKIOro U3 ITUX MeCsIeB.
Haiitn BepositTHOCTH TOrO, 4TO HpOrpamMma Habsojenuit 0y-
JIeT BBITIOJTHEHA, €CJIN JIJIS €€ BBITIOJIHEeHHST TpeOyeTcst:

e OjiHa dAcHas HOUb (p);
e JBe sAcHble HOUM (Do).

Jlnsa perrenus 3a7a4da cHadaJsIa chopMyIupyeM Mpoucxo-
JIAITHE COOLITHS:

e A, — gcuHas HOYB C H-ro Ha 6-e umucaa (eBpaid,
e Ay — acuas HOUb ¢ 20-r0 Ha 21-e umciaa deBpad,

e [3) — sicHasg HOYB ¢ H-T0 Ha 6-€ yucja mMapra,
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e By — gcHag Houb ¢ 20-ro Ha 21-e Uymcaa MapTa,
e (] — dcHasg HOYDb ¢ 5-ro Ha 6-e Yuca ampesis,
o (5 — sicnas HOUB ¢ 20-ro HaA 21-e yncia ampess.

[TocKOJIBKY HpesoCTaBJeHHbIE ACTPOHOMY HOYH JIJIsi Ha-
GJII0/IEHNST OTAEJCHBI IPYT OT JAPYTa GOMLIINM IIEPUOJIOM Bpe-
menn (15 fHeit), TO MOXKHO paccMaTpuBaTh COOBITHS (T.€., B
JAHHOM CJIydae HaGJII0/IeHns1) He3aBUCUMBIME. BeposiTHOCTD
TOrO, 94TO OBLIA OIHA ACHAS HOUb, O3HAYAET BEPOATHOCTD TO-
ro, 94TO SICHOI OBbLIa TOMsA O6bl 00HG HOUb:

plzp(A1+A2+Bl+Bz+Ol—|—CQ)

JLis BBIMUC/IEHUS] BEPOSTHOCTU CYMMbl TAKUX COOBITHIA
HCIIOJIb3yEeM TIOJIE3HBbI i1 npueM nepexojia K JO0IOJTHUTE/IbHOMY
CO6BITI/HO. TaK, BHUMATEJbHBIN dUTATENAb 3aMeTUuT, 94TO IJId
J1060i1 BeposdTHOCTH p BepHO: p + p = 1. B namem ciaydae
3TO O3HAYAET, YTO

pr = PAI+A+Bi+B+C+Cy) =
= 1= P(Al)P<A2)P(31)P(32)P(01)P(02) -
= 1-(1-0.18)-(1—-0.24)- (1 —-0.36) - (1 —0.18) -
(1-0.24)-(1-0.36) ~1—0.16 = 0.84.

31ech OBLIO YUTEHO, YTO BCE COOBITHS HE3aBHCUMBI, & Be-
POSITHOCTD TPOU3BEIEHUST HE3ABUCUMBIX COOBITHI paBHA MPO-
A3BEACHUIO BEPOATHOCTEI.

BepogTHocTh TOr0, 9T0 OYJAyT JBE SCHBIC HOYHU, BHIYUC-
JIEM C MOMOIIBI0 AaHAJOIHIHOTO TIpreMa;: po = 1 — P(Hu ojiHA
HOYb He sicHast) — P(pOBHO ojiHA HOUB sicHast). IpyrumMu cio-
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BaMU,

1-016—2-0.18-(1—0.18) - (1 —0.24)*- (1 —
— 0.36)2 —2-(1—-0.18)*-0.24- (1 —0.24) - (1 —
— 0.36)* —2-(1—0.18)*- (1 —0.24)*-0.36 - (1 —
— 0.36) ~ 0.49.

Q

D2

2.4 OueHKa i BEePOATHOCTH IPOU3BEIE-
HUs COOBITUII

Caemyrolnee moJIe3H0e COOTHOIIEHHE IPeACTaBsierT coboi
OIEHKY CHHU3Y Ha BEPOSTHOCTD ITPOU3BEIEHUsI JIBYX COOBITHIA:

P(A-B)>P(A)+ P(B) - 1.
JIng nokasareibecTBa ITOr0 YTBEPKJICHUSA 3aMETHM, 9TO
P(A+B)=P(A)+P(B)—P(A-B).
CiiestoBaresibHO,
P(A-B)=P(A)+ P(B)— P(A+ B) > P(A) + P(B) — 1,
Tx. P(A+ B) < L

2.5 llosHasg BEpPOATHOCTH

CrencTBrueM TPABUI CJAOKEHUST U YMHOXKEHUS BEPOATHO-
cTeil ABJISeTCS MPABUIO NoAHOU epoamuocmu. OCTaHOBHM-
cst Ha 3ToM OoJiee TTOAPOOHO.

[IycTh HYKHO HalTH BeposTHOCTH cobbitust A, P(A),
IpUYeM H3BECTHO, YTO cOObITHE A 3aBUCHUT OT yCJIOBHIA OIBI-
Ta. O0 3TUX YCJIOBUIX MTepe]] HAYAIOM PEIeHs 3319 HY 7K~
HO ¢hOPMYJIEPOBATD N B3AUMOUCKIIOYAIOIIUX TPEII0I0ZKE-
wuit (win runores): Hy, Hy, Hs, ..., H,. NaTepecuo, uro ru-
MOTE3bI MOTYT OBITH C(OOPMYJIUPOBAHBI PA3HBIMHU CITIOCODAMH,
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BAasKHO [OMHHATD, ITO OHH JOJIZKHBI OBITH B3aNMOUCK/TIOTAIO-
muMe (T.e. HECOBMECTHDLIMH):

9TO O3Ha4daeT

1 B COBOKYIIHOCTH HCYEPIIbIBATL BCE€ BO3MO2KHbBIE CUTYyallUN:
HiUH,UH3U---UH, =%,
9TO, KaK 3aMeTHUT BHUMAaTeJIbHbBIU quTaTeJb, O3HaYaeT
P(HHUH;UH3U---UH,)=1.

Kaxnag runoresa H; — 310 ciyuaiinoe coObiTHe, Be-
POSITHOCTH KOTOPOTO o MPOBEJICHUST ONBITA (T.€. anpuop-
nas eepoammuocmy) onenuBaerca kak P(H;). Tlo seibopy H;:

n
Zi:l P(Hi) =L
CTh TaKzKe€ HU3BECTHHI CJIOBHBIE BEPOATHOCTU IIOAB-
Iy y
JeHns cobobiTug A mpm Kakaoil rumorese H;, a HUMEHHO:

P(A|H,), P(A|H,), P(A|H3),. .., P(A|H,).
Torma

P(A) =3 P(H, - 4).

IIOTOMY 4YTO cobpiTHe A MOXKET MOABUTBLCSA TOJBKO C O,ZLHOI71
n3 r'uioTes

A=H,-A+Hy - A+---+H,- A
Kpome Toro,

P(H; - A) = P(H;)P(A|H;).
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OxoHYATETBHO DOPMYIA NOAHOT BEPOAMHOCTNU:
P(A) =) P(H,)- P(A|H,). (5)
i=1

ITPYUMEP IlpusejieM npumep Ha BbIYUCJIEHUE ITOJHOMN
BeposiTHOCTH. Cpenn HADIIOMAeMbIX CIUPAJIbHBIX TAJTAKTHK
23% upunamiexar noaruny Sa, 31% — moxrumy Sb u 46%
— moaruny Sc, [4]. BeposTHOCTH BCHOBINIKK B TeYeHHE IOja
CBEPXHOBO# 3Be3/bl B TajakTuke Sa coctasisger 0.0020, B
rajgaktuke Sb — 0.0035, B ranaktuke Sc — 0.0055. Haiitu Be-
POATHOCTD ( P) BCIBIIIKY CBEPXHOBOIT B JIA7IEKOM CIMPaTbHOI
rajakTuKe, MOITHII KOTOPO# OTPeIe/IuTh He yIaeTCs.

[lo ycioBHIO, BEpOSTHOCTH MPUHAICKHOCTH TAJTAKTH-
KM K onpegerennomy moaruny: P(S,) = 0.23,P(S,) =
0.31, P(S.) = 0.46. Torma, o dbopmyie (5),

P=Y" P(S)P(H|S).

i=a,b,c

rie H — coberrue Benbimkn cBepxHoBoit u P(H|S;) Beposit-
HOCTb BCITBINITKY CBEPXHOBOI, IPH YCJIOBHH, YTO OHA TPOU30-
ILIa B rajJakTukax S,, S, u S, coorBercrBenno. [loacrapnss
YUCAeHHBIE BEJIMUNHBI U3 YCJIOBHS, TOJTYIAEM:

P =0.23-0.0020 4+ 0.31 - 0.0035 + 0.46 - 0.0055 = 0.0041.

2.6 ®opwmyaa Bbaiieca

Kax cyiejicrBue popMyJibl HOJTHON BEPOATHOCTH U (hOPMY-
JIBl YMHOXKEHUS BEPOATHOCTEN, paccMoTpuM dopmyay Batie-
ca.

@opwmysa baiteca 1o3BosgeT nmepecuuThBATH AlPUOPHLIE
BepostHocTn P(H;) ¢ yaerom pesysbrata onbita. JIpyrumMu
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CJIOBAMU, €CJIi cOOBITHE A yIKe TTPOU30IILI0, TO MOXKHO OIpe-
JIeJINTh HamboJiee 3HAYUMBbIIH (PAKTOp, MOBJAULBIIAA HA 3TO
coobiTre. Takum ob6pazom, MOxKHO onpefenutb P(Hy|A) —
T.H. anOCMePUOPHY 8EPOATNHOCMND.

Ilycth, Kak W mpu BBIBOJE (OPMYJIBI TOJHON BEPOST-
HOCTH, BCe (PaKTOPBI, BIMAIONIME Ha cOOBITHe A, KakuMm-
TO obpaszoMm Obuim cHOPMYIUPOBAHBI B BHJE T'HIIOTE3
Hy,H,,..., H,, takux, uro obazareivno H; - H; = & u
7 H; = Q. V1 mycTb u3BeCTHBI AlIPHOPHBIE, T.€., OICHEHHbIE
1o ombita Bepositaoctu P(Hy), P(Hs), ..., P(H,).

[IycTs, Hakowner, cobbitre A mpomsornio. Torma MoXKHO
3aHOBO 1Hepecyntarh Bepositaoctu P(Hy), P(Hs), ..., P(H,)
C ydYeroM TOro, d9r0 CcOObITHE A TPOHM30MLIO: HaliteMm
P(H|A), P(H3|A),..., P(H,|A). U3BecTHO, uro P(HRA) =
P(Hy)P(A|Hy) = P(A)P(Hg|A). Torna gopmysa Batieca:

P(Hy) P(AlHy)
P(A)

P(Hi|A) =

rjie

P(A) = ZP(H»P(AlHi)-

ITPYUMEP Ilpuejem npumep Ha BbIYUC/JAEHUS BEPO-
ATHOCTEH, uco/b3yd ¢opmyny baiieca. B mpojomkenue
3a/1a9 W3 MPUMEpPa Ha BBIYHCJIEHUE MOJTHON BEPOSTHOCTH,
[4]. TIycTh onpemenniocsk, 9To B TedeHne vaca HaOJIIOIeHNiT
JIAJIeKON CIIMPAJIbHOM TaJJaKTUKH B Hell OblIa oOHApPYKeHa
BCITBITITKA cBePXHOBOiT. HaiiTu BepogTHOCTH TOTO, UTO TATaK-
THKHU TPUHAIAEKAT MOATHIIAM Sy, Sy 1 .S, COOTBETCTBEHHO.

BeposiTHOCTH TOTO, 9TO TAJTAKTUKY MPUHATEKUT TOTH-

maMm S,, Sy 1 Se:

0.23 - 0.0020
P(SQ|H) - W - 011,
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0.31-0.0035

P(Si|H) = =57 = 026,
0.46 - 0.0055

2.7 DJjeMeHTbl KOMOMHATOPUKN

HamoMHMM OCHOBHBIE KOMOMHATOPHBIE (DOPMY/IBI, CM.
Tabauiy (1), MO3BOJSIONIHE BHIYUCIATE KOJIXICCTBO CIHOCO-
60B BBIOOPA U3 IPYIIHI 3JIEMEHTOB ONMPEIEIeHHYIO MOATrPYII-
Iy 3JIEMEHTOB, COOJIIO/Iasl OIIpe ie/IeHHbIEe OIPAHNIEHNS.

B KkoMOHHATOpHKE CYIIECTBYIOT IBe IPUHIUIHAIHHO Pa3-
JINYHBIE CXeMBI TAKOTO BbIOOPa. B mepBoii cxeme KasKIblil BbI-
OpaHHBII 3/IEMEHT MCKJIIOYAETCS U3 HCXOIHOTO MHOMXKECTBA.
Bo BTOpOIi cxeme IPOUCXOJUT MO3JIEMEeHTHBIN BLIOOD ¢ 004-
3aTeJIbHBIM BO3BPAIEHINEM BHLIOPDAHHOTO 3JI€eMEeHTa Ha KayK-
JIOM IIare u mepememnBanuneM. Ilocie ocyimecTBiieHust BbI-
Hopa COTIACHO OTHOH M3 ABYX CXEM, 3JeMEeHTHI MOI'YT OBITH
YHOPSIOUEHbl WJIH HE YIIOPSOYEHBI.

Boutee 1o/1pobHO paccMOTpUM BBITIIECKA3aHHOE HA TPUMe-
pax.

Tax, pa3Mernenns 6e3 MOBTOPeHUIT* BO3HUKAIOT B 3a-
Jadax Ha COCTABIEHHE YHCE], IPUIeM KazKaas Mudpa MOKeT
OBITH UCIOJIb30BaHa TOJILKO OnuH pa3. Hampumep, n3 mudp
{1,2,3,4,5} moxuo cocraputh A3 = 120 ueTbIpex3HATHBIX
grcsa (ec/n 3alpeTuTh MOBTOpeHue mudp).

B cayyae pasmemeHnus C MOBTOPEHUSME®, KOTJIa MO-
propenne 1mudp paspenteno, nogydaem Ai = 5% 3ech ke
IpUBeIeM TIpUMep U3 craTuctudeckoii dbusuku, [5]. Iycrs

4 lpyrue Ha3BaHUSA: YIOPAOUeHHAS BLIOOPKA 0€3 ITOBTOPEHH I, yIO-
psmoUYeHHAsT BRIOOPKA O3 BO3BPAIIEHMH.

5 Ipyrue Ha3BaHHUA: YIOPAI0IeHHAA BEIOOPKA ¢ HOBTOPEHHUAMH, yIIO-
psiJIoUeHHAsi BBIOOPKA, ¢ BO3BPAIIECHUSIMU.
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MeXaHHJIecKas CHCTeMa COCTOMT W3 7 YACTHIl U PacCMaT-
puBaerca B (Ha3oBOM HPOCTPAHCTBE, PAa3dUTOM Ha M sivde-
€K. CKOﬂbKI/IMI/I PaBHOBO3MOZKHBIMU COCTOAHUAMU XapaKTe-
pusyercd nanHad cucrema? OTBeT 3aBUCUT OT TOI'O, pa3J/iu-
YUMBI YACTHIBI WA HET. TaK, /g KJIaCCHIeCKOH CTATHCTHU-
kK MaxkcBesta-BosbiiMasa, B KOTOpOil YaCTHIBI Pa3IdYU-
MBI, KaKJ[asi U3 9aCTUIl MOXKET HOMACTh B JIIO0YIO U3 M sS9IeeK
HE3aBHCUMO OT OCTaJIbHBIX YaCTHII. TOF,ZLa YHCJI0 BCEX BO3-
MOZKHBIX COCTOSHHIH TaKofi cucTeMbl ecTb A" = m",

Bamady Ha IIepecTaHOBKU 0e3 IMMOBTOPEHUIA MOXKHO
paccMaTpyuBaTh KakK YaCTHBI caydail 3aa4yud Ha pasMere-
Husi 0e3 MOBTOPEHU{T, KOTJa KOJUIECTBO PAZMEIIAEMbIX 316~
MEHTOB PABHO KOJIMYECTBY MO3UIUHA, HA KOTOPBIE UX Pa3Me-
mator (mpu n = k, A¥ =n!/(n—k)! =n! = P,). Hanpuvep,
KOJIMIECTBO CIIOCOOOB PACCTABUTD 4 pa3Hble KHUIM Ha MOJIKe
ecth Py = 4!

Tunwuyneiit npumep Ha TEPECTAHOBKU C MOBTOPEHU-
aMu — (GopMHUpOBaHue Pa3HBIX CJIOB U3 OYKB KaKOro-jubo
3aTAaHHOTO CJI0Ba. Hampumep, CKOJIBKO PA3JIMYHBIX CeMUOYK-
BEHHBIX CJIOB MOYKHO COCTaBHTH U3 OyKB, 00pa3yIONUX CJIO-
Bo "aBwanus" (IO CIOBAMH TIOJPA3yMEBAIOTCSI JTIOObIe, TazKe
JIMIIEHHbIe CMbIcTa, Habopbl OyKB)? CHauasa mepecuauTaem
KOJINYECTBO THUIIOB 6yKB 1 KOJINY€eCTBO 6yKB B KazKJO0M THIIC:
ny = 2 (6yksa A), ny = 2 (6yksa 1), ng = ng = n5; = 1
(6ykser B,IT u $1). Beero 6yks n = 7. Torma, yaurbiBad,
YTO HepPecTAaHOBKH OJMHAKOBHIX OYKB He Iai0T HOBBIX CJIOB,
norygaem P(2,2,1,1,1) = 7!/(212!1111!1!) = 1260.

Coueranus 6e3 moBTopeHmii® — 310 Hanbosee gacTo
HCIOJIb3yeMasl B CTATHCTHKe KOMOuHaTopHas dopmy.ia (cxe-
Ma ucnblTanuii Beprymin).

Pacuer gucia couerannii 6e3 mOBTOPEHU OCHOBAH HA HC-

6 Ipyrue masBaHmsA: HeyHOpAJOYeHHAsS BHIOOpPKA 0€3 MOBTOPEHHIl,
HEyIOPsI0UeHHAsT BBIOOPKA 6€3 BO3BpAIeHHil.
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IOJIB30BAHUT KOYDPUINEHTOB pasaoxKenus bunoma Heioro-
Ha:

(a+b)" =Y Ck.am*.vF,
k=0

n!
k _
On - k"( ]{3 |
l(n —k)!
Buromuanrvroe xospduuuermo, 001a1aI0T OI€BUIHBIME
CBOHCTBaMU:
k _ m—k. k+1 _ vk+1 k
On - Cn ) Cn+1 - Cn + On’
a COOTBETCTBYIOINIHE (PAKTOPUAJIBI IIPH OOJIBIIUX 7 BHIYUCISI-
I0TCS TPUOIUKEHHO 110 hopmyre Cmupaunza:

n! — \/27m-n”-exp{ —n}.

OueBuIHO, 9TO KOJUYECTBO COUYeTaHuit 6e3 MOBTOpEHUit
MeHbIIIe, YeM KOJIUIEeCTBO Pa3MeIleHnii 0e3 MOBTOpeHnil, T.K.
B IIOCJIeJHAX BasKeH elle W MOPAIoK. THUINYHON 3a1a4deil Ha,
npuMeHeHue 3TOH pOPMYJIbl SIBIAETCI BBIOOP IIApOB U3 Yp-
ubl. Hanpumep, u3 ypubl, cojepxkaiieit n = 10 mapon, Moxk-
HO HayraJ BbiOpaTh k = 4 mapa KOJHYIECTBOM CIIOCODOB:
Ck = Cf, = 101/4!/6! = 210. CuoBa ucmomb3ys TpUMep
U3 CTAaTHCTUYECKOH (PU3HKH, PACCMOTPUM YK€ KBaHTOBYIO
craructuky Pepmu-/Iupaka (crpaBeinBa s 3J€KTPOHOB,
HEATPOHOB, HpOTOHOB), IPpU KOTOPON N 4aCTUll HEPA3AUIN-
MBI, HX 9HCJIO MEHBIIE YUCIA S9eeK (n < m) U KazKaas saei-
Ka MOYKET COJ/iepzKaTh He OoJjiee oHOI YacTuIlbl. Torma Takas
KBAHTOBO-MEXaHAYECKAad CUCTEMa XapaKTepU3yeTcd YUCIIOM
PAaBHOBO3MOXKHBIX cocTostHuit O .

B 3akmiouenne paccMOTpUM HECKOJIBKO MPUMEPOB 3a/1a4
Ha COYeTaHHd ¢ HOBTOpPeHHaAMH . Unca0 TaKuX codera-

"Jlpyrue nasBaHus: HeyHOPsIOYEHHAHA BBIGOPKA C HOBTOPEHMSMH,
HEYTIOPSIIOYEHHAST BHIOOPKA, C BO3BPAIIEHUSIMHU.
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HIH — 9TO KOJIUYIECTBO HAOOPOB 3JIEMEHTOB, B KOTOPHIE KazK-
JIBITT 3JIEMEHT MOYKEeT BXOJIMTh HECKOJIbKO pa3. [Iyctb HeoO-
XOJIUMO COCTaBUTHL HaOOp n = 10 gerasieii, ucnoab3ysd m = 4
Tuna Jjeraneit. PemuM 3aady cBejleHHEM K IIPeIbLayIiei
KOMOMHATOPHON (bopMyJie: K lepecTaHOBKAM € IOBTOPEHHEM.
PaccMmoTrpuM oauH THNIHYHBIH BapHaHT BO3MOXKHOTO Habopa,
3AIMCAB €ro C MOMOIIbIO HyJIell U €JIMHUIL, TJ/ie eJIMHUIbI OY-
JIyT 0603HAYATH KOJUYECTBO JleTajieil ope e ieHHOTO TUIIa, a
nysi 6yyT 0603HaYaTh IIEPEX0 OT OJIHOrO HAbOpa K JAPyIro-
my. Tak, {110111101101 1} o3navaer, 9o 66110 HAOPAHO
ki1 = 2 nmeraJeii mepBoro Tuma, ko = 4 nerajeil BToporo Tuia,
ks = 2 peraJieit Tperbero tuma u ky = 2 jierajeil 4eTBepToro
tuna. Hynm pasmesdior rpynnsl jgeraseil, 1 KOJu4ecTBO HY-
Jieit ectb m — 1 = 3. Pazyimunbie BapuaHThl TaKuX HabOOPOB
— 3TO TePEeCTAaHOBKY ¢ TTOBTOpeHUusaMHU U3 10-Tu equsaUI n 3-x
nyneit: Cly = P(10,3) = 13!/3!/10! = 286.

Bozspainasicb kK HpuMepy H3 CTaTHUCTUYeCKO#H ¢dusu-
KH, PACCMOTPUM KBAHTOBYIO CTATHUCTUKY DBoze-DitHImTeiina
(cipaBeuBa st GOTOHOB, ATOMHBIX s/1eD, ATOMOB C 9YeT-
HBIM YHCJIOM 3J€MEHTAPHBIX YACTHI[), MPH KOTOPOH BCE N
YACTHUIL HEPA3JIUUUMBI U BCE UX paclpeaeseHus 1o m sdeil-
KaM PaBHOBO3MOXKHBI. Takad KBAHTOBO-MeXaHUUIeCKas CHU-
crema Xapakrepusyercs uuciaom cocroauuit C7 .. Wnn,
elre OAWH IpUMep, YpaBHEHHe X1 + Lo + « -+ + Ty, = N IPH
HaTypaiabaoM n umeer C' . | HEOTPHIATEIBHBIX IETOTHC-
JICHHBIX PelIeHuii®.

ITPUMEP Ilpupenem npoctoit mpuMep UCIOJIL30BAHUS
KOMOMHATOPHBIX (POPMYJI IIPU BLIYUCJIEHUH BEPOSITHOCTEI!.

B uznannom B 1784 1. karasore Mecche, comeprkaliem Ha-
osmoaemblie Ha HeOe 108 ApKHX TYMaHHBIX OOBEKTOB, HMe-
ercd 39 rajgakTuk, 29 paccessHHbIX CKOILJIeHUH, 29 MapoBhIX

806paruTe BHEMaHHe, YTO B IPHMepax HCIOIL30BATHChL PA3HBIE
obo3Ha4deHus Aji KOMOMHATOPHDBIX IMAPAMETPOB, BAXKEH WX CMBICJ DU
MTOCTAHOBKE KOHKPETHON 3aa4M.
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Tabauma 1:

OcHosrble GOPMYADL KOMOUHAMOPUKY

Pazmernenus [Tepecranosknu Coueranus
. | |
6e3 Ab = P, =n! Ch= TV
n (n—k)! " n kN n = k)
TOBTOPEHUN
T . A n+m—1)!
¢ LOBTOPEHUAMU Ak =k P(ny,ng,...,ng) = | C = W
_ n! o
T nIng! oyt

ckorienuit, 6 muddy3HbIX TyMaHHOCTEN W 5 MJIaHETAPHBIX
tymanaocreit, [4]. Onpegeaurb BEPOSTHOCTH TOrO, 4TO W3
JIBYX 00BbEKTOB, HayTaJ BLIODAHHBIX B KaTaJore,

® KAaXKJIBbIN OKaKeTCd TaJaKTUKOM;

® OJIMH OKaXKeTcd IMAapOBBIM, a JAPYIrod — pacCessHHBIM
CKOIJIEHUEM.

B nepBoM ciiydae BepOATHOCTD ONPE/IeJIAeTCa OTHOIIECHHU-
eM YHCJIa CII0COO0B BHIOPATH IBa 00BEKTa 13 UMEIOnuXcs 39
raJakTHK (T.H. 64G20NpuUAmMHOe cobvimue) K YUCITY CocobOB
BBIOpATDH JiBA OOBEKTA M3 MOJTHOTO KATAJIOTa:
2
Do = g% ~ 0.128.
108
Bo BTOpoM ciiydae 061arompusiTHOE COOBITHE €CTh BBIOOD
0JIHOr0 00beKTa u3 29-Tu MAPOBLIX CKOILJIEHUNH U OJHOBpE-
MEHHOI'0 BBIOOPA OJJHOTO 00 bEKTa U3 29-TH PACCEHHBIX CKOII-
sernit. O0IIEe BO3MOYKHOE KOJIMIECTBO BAPUAHTOB BHIOPATH
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JIBa 00BEKTa U3 BCETO KATAIOTA OMpeJessdeTcsd TaK Ke, KaK

B IIPEJIbLIYIIEM ITYHKTE:
1
= i 14

108
IIPUMEP IlpupeneM mnpuMep HCIOJL30BAHUA HJIEH
cummempuy, B Teopun BepodTHocTeil. I3 MHOXKecTBa
{1,2,...,100} mocsenoBaresbHO 6e3 BO3BPAICHUN BHIOMpa-
10T JIBa 9uCjIa. KakoBa BEPOITHOCTD, YTO BTOPOE UHUCJIO OKa-
JKerest 6osbie mepBoro? VMexXoapl onpiTa — 9T0 yIopsI0veH-
Hble napbl (a,b) HEPABHBIX JAPYT APYTY YUCEN U3 MHOXKECTBA
{1,2,...,100}. CoorBercrBue (a,b) — (b, a) HoKa3bIBaeT, 4TO
KOJIMYECTBO Map ¢ MepBoii OOJIBITE COCTABIISIONIEH TaKoe ke,
KaK M KOJUYECTBO Iap ¢ O0JibIeil BTOpOil cocTaBidgionieil,
T.e. ICKOMas BEPOATHOCTH ecTh (.5.
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3 Pacnpejsesienue ciiy4daiiHOi BeJIu-
IUHBI

3.1 OcCHOBHBIE IIOHATUYA MATEMaTUYECKOMN
CTATUCTUKU

3.1.1 Cuayuaiinag BeJIM9MHA

Cayuatings 8eau ura — 3TO BeJUIUHA, KOTOPas B Pe3yJib-
TaTe ONLIMG MOYKET TPUHUMATD TO WIN HHOE 3HAUECHHE, 3apa-
Hee HEeM3BECTHOE, HO MPUHAJIEZKAIEe MHOKECTBY BO3MOK-
HBIX 3HadeHnii. Jlobas gyrkuus cayuatinot eAuduHbL TaK-
JKe ecTb ciydaiinag Bendnna. Ciydaiiiblie BeIMYMHbI MOTY'T
OBITH KaK HENPEPBIGH020, TAK U JUCKPEMHO20 THIIOB.

O6paTuM BHEMaHHE Ha O0O3HAUYEHUS: MPOIMUCHBIMH Ja-
THHCKUMU OYKBaMu

X,Y,Z,...

OyaeM 0003HAYATH CAMU CJIyYaiiHbie BEJIUYUHBI, a CTPOYHbI-
MU JIATHHCKUME OYKBaMU

L1, X2y TnyY1,Y2, - -3y Yn, 21,22, - - -y 2

OyaeM o0O3HaYaTh BO3MOXKHBIE 3HAYEHHUS, KOTOPbIE MOTYT
HPUHUMATH 9TH CJOyYailHble BeJMIHHBI.

ITPYUMEP Ilpusesem npumep cjydailHON BeJIMYUHBI
JINCKPETHOTO THIA. YUCI0 OYKOB, BBITIABIIUX ITPU O/IHOKPAT-
HOM Opocanunm Kybwka. MHOXKeECTBO BO3MOYKHBIX 3HAYEHUIH
ectb {21, T, 3, T4, x5, 26} = {1,2,3,4,5,6}.

IIPUMEP IlpuBemem npumep caydalHOW BeTUTUHBI
HenpepeBHOrO Tuia. Onmbka u3mMepeHuns: CKOPOCTH KOMETbI
Av. MHOKeCTBO BO3MOXKHBIX 3HAYEHUH €CTh

[Avmina Avmax] .
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3.1.2 T'enepanbHadgd COBOKYIHOCTbH

T'enepasvroli cosokynHocmovlo Ha3bIBaeTCs HADOD BCeX
BO3MOKHBIX 3HAYeHUH CJOydaiiHONl BeTWdIWHBl (T.H. Nn0AHbLG
nabop). BaKHO OTMETHTB, YTO B IPAKTHICCKUX 33/1a9aX MOJI-
HBIIl HAOOP 3HAYEHHUil, KOTOPbIe MOXKET IPUHUMATDH CJIyYaii-
Has BeJIMYNHA, HUKOLJIA HE M3BECTEH.

3.1.3 Bribopka

Buibopra — 3T0 KOHEUHOE YHCJIO 3HAYEHUH CydaiiHoil Be-
JINIMUHBI, IOIMHOXKECTBO T'€HEpaJbHOW COBOKYIHOCTH. BbI-
OopKa — 39TO TO, YTO AaHAJMU3UPYeTcd B J0Ooi 3amade Ma-
TeMaTHIeCKONR CTATHCTUKH.

3.1.4 Pacupenenenmne caydaiHOl BeJIMINHBI

3akon pacnpedesenusn ciaydaiinoii BeamdmHbl X — 3TO
dbyukus p(z), KOTOpask yCTAHABINBAET COOTBETCTBHE MeK-
Jly BO3MOXKHBIME 3HAYCHUAMHU CIy4YaiHON BeJIMYUHBI H BEPO-
ATHOCTAMH ITUX 3HATCHHUIA.

Tak, 11 JIUCKPETHOTO PACIpPeIeIeHUs, KaxKIOMYy BO3-
MOZKHOMY 3HAYEHUIO CJOydaiiHON Besmaubl {T1,Ta, ..., Ty}
CTABHUTCS B COOTBETCTBHUE CBOS BEPOATHOCTH

{p(xl),p(xg), s ,p(l’n)},

upuaem y - p(x;) = 1 (HOCKOIbKY CiydaiiHas BejMIHHA
00sI3aHA TPUHATH OJHO W3 CBOMX BO3MOKHBIX 3HAMEHUH M UX
HaBOPOM HCYEPIBIBAIOTCA BCE BOSMOMKHOCTH JJIsl €€ 3Have-
HUS ).

CymecTByer HECKOJIBKO CIIOCOOOB 33aHus 3aKOHA DAaC-
npefeaeHnd CAy4aiHoi BeJInINHBbI.

o Pad pacnpedesenus {x;, p(x;)};
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Tabaumna 2:

IIpedecmasaenue 3axona pacnpedesenus cayuaiinol
BEAUNUHDL 6 8Ude MADAUYBL — CMAMUCTNUYECK020 PAJG

pacnpedenerus
v | o | o | a || o
p(s) \P(l’l) \p(f@) \P(»’U?») \ \P(f’fn)

o Dynkxyua pacnpedeaenus F(r) win uarerpajbHbiii 3a-
KOH DacCrpe/Ie/IeHus;

o [lnommuocmo pacnpedesenus f(x) win puddepeniy-
AJTbHBIN 3aKOH PacIpe/ie/IeHus .

Kazkap1it 13 9TUX CII0CO60B OJJHO3HAYHO U TTOJTHOCTHIO 3a-
JlaeT 3aKOH paclpejejeHus ciaydaiinoil Bennmduubl. BarkHO
obpaTuTh BHEMaHUe, 9T0 U dYHKIMs pacnpesenenus F(x),
U IUIOTHOCTH pacupenesnenus f(z), W pai pacupejeseHusl
{z;,p(x;)} — byHkuUM He ciydaitHoro aprymenTa (T.e. camu
He ABIAIOTCs caydaiiabivm). OHU ecTh (DYHKIUN 3HAYCHUI,
KOTOpbIe MOXKeT LIPUHUMAThL CJAy4YaiHbId apryMeHT.

3.1.5 Pgan pacnpeneseHusi CaydaifHOl BeJIMYNHBI
WU CTATUCTUYECKUI PsT

[Ipocreiimeit ¢dopmoit 3a/aHMsT 3aKOHA paclpe/ieeHns
JUCKPEeTHON ciaydailHOil BequmduHbl X dABJsETCI mabauua,
KOTOpas B JIAaHHOM CJIydae U Ha3bIBAETCS CMaAMUCMUYECKUM
padom pacnpedenenus, (Tabmuna (2)). Kaxmgomy 3nadeHuio
x; CTABUTCS B COOTBETCTBHE BEPOSITHOCTD P(T;).

ITPUMEP PaccMmorpuM mmpuMep NMOCTPOCHUS Psijia pPac-
npejlejieHnsl cIydailHON BesmuuHbl. llycTh mnpomsBomuTes
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Tabauma 3:

Cmamucmuueckut pad pacnpedeserus cayuatinot
seausuHbl X, NPUHUMAOUET 3HAMEHUS
{zg, 1,22} ={0,1,2} ¢ sepoamnocmanmu

{p(z0), p(z1), p(z2)} = {0.16,0.48,0.36}

JIBa HE3aBHUCHUMBIX OMbITA, B KarKJIOM W3 KOTOPHIX COOBITHE
A nossnsgercs ¢ BepogTHOcTbIO p = 0.60. IlocTponTs 3aK0H
pactpeieIeHAd CIyIaifHOM BeTMIUHBl X — INCJIa MOSBIeHUN
cobbiTua A.

Wcxons us yeaoBus 3a7a4n, caydaiinas Beandntaa X Mo-
JKeT TPUHAMATH 3HadeHus {xo,x1,z2} = {0, 1,2}. Haitnem
coorercTByIONHe BepoaTHOCTH {p(x0), p(T1), p(22)}: P(X0)
€CTh BEPOSITHOCTH TOIO, YTO HU B IIEPBOM, HH BO BTOPOM
ciydae cobbiTHe A He MOSBUIOCH, p(T1) €CTh BEPOSTHOCTD
TOro, 4T0 cobbITHEe A TOSIBHJIOCH POBHO oiuH pa3 (nmmbo B
EePBOM OIbITe, JTUOO0 BO BTOPOM), p(Z) €CTh BEpOSTHOCTH
TOI'0, 9TO COOBITHE A MOSBUIOCH B 0OOMX OMBITAX. DTUM Ha-
O0pPOM JIOJIZKHBI HCUYEPIIBIBATHCA BCE BO3MOXKHBIC 3HATCHUS
CAyYalHOW BeJMYUHBI X, TMO3ITOMY KOHTPOJBHON MpOBEp-
KOIl BBIYUCJIEHNS BEPOATHOCTEN ABJALETCA IPOBEPKa YCJIOBUA
p(zo) + p(z1) + p(22) = 1. Urax,

p(xo) = (1 —p) - (1 —p) = 0.16,
p(x)=1—p)-p+p-(1—p) =048,
p(r2) =p-p=0.36.

Boraucans BeposSTHOCTH, MOCTPOUM Psiji PAcIIpesieeHusd,

(Tabauma (3)).

45



Tabnuma 4:

IIpumep cxemv, pacnpedeserus (1)

€T; ‘ I ‘ ) ‘
p(z;) | 0.5 ]0.5 |
Tabauna 5:

IIpumep czemv, pacnpedeserus (2)

3.1.6 DHTpOINA KOHEYHOI CXeMbI

s peanbHOil BRIGOPKN (MM KOHEYHOI CXeMbl), KOTa
YUCJI0 BCEX BO3MOYKHBIX 3HAYEHMi, TPUHUMAEMbIX CJIydaii-
HOI1 BeJIMYUHOM, KOHETHO U PABHO 1, MOYKHO BBIIIKCATH COOT-
BETCTBYIOILYI0 Tab/IUILy JaHHBIX. Ecaum K ToMy »Ke Bce 3Ha-
YEHMsI CJIy9alHOM BEJIMYUHBl PABHOTOYHDI (T.€. HMEIOT O/[H-
HAKOBYIO TOYHOCTB), TO OHH TIPEICTABUMBI B Buje Tabuuiipl
(4) (mpocroit npumep /71T ABYX 3HAYCHHIT).

MOKHO OUPEJeNUTh T.H. IHMPONUI KOHEUHOU CTe-
Mbl. Besgkas KOHeYHas CXeMa OIMCBIBAeT HEKOE COCTOSIHUE
HEOIPeIeIEHHOCTA B TOM CMBIC/IE, 9TO HAM H3BECTHBI TOJIHKO
BE€POATHOCTA BO3MOXKHBIX 3HAYEHUH CaydalHOW BeJIUYUHBL.
B pasubIx cxemax cTeneHb 3TOi HeOnpeJaeJeHHOCTH Pa3/Ind-
Ha. Hanpumep, cxema u3z Tabsutpt (4) 6Gosiee HeolpeieieHHA,
qem cxema u3 Tabmunpt (5). Ya1o6HON Mepoii cTenenn Heompe-
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JCJIEHHOCTH CJIY2KHUT BEJIMYMHA HTPOIINKN KOHEYHO! CXeMBI:

E == plw) - lgp(ar),

nputeM nosaraercs, 9to ecn p(zy) = 0, To p(zx)-lg p(ay) =
0. Ecoin u3 p(x;) kakoe-10 3Ha4YeHue paBHO 1, a Bce ocTa b
Hble paBHBI 0, TO 3uTpOnMd paBHa (), T.e. HEONPEAETEHHOCTD
orcyTcrByet. HeompeieleHHOCTh MaKCHMaJsbHA, KOTJIA BCe

plz;))=1/n(i=1,2,..n) .

3.1.7 ®dyHKUud pacrupeleaeHNd

Dynrxuyueti pacnpedeaenus caydainoi sesmuuabl X Ha-
3piBaeTcs ynknus F(x), ompeaenennas Ha Bceii jieiicTBu-
TeILHON OCH CIIeIYIOIUM 00Pa30M:

F(z) = P(X < 1),

e X — caydaiiHag BeJIMUUHA, a T — HecJaydaiinoe puKCHpo-
BaHHOe BO3MOKHOe 3HadeHHe caydaitHoil Benmwdanabl X. Ta-
KM 00pa3oM, (DYHKIINSA paclpeIe/eHusT MpecTaBIsdeT Co-
00ii Hec/IydYaitHy 10 PYHKIMIO HA MHOXKECTBE BO3MOZKHBIX 3Ha~
YeHUN CJAYYANHONW BEJIWYUHBI.

13 onpenenenns pyHKIUU pacipegeeHus caeayer, YTo
BEPOATHOCTDH TOMAJIAHUS CIYYAWHON BEJIWUYUHBI HA OTPE30K
€CTh

P(X € la,5)) = F(B) = F().

He nmobag dyukius MoxkeT ObITh (pyHKIHEH pacupe/ieie-
Husd. OyHKIUS paclpee/eHus T0KHA, YIOBJIETBOPATH CJIe-
JIVIOITUM YCIOBHUSIM:

® BEPOATHOCTH HEBO3MO2KHOT'O CO6bITI/IH PaBHa HYJIIO:
F(—00) = P(X < —o0) = P(@) =0;
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® BCPOATHOCTDL JOCTOBEPHOI'O COOBITUSA paBHa € JMHUIIE:

F(+00) = P(X < 4+00) = P(Q) = 1;

e QyHKIMS pacupejieennss — HeyObIBaloOIasi, T.e. JJIs
To > x1 BBIIOMHSACTCS F(29) > F(21).

Juckperusiii anasgor ¢yHKun pacnpesaeseHus (T.e. 1M0-
HaTHe DYHKIMI PACTIPEIeIeHUsT JIJIsT IUCKPETHBIX BEJTWIHH )
— 9TO KYMYAAMA.

ITPUMEP IloctpouMm pyHKIHUIO pacupeieenns st

OpeabIAyIero npuMepa:
F(0)=P(X <0)=0,
F(1)=P(0< X <1)=P(X =0) =0.16,
F2)=P0<X<2)=PX=0+PX=1)=
= 0.16 + 0.48 = 0.64,
F2+e=PO0< X <2+4¢) =
=P(X=0+PX=1)+PX=2)=
=0.16 + 0.48 +0.36 = 1.

Oyuknuga F' onpejiesiena Ha Beell JeHCTBUTEIBHON OCH.

3.1.8 IlmoTHOCTH BEPOATHOCTH

ILiommuocms eepoamuocmuy, (TaKKe NAOMHOCIMG pPacnpe-
deaenus, PYHKUUA NAOMHOCU Pacnpedesenus) BBOTATC
“MeeT CMBICJ TOJBKO JJ1d HEeIPEPLIBHON CIIYYaHON Besindun-
HbI:

flx) = F'(x).
[L1oTHOCTH BEPOSATHOCTH, KaK W (DYHKIUs pacipejielie-

HU¢, HE TPOM3BOIbHAA (DYHKIMSA, a JOJIKHA YIOBJACTBOPATD
OTIPEJICTTEHHBIM YCTIOBUAM:
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e f(z) =20,
° fj;o f(x)dzx = 1.

3 onpenenenuss MIOTHOCTH BEPOATHOCTH CJELYET, 9TO
dbyuknua pacupenenenns F(r) reoMeTpudecKd ecTh ILIO-
MAJIb O/ IPaOUKOM IIIOTHOCTH BeposiTHOCTH f(x):

F(z) = /_ "t

JIuckperHbIil aHAJIOr IJIOTHOCTH BEPOSATHOCTH — 2UCTMO-
2Pamma.
3.1.9 IBymepHOe pacipejesieHue

AnamormaabIM 00pa30M ONPENEIAeTC 08YMEPHAA NAOM-
HOCD PACNPEIEAEHUSA UITA COBMECTMHAA NAOMHOCND PACTPE-
deaenus f(x,y) mByX caydaitupix Beqnand X u Y. D10 Takas
bYHKIUS, 171 KOTOPOi

e flz,y) 20,
o [TX[T fla,y)dudy = 1.

Heymepnasa dynkuyusa pacnpedeserus ecThb

F(z,y) =P(X <z,Y <y) = /_ /_ f(t, T)dtdr.

Jlyisi HeIIpepBLIBHBIX CJIyYaiiHBIX BEJUYHMH IIPU 33 IaHHOI
COBMECTHOI MJIOTHOCTH MOYKHO OIIPEJEJUThH COOTBETCTBYIO-
e OJHOMEPHBIE IIOTHOCTH (MaP2UHAALHHE MAOTIHOCTIU
pacnpedenenus)

fa) = / Fay)dy, fly) = / f( y)d.
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JIBe cnyuaiinple BeqmauHbl X W Y HE3aBUCUMBI TOTJIA W
TOJILKO TOT/Ia, KOIJIa JJIsd JIIOObIX 3HaYeHUd © u Y

[l y) = fl) - f(y).

ITPMMEP Paccmorpum KyCodHO-3a1aHHY0 (DYHKITHIO

r+y, ecm0<r<L,0<y<1
flx,y) =

0, BO BCEX OCTAJBHBIX CIydadX

U TIOKaYKeM, YTO OHA MOZKET CJIYKUTh IJIOTHOCTBIO BEPOSTHO-
CTH COBMECTHOI'O PACIpeJie/IeHUs JIBYX CJIydalHbIX BeJIUYUH
X n Y. JleiicTBuTesibHo,

[ [ ropasty = [ ([ st ([ ) -

1 ! 1 1

IIPUMEP Ilycth TIOTHOCTH PpacupeiesieHUs HMeeT
BuI, [6]:

cx?y, ecmm 22 <y < 1

[, y) =

0, BO BCeX OCTaJIbHBIX CJIYYadX

Onpenennm 3HaYEHHE TapaMeTpa ¢ U3 YCIOBUS TOTO, UYTO
JMaHHasg PYHKINAA JOJKHA OBITH MJIOTHOCTHIO pacipejesie-
Hud. [Ipy BerYnc/IeHNN HHTEIPaIoOB 00paTUM BHEMAaHUE, YTO
JLJIST KazK10r0 (pUKCHPOBAHHOIO 3Haqu1/1ﬂ T Hy2KHO OpaThb Be-
JMYHHY Y, MeHsIonLyocs Ha orpeske [z2, 1]. Takum obpaszom,

+00 +00
1_/ fxyd:cdy—c/ /xydxdy—
! 1—a* 4
:c/ 2(/ ydy)d —c/ z2 L dr = =2
1 22 1 2 21

20



Torma
21
c=
Tenepb BbIYHUCIIM BEPOITHOCTH TOTO, YTO CAydaiiHas Be-
JuanHa X He MeHbIIe CIy4aiiHoil BeJMYunbl Y :

P(X >Y) 21//:pydxdy——/ (/ ydy)dx:

4
_ do = =
40:"“<2>3j 20

IIPMIMEP PaccmorpuM mpuMep BbIYHCJIEHUs OJHOMEpD-
HOH TIJIOTHOCTH TIO0 U3BECTHON ABYMepHOI TIoTHOCTH. [lycTh

f(way)zeXp{ —(:c+y)}, z,y > 0.

Torma

o= { e} [Tes{ sty =exn{ -}

IIPUMEP Ilycts X n Y — He3aBHCUMBIE CIyYaiHbBIE Be-
JUYUHBL ¢ OJMHAKOBBIME ILJIOTHOCTAME pacupejeserust, [6]:

2z, ecrm 0 < 2 < 1

0, BO BCEX OCTAJBHBIX CIyIaAIX

f@) = fly) = f(z) = {

Boruncium sepostaocts P(X +Y < 1), ucnosnb3sys yciio-
BUSI HE3aBUCHMOCTH:

flz,y) = f(z) fly) =

ey, ecrm 0 <r <1, 0<y<1
0, BO BCEX OCTAJBHBIX CIYIAIX
Torna

PIX+Y <1)= j f(z,y)dxdy =

z+y<1

ol



1 -z 1 (1 _x)Q 1
4/ x / ydy da::4/ r———dxr = —.
0 0 0 2 6

ITPUMERP Ilycts gByMepHas MJIOTHOCTD 33/IaHa B BUJIE,

[6]:

2exp{—(x+3y)}, ecimx >0ny >0
flz,y) =

0, BO BCEX OCTAJBHBIX CAYyYaAdX

[Tockosibky obsactb m3Menenus X u Y HpeJCTaBIsSeT
coboii pamoyrosbauK (0,00) X (0, 00) U COBMeCTHAsI TLIOT-
HOCTb BEPOSATHOCTH MOXKET OBITH 3allMcaHa KaK IIPOU3BE/Ie-
HUe IBYX (PYHKITHI

flz,y) = 2exp{ —:L“} -exp{ - Sy},

TO CJydaiiHbie BeJIMUuHbl X 1 Y He3aBUCHUMBbI.

3.2 IlpencraBieHus CTATUCTUYECKUX JIaH-
HBIX

3.2.1 IlIpocToii craTuCTHYECKUil PAL

Ipocmoti emamucmueckutl pad yI00HO MPEICTABATD B
suse Tabaunpl (Tabauma (6)) Kak COOTBETCTBHE HOMEPA Ha-
OJTIOfeHUs ¢ U pe3yabTaTa HAOJIIOIEHU ;.

3.2.2 BapuaumonHbIii pan

Ecyin B IpOCTOM CTATHCTHYECKOM PSijie YIIOPSI0IATH BCe
3JIeMeHTHl x; (HampuMep, M0 BO3PACTAHUIO):

*

ry<ay<ay < - <

n’
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Tabauma 6:
IIpedcmasienue npocmozo cmamucmuuecko20 pada

HOMED HADJIIOJIeHUs 1 ‘ 1 ‘ 2 ‘ ‘ n

pe3yabTaT HAOJIIOICHUS X; ‘ 1 ‘ To ‘ ‘ Ty

TO HOTYyYeHHBIH Dax OyJeT HA3BIBATBCH 6APUAUUOHHBIM PA-
dom.

Benmmuuna zj Ha3bIBaeTcd “nopadkosas cmamucmura’.
Benwunna J,(x) =z} — z} HaspiBaeTcs “pasmar ewvbopku’”.

3.2.3 SDwmnupmyeckas QPyHKNUA paclpegesieHUs

[lo BapuanmOHHOMY PSIJIY MOYKHO ITOCTPOUTDH IMNUPUYE-
cKyr0 Pynryulo pacnpedeseru:
Ty
Frz)=P" (X <z)=—,
n
rjie N, — YUCJI0 3HaYeHuil e umduHbl X, KOTOPbIE MEHbIIe
dbukcnpoBanHOTO YHCTA X, & N — 00beM BBIGOPKH (T.€. 0b1Iee
KOJIYECTBO 9JIEMEHTOB BBHIOODKH ).

Bennyuna X MoxXKeT NPUHUMATH U OJMHAKOBBIE 3HAUE-
Hust. Torga mycrb k — 9uC/I0 pa3HbIX 3HAYEHUN BeJumInHbl X
(oweBnmno, k < n). ITycrs nunexe v = {1,2,...,k}. Torga B
KayKJI0l TOYKE T, IMIUpUYECcKas (PYHKIUS paclpejieeHus
F*(z) 6ymer npeTepreBaTh CKa9oOK, PABHBIH YacToTe:

.
pz/ - n )
rjie M, — YUCJI0 OJMHAKOBBIX 3HadeHuil Besmaunbl X . Oue-
BHU/IHO, Zi:l p;, = 1. IlpomnmocTpupyeM BBIIIECKA3AHHOE
IPUMEPOM.
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Tabauma 7:

Tabauua 0as NOCMPOEHUS IMNUPUECKOT PHYHKUUL
pacnpedesenus

x, | =3 -2|-1]0]
6

23
m,| 1] 2|4 [6][5]1]1

1
)

ITPUMERP Ilycrb jyist 4, IPUHUMAIONIUX 3HAYEHU S
{1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 15,16, 17, 18,19, 20},
coorercrByonue {T;} ecTh
{1,-2,0,1,-3,-1,0,-1,1,3,0,—1,1,2,0,—1,0,—2,0,1}.

BHI/IMaTeﬂbHBIﬁ quTaTe/J b 3aMETUT, 4YTO CﬂyqaﬁHaH BeJIN-
YUHa IIPpUHUMACT BCET'O CEMb DPA3JIMYHBIX 3HAYEeHU ¢ onpe-
nenennoit gacroroit (Tabmumna (7)).

3.2.4 TIlosurou gacror

Hoauzon wacmom — 3TO CrPYNIUPOBAHHBIE JTAHHBIC BBI-
Gopku. Ecim o6beM BBIGOPKU {1, X, T3, ..., T, } OOJIBIIOI
(n > 50) 1 9KCTIO0 OTMHAKOBBIX 3HAYECHUH CJTyYaiiHO B THIH-
Hbl Besinko (m, > 20), To mjs yupouenus gajabueiinteit 06-
paboTKM JAHHBIX HCIOAB3YIOT CIPYIIHPOBAHHBIE BBIGOPOU-
Hble JJAHHBIE, CTPOsT TTOJUTOH 9acToT. OMHUIIeM aaropuT™ 1o-
CTPOEHHsI MOJIUTOHA YACTOT, W3 KOTOPOIO CTAHET SICHO €ro
oTpe/IeIeHHe.

AJITOPUTM IIOCTPOEHHA ITOJINTOHA JACTOT

1. TlocTpouTh BapUAIMOHHBII DSl JAHHBIX (T.€. YIOPsII0-
YUTh BHIGOPKY) M HAWTH Zypin = T W Typgs = T
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Tabnuma 8:

Koauvecmeo nonadanuti snavenutl cayuatinoti 6eAuMUHbL 6
NOCMPOEHHDLE UHMEPBANDL

HHTEPBAT J; ‘ (20, 1) ‘ ‘ [Tr—_1, Tk
YUCJO TTOTAJIAHAN ‘ 1 ‘ ‘ Nk

2. Beco pasmax [z}, 2] pa3dbuThb Ha k paBHBIX HHTEPBAJIOB
rpynnupoBanus. Yucja0 WHTEPBAJIOB MOYKHO BHIOPATH
k =~ log,n + 1. B mpakTuueckux 3agadax 7 < k < 10.
WNHorna ynobHO B3ITh HHTEPBAJIBI PA3HOI JITUHBI, B 32~
BUCUMOCTHU OT KOJIMYECTBA MONAJAIONIUX B HUX TOYEK;

3. OTMeTuTh B MOPs/IKE BO3PACTAHUS KPailHIE TOUKH MH-

TepPBaJIOB:
:.%O, j}l, o .. 7:,%14;_17:,%]{77
a TakyKe cepeJINHBI MHTEPBAJIOB T1, X, . . ., Lk;
4. Iloncuurarh KOJITIECTBA BBIOOPOYHBIX HaH-
HBIX, TIONABIIUX B KaxKablii wHTepBas (Tabuuma (8)):
ny,Ng,...,Ng.

5. 3amMeHuTH BeIMUMHBI 1 HA 4ACMOMyL P} = nj/n 1 1o-
JIYYATb CTATUCTHICCKUI DS,

CoBOKYTHOCTD TOUEK {7, P} } M €CTh NOAUROH HACTOM.

3.2.5 T'mcrorpamma

Tucmozpamma — 3TO JUCKPeTHBIH anajgor® QyHKINm

IIJIOTHOCTHU BEPOATHOCTH, Ha3blBaeMasd TaK2Ke SMHHpH‘IeCKOﬁ

9BbI60POYHbIH aHAJIOL, T.K. OCHOBAH HA KOHEYHOM JMCKPETHOH BbI-
OOpKe 3JIEMEHTOB — Pe3yIbTATOB HaOMOmeHnH. B OOMbIMHCTBE peash-
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IJIOTHOCTBIO BeposiTHOCTH f*(T).

[Iycrs p} ectb miomajb IPAMOYTOIbHUKA € JIJIHHON OC-
nopanusag AZ; = ; — 21,7 = 1,..., k. Torna BeICcOTa 3TOTO
IPSMOYTOTHHUKA U OIIPe/IessleTcsd KaK IMINPHIECKas ILI0T-
HOCTb BEPOATHOCTH B TOYKE T ;

frlag) = L= Y
J AJAZ] n- A[IA’,’J
3/ech, KaK U [PUA TOCTPOCHUH MOJUTOHA, Lo, L1, ..., T —

KpaiiHue TOYKHM WHTEPBAJIOB, HA KOTOpbIE pa3duBaeTcs Ba-
pPUAIMOHHBI psi 0OpabaThiBaeMbIX JaHHBIX. COBOKYMHOCTD
TaKUX IPSIMOYTOJbHUKOB JIJI BCEX Tq, L1, - . . , L} U COCTABJIS-
eT TECTOTPaMMYy, KOTOPas IPH OOJIBIIOM KOJUIECTBE TOUYEK
MePeXOIUT B CBOIl HEIpPepLIBHBIN aHAIOT, B (DYHKIIHIO TLIOT-
HoCcTH BeposiTHOCTH. CyMMa IIOIIaeil BCeX mpsiMOy o/ IbHHI-
KOB paBHA €JIMHUTIE.

3.2.6 Kymymnara

Kymyasama — npubinzKkennas SMIUpHYecKas (YHKIHIS
pactupeeneHnsd. ToUHO Tak e, KaK THCTOTPaMMa, SIBJIIeTCs
JUCKPETHBIM aHAJIOTOM (DYHKIUU IJIOTHOCTH BEPOATHOCTH,
TaK U KyMyJITa SABJISETCH JUCKPETHBIM aHAJ0roM (pyHKInu
pacmpeieIeHn .

14 14
nA
* (2 -, * J
F*(z,)=P(X <, = E p; = —
J=1 J=1
31ech, KaK u BBITIE, T, L1, ..., Ty, ..., Tp — KpaiiHIe TOU-
K WHTEPBAJIOB, Ha KOTOPbIE Pa30WBAETCS BapUAIMOHHBIN
psy1 obpabaTeiBaeMbIX JaHHBIX, £ ~ log,n + 1 — 0ObIYHO

HBIX 337129 OOpAOOTKU HAOJIOJATEIbHBIX W YKCIEPUMEHTAJIbHBIX JAH-
HBIX PabOTa BCErIa BEAETCs MMEHHO C THCTOIPDAMMAaMH.
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PEKOMEHIYEMOEe YHUCJIO MHTEPBAIOB Pa30MeHUs, 1 — IUCIO0
9JIEMEHTOB BLIOODKH, N; — THCJIO AAHHBIX H3MEDEHHIT, TOMaB-
ITAX B UHTEPBAT [L;_1, Z;|. Touka &, — 0Ha U3 TOYEK-KOHIIOB
HHTEepBaJIa: IIPA BBIYUCJICHHH KyMYJATHI BCE IPEeIbLILyIIue
BEPOATHOCTH, KAK 3aMETUT BHUMATEJIbHBII YATATED, CKJIa-
IBIBAIOTCA, UTO IPOUCXOIUT U IS HENPepLIBHON hyHKIUN
pacupe e/ 1eHusl.

3.2.7 KoiummyecTBO WuUHTEPBAJIOB pa30ueHms I1Ipu
TPYHOOUPOBKE JAHHBIX

B npakTudecKnx 3ajadax peKOMeHIyeMoe YHCJI0 HHTep-
BaJOB k pasOneHns NpPU TPYIIHPOBKE MACCHBA 1 JIAHHBIX
ecThb

k ~logyn + 1.

J11s1 OlleHKW BeIWYHHBI A MOYKHO HCIIOJIB30BATH TAKZKe
METOJT CKOAL3AWE20 KOHMPoas |6], 3aKIOTAIONErOCT B MU-
HUMHU3al} OLCHKH CKOJIB34IIero KOHTpoJd J:

min {J(Aij)},

A:Ej

J(Ad;) =D (J”*(Afﬂj))2 - %Zf(*i)(&ﬁj%

Ad, =1

n
i=

e f(*_i)(Aij) — IHCTOrpaMMa, MOCTPOCHHAS IOCTIE yaase-
HUA i-10 HAOIIONEHMd U3 MACCHBA JAHHBIX. MUHUMU3HIpYye-
Masg (PYHKIMA, KAK 3aMETUT BHUMATEILHBIA YATATEND, Tpe-
OyeT mepecueTa rucTOrpaMMbl 1 pa3. Jljis yuponenus pacye-
TOB OIEHKa CKOJIb3SAIIEro KOHTPOJIS MOXKeT ObITH TIPeICTaB-
JeHa B Buze, [6]:

2 N4 1, 2
ALy = (n—1)A%; n-—1 2 B)

J=1
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Ha mpaxTnke yaI06HO TOCTPONTH 3Hadenus J(AZ;) ms
kaxka0ro k € [0,n] u onpeenuts munmvym. Ecmn J(A#;)
MeHSIeTCs He3HAYUTeNbHO st k € [k, k|, TO JH060€ 3HAUE-
Hue k U3 9TOr0 MHTEPBAJA MOKHO MPUHHMATH IS pacdeTa
HHTepBaJIa pa30oueHns.

3.2.8 fnepHag oleHKa NMJIOTHOCTU

B omsinumne oT KJIaCCHYECKOiT THCTOTPAMMBI, METOJI s1/1ED-
HO# OTIEHKH IJTOTHOCTH [6] mpemcTaBisger coboi CriIakeHHyIo
OIEHKY IJIOTHOCTH PACTIPEICeTCHHUSI.

Aupo — rnajkas dbyukuus K(x), rakast 410

e K >0
o [2K(x)dz=0
o 0% = [2?K(z)dx >0

S nepuas onenka miaoTHocTH st h > 0 ecTh
n
o) = lzl K(ﬂ)
n <= h h

AHaJIOFI/I"IHO TOMY, KaK IIpU IOCTPOCHHUH TUCTOI'DAMMBbI
BO3HUKAJ BOIPOC 00 ONITUMA/IHLHOM BHIOODE T1ara pa3ouenus,
B 3ajia4e SAepPHOI OIEHKHU ILIOTHOCTH BO3HUKAET 3a/1a9a BbI-
Oopa onTuMaIbHOM BesmuuHbL h. Tak, npu pelreHun MpaKkTh-
JeCKUX 337249 00pabOTKH JAHHBIX CJIeAyeT BHIOMPATh TaKoe
h, KOTOpOe MUHUMU3UPYET (DYHKIIUIO

J(h)zﬁZZK*(xi;%) +n?h L K(0),
7 J

roe
K*(z) = / K(x — y)K (y)dy — 2K ().

[IpuBeieM jiBa pUMepa UCIOIb3YEMBIX SIep.
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Anpo EnmaneununkoBa

K(x) = Ve (1-%). ccan o] < V5

0, BO BCEX OCTAJIbHBIX CJIydasixX

l'ayccoBo aapo

B sTom cinydae BesmminaA

[ K@ - K@y~ N0.2),
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4 XapaKTepPUCTUKHN CJIyYaNHBIX Be-
JUYUH U MaTeMaTudecKue onepa-
U1 HAJ, CJHIYy4YallHbIMU BeJIMYUHA-
MU

4.1 MaremarundeckKkoe OKHNIaHUe

Mamemamuueckoe ootcudanue — 3TO XapaKTePUCTHKA
Cpe/IHero 3HaveHHsl CJOydaiiHoil Bennuuubl (Wid, B 00IEM
caydae, caydaiinoit GyHKImm).

B smreparype MaremaTmdeckoe OXKHUIAHUE CIydaiiHON
Besimansbl X obosHadaercs 0obrauo M[X], m,, u, i E[X],
a MaTeMaTu4YecKoe OKujganne (PyHKIUN CIydaiiHOW BeJIMIH-
wbl E[g(X)] wma M[g(X)].

[Io onpeentennto, M1 IUCKPETHOM CIIyIaiiHON BETHTMHBI
X, npunumarorieii 3uavenus {1, o, ..., T, } ¢ COOTBETCTBY-
IOIAMH BEPOATHOCTAMH

{p(xl)7p(x2)7 te ,p(l‘n)},

MaTeMaTHYIecKoe OXKHUIAHNAE eCTh
n

M[X] = E fl?zp(@”z)
i=1

s HenmpepbIBHOU CJIydaiiHOW BeJIUYHHBI, 00/1aJa0IIel
3alaHHOl (DyHKIuUel wioTHocTu pacipesenenust f(x), mare-
MATHYeCKOe OXKUJIaHUE eCTh

+oo
MI[X] :/ x - f(x)de.

o0

Takum obpazom, 3HAs MJIOTHOCTH PaCHpPeeeHus CJy-
qaiiHOI BeJIMYUHBI, MOXKHO BBIYHCJIUTH MaTeMaTUYIeCKOe
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OXKHUJIAHUE STOH CJIydailHoli BesmvuHbl (a Tak:Ke W BCe
OCTaJIbHBIE XapPAKTEPUCTUKHU CJIy4aiHOW BeJMYUHBI, KaK Oy-
JIeT MOKA3aHO HUKE).

ITPMMEP He kaxknoe pacupeaesienue obJia1aeT KOHed-
HBIM MaTeMaTHYeCKUM oxKuJanueM. Hanpumep, paccMorpum
pacupenesenne Koiy, IJIOTHOCTh paclpeleeHns KOTOPOro
3ajaercs pyHKIme

1 1
71+ 2%

fz) =

Borancinm maremMarnyieckoe O:KHIAHUE STOr0 pacipe/ie-
JIEHWS, BOCTOJIL30BABIIACH MPABUJIOM WHTEIPUPOBAHUS IO
qaCTsIM:

2 [T xdx 1
MIx] = ‘/0 et LG

e}

.

0

Takum obpasom, y pacrupeeserus: Koy He CYIIecTBY-
eT MaTeMaTUIeCKOI0 OyKUIaHusA. Kcam MHOrO pa3s Momempo-
BaTh ITO pacupeeseHne, TO ero cpeinee He OyIeT CTPeMUTh-
¢ HUPUHATH KaKOoe-TO olpejeseHHoe 3HadeHue. [[a1oTHocTb
pacupesenenns Ko obsiaaer MUPOKUMH KPbLIbAMU, HE
CTATAIOIINME K HYJTI0 Ha OECKOHEYHOCTH, 9TO 03HAYAET BO3-
MOXKHOCTb MOJIYIHTh B HAOJIOJ€HUSIX IKCTPEeMaJbHbIE 3Ha-
YeHHUsI ¢ JOCTATOYHO GOJIBIION BEPOITHOCTHIO.

4.1.1 CsoiicTBa MaTeMaTUYECKOI'0 OXKIIAHUS

[lycts X, Y — npousBosibHbie ciiyuaiiabie Bejndunbt, a C'
— HecJy4aiiHasg NMOCTOdHHAsd BeJIUYUHA. 10T/1a MaTeMaTnde-
CKOe OXKWJIaHUe YIOBJIETBOPSET CIeAYIOINM CBOICTBAM.

o M[C]=C
e M[C -X|=C-M[X]
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o M[X £Y]=M[X]+ M[Y]

e [lycte X,Y — menpepbiBHBIE clydaiiHble BEJTUYUHBI U

Y = g(X). Torna

Ecyin ciyvaitnbie Besimuntabl X u Y — He3aBUCUMbIE, TO

o M[X Y] =MI[X]-M[Y].

4.1.2 VYcaoBHOE MaTeMaTHYECKOE OXKMIAHUE

llycte X u Y — caydaiinble BeJIM4WHBI. YCJIOBHOE MaTe-
MaTHIecKOoe OXKWIaHue BeTUINHB X NPHU JaHHOM 3HAYEeHUH
Y = y onpesensgercs A1 IUCKPETHOTO CJIyYast:

MIX|Y =y] = Zx (X =mlY =y}) = wplaily) =
i=1

. le {X = ZEZ, = y} le ZL’Z,

n IOJIsd HGHpeprBHOI‘O CJly4dad:

MIX|Y =y] = /_+Oox : fj(fz’y)y)dx.

Maremarudeckoe oxkumanue M[X] ciayaaitnoit Bemmanne
X — 910 HecJayvafHOe YHCIIO, & YCIOBHOE MATEMATHIECKOE
oxunanne M[X|Y = y| — sro dbyuknus (B JaHHOM Ciydae,
IIEPEMEHHOIH ).

Mg dyskuun cayyaitabix aprymentos g(X,Y)

y
Mlg(X, Y)Y =y] = Zg%yz (wily) = Zgaf“yz y))
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oo x
MY <ol = [ gt L

COOTBETCTBEHHO AJid JUCKPETHOI'O U HEIIPEPbLIBHOI'O CJ1y4aeB.
Bepno coornortrenue:

M[Mg(X,Y)|X]] = M[g(X,Y)].

4.2 CpemHekBaJapaTnIecKoe OTKJIOHEHUE

Cpedneksadpamuyeckoe omrAOHEHUE — ITO XapaKTepH-
CTUKA paccessHus OTHOCUTEJLHO MaTeMaTU4ecKOro OXKHia-
nud. /Ipyrumum cjaoBamu, cpegHEKBaIPATHYECKOE OTKJIOHE-
HIE XapaKTepPU3yeT, HACKOJIbKO CUJILHO 3JEMEHTHI BHIOOPKH
OTKJIOHSIOTCA OT CBOEI'O CPEIHEro 3HAYCHMSI.

B sinTeparype cpejHeKBaJIpaTuIeckoe OTKJIOHeHue (I
CTAHJAPTHOE OTKJIOHEHHE) Crydaiinoil Besuanubl X 0003Ha-
gqaercst 00bIYHO S.d., 04, 0] X].

[To ompejeneHnio, CpeHEKBAIPATUICCKOE OTK/IOHEHUE
JMUCKPeTHON caydaitHOW BeJWYUHBI X, IpHHUMAOINIe 3Ha-
venust {x1, Ty, ..., Ty} C COOTBETCTBYIONIUME BEPOSTHOCTSIMH

{p(z1),p(x2),...,p(x,)}, ecTh

o[X] = VM[X —m,)2] = | Y (i = m,)? - plzs),
rie .
m, = M[X] = lep(azl)

JIng HenpepbIBHOW CJIy4aiiHONW BeJUYUHBI, 00J1aat0lel
3aJlaHHON yHKIMel wioTHOCTH pacupeseienus f(x), cpe-
HEKBaIPATHICCKOE OTKJIOHCHUE €CTh

o[X] = \//joo(l’ —mg)? - f(x)dr,
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rIe

+o0
mm:M[X]:/ x - f(r)dz.

o0

4.3 ducnepcus

Jucnepcuerti cmydailHON BeJTMYMHBI Ha3bIBA€TCA KBaJIpaT
ee Cpe/THEKBaIPaTHIEeCKOT0 OTKJIOHeHUs. B muTeparype anc-

mepcust cayvaiinoil Bewanabl X obo3uagaercs 00brano D] X
2

nJjim O-x.
[To onpetesiennto, AuCIepCus JUCKPETHOM cydaiiHoil Be-
JuauHbl X, TPUHUMAIONIEH 3HaYeHus {x1, Xy, ..., Ty} € CO-

OTBETCTBYIOIIUMHU BEPOATHOCTAMN

{p(wl),p($2), s 7p($n)}7

eCThb

rie
m, = M[X] = lep(xz)
i=1

g HenpepbIBHOU CJIy4aifHON BeJMYuHbI, 00J1aato1ei
3asaHHON (byHKIMEH maoTHOCTH pacupenenenns f(x), auc-
mepcud €CTh

rIe
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4.3.1 CsoiicTBa guUcCHEepCcUn

[Iycts X,Y — npowusBoJibHbIE Cy4yaiiHble BEJIUYUHBI, a
C — mecyyuaiinag mocrognnad Beanduna. Torma aucnepcust
VIOBJIETBOPSAET CJIEIYIONIINM CBOUCTBAM.

e DIC]=0

e D[C-X]=C? D[X]

o DIX] = M[X?] — (M[X])*

e DIX+Y|=D[X]|+D[Y]£2M[(X —m,)- (Y —my)].

Bejguauna M[(X — my) - (Y — m,)] nasbiBaercs xo-
sapuayueti. KoBapualiust paBHa HyJi0, ecint X u Y —
HEe3aBUCUMBIE CﬂyqaﬁHble BE€JIMYNHBL.

e D[XY] = D[X]-D[Y]+m;D[Y]+m;D[X], eciu X u

Y — mezaBucuMbIe CﬂyqaﬁHbIe BCJIMYIMHBI.

Jokaxkem mnocjejnee cpoiictBo. [lo onpejesnenuo auc-
epcuu, Ui CaydaitHoit sesudannabl 4 = X - Y

D[Z] = M[(Z—m.)*] = M[(XY)*=2XY -M[XY]+(M[XY])*,

rie m, = M[Z] = M[XY] ecrb mocrosinHas BeJUYHHA,
MaTeMaTUuYeCKoe OXKUJIaHue IPOU3BeJeHU JIBYX CAYIalHbBIX
BesimuuH. Jlajiee, ucCHo/b3yst CBOMCTBO JIMHEHHOCTH MaTe-
MaTHYIECKOTO OKHUJAHUS M TOT (DPAKT, 9TO MaTeMaTHIeCKoe
OKUJAHUEC MOCTOAHHON BEJIMYMHBI €CTh CaMa 3Ta BEJINYHUHA,
oIy 4aeM

DIXY] = M[(XY)*] —2M[XY]- M[XY]+ (M[XY])%

[Tockosibky X u Y — He3aBucuMble Cj1ydaiiHble BeJIMIUHbI,

to M[XY] = M[X]|M]Y], ciegoBarensuo,
DIXY] = M[(XY)?] = 2M[XY]- M[XY] + (M[XY])?* =
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= M[(XY)’] = (M[X]- M[Y])*.

Jajiee, pacnuiieM HIpaBylO 4YacTh JOKAa3bIBAEMOI'O COOT-
HOIITEHN A:

D[X]-D[Y]+m2D[Y]+m;D[X] =
= MI(X = me)] - MY = my)?] + m2MI(Y = my)?)+
Fm2M(X = m,) = (MX?) = (M[X])?) - (M]Y?)-
—(MIY])?) + m2MIY?] = m2(M[Y])? + m2M[X?)-
—m(M[X])* = MIX?) - M[Y?] + (M[X] - M[Y])*-
—2mim? = M[(XY)?] - (M[X] - M[Y])2
4.3.2 VcaoBHag amcnepcus

Bemuuuna, [6]

oo x
DIVIX =l = [ (= n()? - L

rae
p(z) = M[Y|X = ]

HA3BIBACTCS YCa06not ducnepcuet.

4.4 Mepbl NOJIOXKEHNSA U MePbl pacCessHUd
Mepbl TOJIOXKEHUS

[IycTh mekoTopas Besnmduna X HabJII0IaeTCd HIH U3Me-
psieTcs HeKOTOphIM TpubopoM n pas. llpu craructuueckoii
06paboTKe BHIOOPKH {1, T3, . .., Ty}, €CTH HE OTOBOPEHO OCO-
00, BCe 3HAYEHUS T; CIMTAIOTCS] PABHONPABHBIMH, T.€. PABHO-
BEPOSATHBIME. TakuM 00pa3oM, i ONEHKH cpedHezo 3HaTe-
Hust (0003HAYAETCS T) MCKOMOI BeJTMIWHBI X MPUMEHSIeTCsI
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dbopmyTa 1S MATEMATHIECKOTO OXKHJAHUSA € YIETOM TOTO,
aro p(z;) =p = 1/n:

n
_ 1
n -
=1

[ocneanss dhopmysia, 0O4eBUJIHO, €CTh cpejHee apudme-
THYECKOE BCEX JIEMEHTOB BBIOODKH.

Ecim kaxkpoe x; obiamaer BeCOM w;, TO ONPEIeIsIeTCs
838eUWeEHHOE CPEIJHEE:

n
D> i
_ =1
—
2w
i=1

Cpeamee 3HaYeHHE MOXKHO OINPEIETUTH U 10 BapUAIMOH-
HOMY psi/ty (B JAHHOM CJIy4ae BIOODKE, IPUBEJIECHHON B yIIO-
PSIIOYEHHOE IO BO3PACTAHUIO COCTOSIHWUE) — OHO, OYEBHUJIHO,
JTIOJIPKHO JIeXKaTh mocepeante. boJsee TOUHO, B 3aBUCUMOCTH
OT YeTHOCTH WA HEYEeTHOCTH OOIIEro KOJINIecTBa 3JIEMEHTOB
BBIOOPKH N €CTh:

w

® M = T(yy1)/2, €CJU N — HEIETHOE,
_ 1 _
e m=5(Tno + Z(n/2)+1), €CAU N — YETHOE.

Yuceno m Has3eIBaeTCS MeQUAHOT.

Haxkomner, cpeanee MoxkeT OBITH OIIEHEHO IO HAUOOJIEE Ya-
CTO BCTPEYAIOLIEMYCs 3JIEMEHTY BbIOOPKH, T.€. 3JIEMEHTY Iy,
[IPH KOTOPOM IJIOTHOCTH BeposiTHoCTH (byHKIws f(2)) Mak-
cuMasibHa. Takoe r; HOCUT Ha3BaHUE M00q.

BamMeruM, UTO g MCCJAEJOBAHHS paclpeaeaeHnil, uMe-
IONUX J1BA MJIK (OJiee YeTKO BBIPAKEHHBIX MakcuMyMa (6u-
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MOdanbHOE T MYALMUMOOGALHOE PACTIPEIETICHUs, COOTBET-
CTBEHHO) MOJA — JIy9Ilias XapaKTepPUCTHKA, YeM MaTeMaTH-
JeCKOe OyKUIaHne, TOCKOJIbKY TOCIeIHee, KaK 3aMeTHT BHU-
MaTeJbHBII InTaTe b, He JACT HHMOpPMAIUn 00 YKa3aHHBIX
nukax. B mpakTuuecKux 3amadax s yao0cTBa JaIbHedImei
00paboTKM TaKkue paclpeaesleHus MOTYT OBITh IpeacTaB/ie-
Hbl KOMIIO3UIUENl HECKOJIbBKUX Paclpe/e/IeHunil.

Kpowme Toro, oneHnBanme He CpeIHEro 3HAYEHUs PACIIpPe-
JTeJIeHUsI, a MMEHHO ero MOJbI SABJISEeTCS BarKHBIM METOI0M
OJIYI€HUs] YCTOWYHMBBIX OIEHOK HapaMeTpOB pacipe1e/IeHnii
IPU JOCTATOYHO OOJIBIINX BHIOOPKAX. ITO OOYCIOBICHO TEM,
9TO B 9TOM CJIydae MOJIA, T.e. MOJIOKEHHe MAKCHMyMa Pac-
npeseIeHns, ONPEeIeasieTCs DOMBIINM KOJTUIECTBOM YJIEHOB
BbI60pKI/I C MaJIBIMU OTKJIOHEHUAMMU OT MOJBI, a KPbIJIbdA pacC-
npejiesieHnst (BO3MOXKHO, COJIeprKalliie aHOMAJIbHbIE BBHIGPO-
Chl) He BJIHUSIOT HA MOJOKEHUE MOJIBI.

Takum obpaszom, cpeduee, saseuwentoe cpedree, meduana
1 M00a XapaKTepPU3yoT MPUMEPHOe TOI0KEHNe HCTHHHOTO
3HAYEHUsT MCKOMON BeJIMYMHBI X W TMOITOMY HOCAT obIee
HA3BAHUE MEPLL NOAOHCEHUA.

Mepbl paccesHus

Ba:KHO He TOJIBKO OIEHUTH CpeJiHee 3HaUeHNe JIeMeHTOB
BbIOOPKH, HO U YKa3aTh, HACKOJIbKO CHJIbHO OCTaJIbHbIE Jjie-
MEHTHI OTKJIOHAIOTCS OT CPeJIHeTrO 3HAadYeHUd, T.e., HACKOIb-
KO BEJINKO paccesHue daeMeHToB. Mepamu paccesnus nim
pacceusarus CIyzKaT BEIYUCTEHHBIE IO BBIOOPKE CJIe/IYIONTIe
XapaKTePUCTHKU:

_ J1xn =12
® 5 = \/ﬁ Yoo (z; — %)% — cpednexsadpamuueckoe om-
KAOHEHUE,

_ 1y =
o d= 7> " |v; — Z| - cpednee omxronenue,
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o r = J,(z) = x} — a7 - pasmazr, toe T = Tpaz, T =
Tymin U BCE T; IPEANONATAIOTCS C BecoM 1.

Ocob0 oTMeTHM BarKHEHIIYIO Mepy paccesiHusl — CpejiHe-
KBa/IPATUUECKOe OTKJOHEHHE BbIGOPOUHOrO cpejiHero (pas-
JUYA0T 0DO3HAYeHUs Sz WM S(T), ecau cpejHee T TOXKe
OIEHWBAETCST MO BHIOOPKe, W 07 Wi o(T), ecinm cpejHee [
U3BECTHO AIlPUOPH, T.€. 3TO eCTh CpeIHee TeHePAIbHON COBO-
KYIHOCTH )

i=1

U"”:\ﬁzwi‘“)g

Dta dopmyaa OyaerT BLIBEIEHA HIKE.

4.5 Ko3adduimeHT Koppeadaiun

[TomMumo oripejiesisieMbIX 110 BBIOOPKE Mep MOJIOXKEHUS U
Mep paccesdHus, Jiid ABYX caydaiiubix Besimaud X u Y onpe-
JieJinM KO3 DUIUEHT KOPPEJIAINH ¢

rIe
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€CThb BbI60pO"IHbIe cpeagnue Cﬂy‘laﬁHbIX BEJINYNH

X:{.Z'17$2,...,.Tn}, Y:{ylay27"'ayn}'

Ecan ¢ = 0, o X u Y He KOoppeupoBaHHbIE (HO MOTYT
OpiTh 3aBucHMBbIME). Ecan ¢ = £1, To mexxay X u Y cyie-
CTBYET 3aBHCHMOCTbH B BHUJE IIPAMOI MPOIOPIUOHATBLHOCTH.

4.6 MomeHTHI CcJIy4daliHbIX BEJUYNH

1 maremaTmdeckoe OKHJAAHUE, W JIUCIEPCHS CIydaidHON
BeJIMYUHBI X IPEJICTABILIOT COOOH YacTHble Cydan MOMEH-
TOB CJIydaitHoil BesimdauHbl. B 00I1eM ciydae pasandarnT Ha-
YaNOHULT MOMeHM k-mo20 nopadka:

o[ X] = M[X*]
U YeHmpasvholti momenm k-mozo nopadka:
el X] = M[(X — en[X])"].
OueBnHO,
a[X] = M[X] = p,
uo[X] = DIX] = 2.

MoMeHTBI BBIYUCIAIOTCS MO ONpeIeeHHI0 MaTeMaThude-
cKoTo OXNKujaHusg. HadaabHble MOMEHTHl I JTUCKPETHOTO
pacupejiesieHus 1 /I HEIPEPBIBHOIO pacIlpeesieHus, COOT-
BETCTBEHHO:

o _ > i f - plws)
) J7af f(a)de

Henrpasbuble MOMEHTBI JIJi JIMCKPETHOI'O paclpe/ieie-
HUA W JJIs HEIPEPBIBHOIO PacCHpeJeaeHnd, COOTBETCTBEHHO:

i (@i — )t - pla)

XD = @ - )t e
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Tabauma 9:
Cmamucmuneckut pad cayuatinot sesuvurv, X

0%

X

vl

(o]}

pi%

C mOMOIIBIO MEHTPATHLHOTO MOMEHTA W CPEeTHEKBAIPATH-
YeCKOI0 OTKJIOHEHUs! BBOJUTCSL OHSTHE ckowenHocmy (H/im
ACUMMEMPUL):

_ ps[X]

3
Oz

1 9

a C IIOMOLIBIO [IEHTPAJIBHOIO MOMEHTA Y€TBEPTOrO 1OPs/IKa U

CPE/IHEKBA/IPATHYECKOrO OTKJIOHEHHsI — IIOHSITHE KPYMUSHYL

(mm aKcuecca):

_ [ X]
g

72 - 3.

4.7 Pacnopenenenune BEPOATHOCTUA  JIJIsd
byHKINM CITy9YaiiHbIX BEJIUYNH

4.7.1 IuckpeTHad caydaiiHasg BeJINYNHA

[Iycte X — numckperHas ciydailHasg BeJUYMHA W IIYyCThb
h(X) — dyukiust 3Toit cayuaitnoii Benmuuunet. [locTpoum psin
pacupeseaenus st (pyHKIUN CAy9ailHONl BeJIMIUHbL. Y100~
Hee PacCMOTpeTh 3Ty 3a/1a4y Ha npumepe, [7].

[Iyctb h(X) = cos X, a cayuaiinas seaununna X 3aJaHa
psiioM pactpe/esenus: B Buge Tabaumpt (Tabiuma (9)).
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Torma 3akon pacupenenenust h(X) Oyaer onpemensiTbest
Tabmuneii (10), B KoTOpPOIH

pi' = P(h(z;) = hy) = P(X = ;)

YuursiBas, uto r1 = 0,29 = 7/4,x3 = 7/2 pacnuiiem
LOCJIE/IHEE BBIPAZKEHUE HO3JIEMEHTHO:

Pl = P(h(z2) = ha) = P(h(g) —cosT = ?) _
—px=0)=2

:P(X:g):_

YTO W BHeCeM B TabJINILy, PACHOJIOXKNB h; B IOPsIKe BO3PaC-
TaHWS.
OTrmeTnM, 9TO CKa3aHHOE BEPHO €CJIU CYIIECTBYET TOJb-

KO omguo 3Hadenme X = xp, mpum kKotopom h(X) =
h(zr) = ho. Ecin cymecrByer Heckosibko 3Hadenuiit X =
Ty, Tyit, -, Tk_1, Tk, TpH KOTOPHIX h(X) = hy (T.e. dyHK-

mst, obpaTHasi h, He OJHO3HAYHA), TO

[IpoutocTpupyeM cKa3zaHHOe TPUMEPOM, PACITUPHUB BbI-
OOpKY JI/Isl JIUCKPETHOM cirydaiiHoft Besimanuabl X U3 IPe/ibl-
aymero npumepa (cm. Tabannst (11)-(12)) u nepeobo3nadns
X naY.
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Tab6muna 10:

Cmamucmuveckuti pad Gyrkuuu cayuatinot 6EAUNUHbL

h(X) = cos X
h; |0 @ 1
H| 3 2 1
Pi 161 6 |6

Tabmna 11:

Cmamucmuueckutdl pad cayuatinoti sesusunv, Y

iy s T | T
N B N Bt Sl B O B
1 3 6 | 10 | 15
Pil 35 135 135135135
Tabmna 12:
Cmamucmuveckut pad GyHryuY cAY4alinol 6eAuuHb
h(Y) =cosY
hj | 0 @ 1
g 16| 13 | 6
Pj 1351 35 135

73



4.7.2 HenpeppiBHag caydaiiHag BeJIMInHA

[IycTh Temepb ecTb HelpepbiBHAS CJydaiiHas BeJIUYUHA
X, 1 KOTOpOil W3BeCTHA ILUIOTHOCTH pacupejesenus f(x),
KoTopas B jauddepeHInaaboil (popMe 3aluchiBaeTcs Kak,
[7]:

f(x)dx = P(x < X < x +dx).

Crasurcs 33/ja9a HaliTH MI0THOCTE pacupesesnenns g(h),
TaKylo, 4TO:

g(h)dh = P(h < H < h+ dh),

e
h = h(z).

[Iycts h(z) — onnosuaunas dyukius. Torma, no amaso-
UU C JIUCKPETHBIM CJIy4aeM, MOYXKHO HAWTH MaJiblii MHTEp-
Basl 3HaueHuit h(x), COOTBETCTBYIOMMI 33 JaHHOMY MAJIOMY
WHTepBaJIy 3HadeHuit X ¢ u3BecTHON BepogTHOCTHIO f(2)dx.

_|da(n)
dr = an ‘dh,
rie x(h) — obparHas GyHKIH, a | ... | — MOJY/Ib BEeJUIHHBIL.
Torna
Flayte = fla(n] “52 an
dz(h
o) = Fla(w] 57

ITPUMEP Ilycts h(x) = cosz. Pacupenenenue Bepo-
ATHOCTH st X

f(z)dz = a + bz,

rie
0<z<m/2
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Haiinem mrotaocTh BepostHOCTH ¢(h):

dz(h dh
g(h)dh = flz(h)] %'dh = [a + barccos h] - Nyt
0<h<l.
OKoHYIaTEeILHO
1
g(h) = [a—l—barccosh] . 0<h<1.

i

ITPUMEP Ilpusesnem mpumep BbIYUCIEHUS (DYHKITUU
pacupesenenus. BeposdTHOCTh OOHAPYKHUTH 3BE3/y B 00be-
Me dv paBHa k - dv. [I1g KaxKmao0# 3Be3bl HailjieTcd jJapyras
3Be3sia — ee Oumxkaiimmit cocen, [4]. Haiitu dbymkiuo pac-
HpejieieHns paccTodHuil j1o OJmzKaiiiero coceja, a TakzKe
cpejHee pacCTOSHEE 10 OJMNKANIIEro cocena W JTUCIEePCUIO
paccToaHnM.

O6o3raunM 3a X caydailHYI0 BeJIMYHHY, PACCTOSTHUE OT
3Be3BI 10 ee OamKaiero coceaa. Torma BepoSTHOCTD TOTO,
YTO COCEJN HAXOMUTCS OJIMKe PACCTOSHUS T PABHO, IO OIpe-
nenennto, ynknnu pacupenenennst, F(r) = P(X < x). Be-
POSTHOCTDH TOTO, YTO OJMKAUIINI cOcel HaXOAUTcA He OJu-
Ke T paBHO, odeBuaHO, | — F'(z). BepogarHocTs TOro, 4To0
OIMKafIINiA cocel HAXOAUTCS HA PACCTOSHUH, 3aKII0YEeHHOM
Mexay x u T + dx, ectb f(x)dr, n paBHA MPOU3BEIEHUIO
1 — F(z) Ha BEPOSITHOCTH TOTO, YTO MeXKIy chepamu ¢ pa-
aumycaMu T U X - dr umeercd 3Be3ja. Takum obpas3om,

f(z)dz = [1— F(z)] - k- A7 - 2*dx.

Pazgennm obe wacTtu mocjieaHero ypaBHeHUst Ha k -
47 - 2%dw, motoMm npoauddepennupyeM 00 & U, Y4Td, 49TO
F'(x) = f(x), nonyanm

f'x) _ 2

= —dr-k-2?

flx)

)



" 110CJIe HHTEerpupoOBaHU g

f(x) :cx2~exp{ —gw-k-xﬁ}.

[Ipon3BoIbHAS TTOCTOSHHASI ¢ OIPEIESIeTCsS U3 YCJIOBUS
paBeHCTBA HMHTerpaJia ILIOTHOCTH pacIpe/eeHnusd eInHUIe
Ha BCEU YUCJIOBON IIPAMON.

OxoHYATEIHHO HAXOIUM

4
p— . . 20 _— — . . 3
flz)=4r-k- -z exp{ 3" k-x }

Cpennee paccrosgaue 10 OJMZKARIIEro cocea,

= [ s~ (577) " (5) most i

['a) = /OOO et -exp{ - t}dt

ecth ramMMa~-QyHKus (1K 3iiepoB MHTErPAT BTOPOrO PO-
Ja), 3HAYEHUsI KOTOPOIl M3BECTHBI.
Jucnepcust paccTostuust 10 OJuzKafinero coceja

rjie

- (47r3- k;>2/3' [F@) - F2<§>] ~0.0405 k7,

a CpeJHEKBaJApaTHIeCKOE OTKJIOHEHHE

o~ 0.201- k13,

4.8 HepaBeHcTBa Jid BEpPOATHOCTEN CJIy-
JalHbIX BEJIMYUH U UX XapPaAKTEPUCTUK

HepasencrBa, cBs3biBalonine XapaKTEePUCTUKH CJIy4aii-
HBIX BEeJIWYHUH, UCHOJIb3YIOTCI B TeX CJIydasdx, KOrja pacder
TeX WJIM UHBIX XapaKTEPUCTUK CJIOYKEH.
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HepaBeucrBo MapkoBa

[Iycts X — HeorpunaresbHas cjydaiiHas BeJUYUNHA.
[Iycts cymecrsyer M|[X]. Torga ans awoboro t > 0

P(X >1t) < @

eficTBUTE/IHHO,

M[X] = /Z:Uf(:v)dx = /Ooznf(:v)d:v =

0

HepaseuncrBo YebnImésa

[Mycre X — cayuwaiinas semunua u M [X] = p, D[X]| =
o?. Torna

0_2

P(X —ul21) < -

JeficTBuTe/IbHO, UCTIOIB3YS HepaBeHCTBO Mapkosa, mo-
JIy4aeM

M[(X —p)?] &
P(\X—M)t)—P(]X—uP)t?)gM_%'

B uacraocru, miusg Z = (X — p)/o u nosoxus t = k- o,
MOYKHO TIOKa3aTh, 4TO

1
P22 k) < 15
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HepasencrBa Xedauara u Muaia, [6]

[Iycts Xy, Xo, ..., X,, — He3aBUCHMbBIE CJIyJaiiHble BEJIU-
quabl, Takue 910 M[X;] = 0 u a; < X; < b;. Torma s
00X € >0mt >0

2

P<iX¢ 26) gexp{ —te} -ﬁexp{tz-@}.

Ecm X4, Xo, ..., X,, — He3aBUCUMBIE CJIyJaiiHbIE BEJIUYIN-
HBI, HMeIOIIHe pacipeeaerne BepHy/LIu ¢ napaMeTpoM p, TO
BBIMTOJTHSAETCS HEPABEHCTBO XedInHra,

P(‘f—p‘ >e> <2~exp{—2ne2},

riae T — cpejHee BbIOOPOYHOE 3HAUECHHUE, T = n-! Zle T;.

Jma coydaitHOW BeJTMYIUHBI, IMeoIell HOpMaJIbHBIN 3a-
KOH pactpejenenns (M. Paszmen 5.14) ¢ HyJIeBBIM CPeJTHAM U
exuananoil gucnepcueit (X ~ N(0,1)), Boimosasiercs Hepa-
BeHCTBO Muia

seso{ - =
prﬁ<¢;——4L.

t

HepaBeucrBo Komu-IIIBapiia

[lycth jBe ciaydaiinbie Beimuuabl X U Y MMEIOT KOHEY-
HbIE JUCIEPCUU, TOTA

M[XY] < /M[X?]- M[Y?].

78



5 OcHoBHBIE 3aKOHBI paciIpeeeHns
CJIy4YalHOW BeJINYNHBI

PaccmorpuMm HeKoTOpBIe HanboJIee U3BECTHBIE U YIIOTPe-
OuTE/IbHBbIE 3aKOHbI PACIPE/ICJCHNS CJIYYARHBIX BEJIMYUH.

5.1 Pacnpenesenne To9e9HOIT MaCChI

Cayuaiinasg pesimduna X 00/1a7aeT paclpeieeHueM To-
qeqHoii Maccel B T. a (X ~ §,), ectu P(X = a) = 1, re.
dyHKIUS pacrpejiesieHus ecThb

Flz) = 0, ectu x < a

1, ecinx > a
[L1oTHOCTH 3TOrO pacupenejeHusd €CTh

1, ectm x = a

fz) =

0, BO BCEX OCTAJBHBIX CJIydasx

Ba:xHo obpaTuTh BHUMaHHE, UYTO ITO JUCKPETHOE Pac-
npejeeHue.

5.2 bwuHOMMagbHOE pacipeaeieHne

[Iycte X — caydaiiHad BelmdmHa, KOTOpasg €CTh YHUCJIO
nosipjienuit coboituss A B M HE3aBUCUMBIX IKCIEPUMEHTAX,
MIPOU3BEJCHHBIX IIPHU OAMHAKOBLIX YCJIOBHUAX (T.H. ucnvma-
nus Bepnyaau). Torna ciydaitnas peamawna X pacnpeje-
JIEHA TI0 OUHOMUAALHOMY 3aKOHY

P(X — m) — C:anmqn—m7

rmeqg=1—p, m=0,...,n — 9UCJIO NOABJIeHHI COOBITUS A.
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BunoMuatbHoe pacnpeieseHne OJHO3HATHO 3aaeTCs
JIByMsI HapaMeTpaMu: KOJUYECTBOM 3JEMEHTOB BBLIOODKH 1
U BEPOATHOCTHIO p TosiBjeHusi cobuitust A. Maremarute-
CKOe OKHUJaHWe W JUCHepcus OMHOMWAJIBHOTO paclpejiesie-
HUs PABHBI COOTBETCTBEHHO:

5.2.1 BsIBog BeJINYMHBI MATEMATUYECKOTO OXKIIA-
HUS U JUCIepcurn OMHOMUAJIBHOIO paclipeme-
JIEHUS C TIOMOINBIO ITpom3Bogdiieii (pyHKInm

Beenem noustue npouseodawets dynkyuu (Kotopas sB-
agercs npeobpasosaruem Jlanaaca bynknun f(x)):

Gx(t) = M[exp {tX}] = /

— 00

“+o00

exp {tm} - f(x)dx.

[ycrs npoBoguTcst n onbiToB. CobbiTre A nosiBisieTcst B
KaKJIOM OIIBITe C BEPOSATHOCTBIO p; M He MOABJSIETCS C MPO-
TUBOIIOJIOKHON BEPOATHOCTBIO 1 — p;. Ilyers X — cayvaiinas
BEJUIMHA, KOTOPasi €CTh UUCJI0 MOABIeHU coObITHSA A.

[IpeacraBum X Kak cymMMy BesimduH X;, KazKJ10€ U3 KOTO-
pbixX puHAMaeT uian 3aadenne 0 (cobbiTie A He MOSBUIOCH B
i-Tom ombire), wian 1 (cobbiTie A MOFABUIOCH B i-TOM OIBITE):

X=X +Xo4 - +X,.

IIo onpenesieHUIO MATEMATHIECKOTO OXKUJIAHUS TUCKPET-
HO# cIy4aliHON BeJIMIUHDI, TPOU3BOISINAA (PYHKIUS /I CO-
obITHA X; €CTh

Gx,(t) = M[exp {tX,}} = p;-exp {t-l}—k(l—pi)-exp {t~0}.
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Janee, n1asa AByX caydaifiubix Beqmaun X u Y 1o ompe-
JIEJIEHUTO TTPOU3BO/IsIIEH (DYHKIIUU CJIe1yeT

Gxiy(t) = Gx(t) + Gy (t).

CJIG,HOB&TGJIBHO, JJId paCCMaTPpUBaAEMOro Cjay4vad

Gx(t) =

—.

(pi exp {t} + (1 - pz))

=1

BeraueauM mepByo W BTOPYIO MPOW3BOJIHBIE TTPOU3BO/I-
uieit pynkuuu upu t = 0.

%Gx(t)tzo =M [% exp {tX}] o = M[X],
%Gx(t)t_o - M [%(X . exp {tX})] » = M[X?].

AHaJIOrMYHO /I BBICIIUX MOMEHTOB.

BunomMuasibHOMY paciipee/ieHlio COOTBETCTBYET CIydaii,
KOT/1a p; = p. 'Toraa mareMaTuydeckoe OKuaHnne ONHOMUAIb-
HOI'O pacIpeeieHus eCTh

%Gx(t)tzo =n (p-exp {t}+(1—p)>n_ -p-exp {t} ‘t:o = np.

Jlucniepcust MokeT OBITh BhIYHC/IEHA 110 (bopMmyJie

5_:2 GX“);t:o—(%GX“))TM B

= %(n(p.exp {t}—l—(l—p))n_l.p.exp {t}) —(np)2 =

=0

DIX] = M[X?—(M[X))" =

=np(1 —p).
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5.3 Pacnpenenenune Ilyaccona

Pacnpedenerue Iyaccona ecth mpeaenbHbIil caydaii Ou-
HOMHAJIBHOI'O PACIIPE/Ie/IeHUs IIPU OIIPe/IeIEHHBIX YCIOBHUSIX.
Ecau gucno wenpiTanumii mo cxeme BepHy/LIH cTpeMuTcs K
GeCKOHEUHOCTH (n — 00) W TPH TOM BEPOSITHOCTH YUCJIA
HOSABAEHUH COOBITHST A CTpeMHUTCS K HYJII0 TaK, 9TO IIPOU3-
BeJeHue 7P 0CTaeTCd KOHECYHBIM U HOCTOAHHBIM, TO 6I/IHOMI/I—
aJIbHOE pacrhpejie/ieHre nepexoauT B pacupenenenue [Tyacco-
HA.

Pacnpenenenne Ilyaccona odeHb BazkKHO, B YaCTHOCTH,
JUISI 33129 aCTPOHOMHUU, ITOTOMY YTO OIMCHIBAET PACIpejie-
JIEHHE BEPOSITHOCTH pedkur cobvimudl.

Ecau BeposiTHOCTD ocymecTBienus: cobbitust A B nHTEp-
pase'’ 0x paBHa A0z, TIe A — ecTh MOCTOAHHAS BeJINIUHA, TO
BEPOATHOCTH TOTO, YTO B OIPAHMYEHHOM HHTepBaJsie AT Co-
ObiTue A nHpousoiaeT POBHO k pas3, JAeTCs pacipejie/eHneM
[Iyaccona:

M- Ax)k
p(xg) = %exp{ - A AJ;}.
el cTBATEIBHO,
k n—=k
nn—1)...(n—(k—1)) [ A -Ax A Az
plax) = E ) U
(X Azx)* 1 2 k—1 A Az g
SOA 2 g Ay,

4YTO B Ipejieie OOJBIINX N JIaeT HCKOMOE BhIpazKeHue.
MaremaTndeckoe OXKHUIaHWE W JTUCIEPCHS pPacipejiesie-
nus [lyaccona paBHbl JIpyr Jpyry:

M[X] = D[X] = \- Ax.

10910 MoKeT OLITHL HHTEPBA IPOCTPAHCTBA, BPEMEHH, & TAKKe JJIH-
HA, TJIOMAh, 00BEM U JIP. B 3ABUCUMOCTH OT YCJOBUS 331a49n
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Jna pacupenenenns llyaccona cpeamnee YnUCJIO TOSBIIE-
HUI COOBITHS B PA3HbIX BHIOOPKAX OCTAETCH MOCTOSHHBIM.

Pacupenenenne Ilyaccona MOXKHO HCIOJIB30BATh B Ka-
JecTBe NPpUOIUZKEHUs JIJId OMHOMUAJIBHOIO PACIpe e/ IeHIS
(mpu mastbix py, < 0.10),

A-Ax=n-p.

ITPMMEPBI Yucio pacnamgoB pajlnoakKTHBHOTO Belle-
CTBa 3a BpeMd t; 9UCJI0 KOCMHUIECKHUX YACTHII, [TOIAIAI0NTHX
Ha HOBEPXHOCTDH ILIOMAIu S 3a Bpewms t.

5.3.1 IlomaTume mMyacCOHOBCKOTO MHOJISA

Cﬂy‘{aﬁHOG I10Jie TOYEeK Ha3bIBACTCA NYACCOHOBCKUM NO-
AEM, €CJIA BBIIIOJIHAIOTCA CJIEAYIOIue yCJI0OBUAD:

® TOYKH PacIpeaegioTcd B II0Je CTATUCTHIECKH PaBHO-
MEPHO €O CpeJiHell MIOTHOCTHIO A (BeJUYHHA HA €1H-
HUILY TUTOMIAIM WM HA eJUHUILY 00beMa);

® TOYKHU MONAJAI0T B HelepeceKalonmecs 001acTi He3a-
BHCHAMO OJIH& OT JAPYIOi;

® TOYKH MONAJAIOT B MAJBIH 37eMeHT miaomaiu (win
obbemMa) 10 OJHOl, a He MapaMu, TPOHKaMu U T.1I.

[Ipy BBHIIOJTHEHUH STUX YCAOBUIl YHCJIO TOYEK, MONATAK0-
MUX B 00y 00JacTh ¢ (IJIOCKYIO WIH OOBEMHYIO) PACIpe-
sesieno 1o 3akony Ilyaccomna:

ok
pr(g) = EeXp —ar,

re a = Sy A (U151 pacipe/ieleHns Ha IJIOCKOCTH) B a = V- A
(st pacnpesienierust B 00beme).

ITPUMEP Cucrema ICRF (mexaynapognast Hebecnast
cucreMa orcdera, cpOPMHUPOBAHHAA 110 JAJCKUM HCTOYHU-
KaM, PENMYIIeCTBEHHO KBa3apaM).
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5.4 T'eomeTpmdecKoe pacirpeaeseHue

Teomempuueckum pacnpedesenuesm Ha3BIBACTCS 3aKOH
pacupejiesieHus yucjaa X He3aBUCHMBIX OIBITOB C JIBYMs HC-
xomamu {A, A} B onunaxosbix yenosuax P(A) = p, P(A) =
1 — p mo nepBoro nosiBenust A.

plar) = (1—=p)""p.

Jpyrumum cioBaMu, BHUIOU3MEHSAETCS YCJIOBHE IpUMeEpa
Ha OMHOMHAJIbHOE paclpejesieHue: UCHBITAHUS 3aKaHINBa-
I0TCsI, KaK TOJILKO TMOABIsIeTCst coObITre A. BeposTHOCTD, Kak
3aMETUT BHUMATEJIbHBII YUTATE/Ib, IIPeJACcTaB/IsdeT cob0i reo-
METPUYECKYIO IPOTPECCUIO C TIEPBBIM YJIEHOM P U 3HAMEHA-
TesieM 1 — p.

MaremaTndeckoe OKHIaHUE U JTUCTIEPCHUS CIYIalHON Be-
JuauHbBL X ecTh, COOTBETCTBEHHO,

5.5 T'mmepreomerpudecKoe pacipeaejeHune

[lycts ectb N wmznenuit. Cpenu wux M craHgapTHBIX
(M < N). Cnyuaiino soibupator n usgenuii (oTobpaHnble
u3Jie/ g o0paTHO He BO3BpAIIaloT, T.e. dhopmysa bepryiniu
He npuMenuma). Ciyuaitias Beauunaa X OMPEIeIseTcs Kak
KOJINYECTBO UCIbITAHUI, 1IDU KOTOPOM €CTh POBHO 1M CTaH-
JapTHBIX Jeraseit. Torna pacrpesesenne 3TOH CJydaiHOM
BEJIMYMHBI ecTh Tpexmapamerpuyaeckoe (N, M, m) auckper-
HOE pacipe/jesieHue:

m Yn—m
M>~YN-M

p(xm) - o
N
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5.6 IlokazaresbHOE pacnpeaesieHnue

Ioxasamenvroe WK IKCNOHEHUUGADHOE DACIPEICTICHIE
CJIyIaiHON BeHINHbl X XapaKTepH3yeTcs MIOTHOCTHIO Pac-
npegenenns f(x):

)\-exp{—)\-a}} ecom x> 0

0 ecn x < 0

fz) =

MaremaTndeckoe OKHJaHUE U JTUCIIEPCHUS CIYIalHON Be-
JAYUHBI, UMEIIel IMOoKa3aTe/JbHOe paclpejie/ieHne, PaBHBI,
COOTBETCTBEHHO,

DIX] = 5.

Moga paBaa 0, a MeauaHa He cOBHAJaeT HUA ¢ MOJOH, HU
C MaTeMaTUYeCKUM OXKUJAHUEM U paBHa In2/\.

5.7 PaBHOMepHOe pacHpeejieHne

Pasnomepnoe pacrpenenenue Caydaiinoil Benmuduan X
XapaKTepu3yercs MI0THOCTHIO pacupenesnenus f(x):

fa) = ﬁ ecin x € [a, b]

0 ecitur <aux>b

MaremaTndeckoe OKuIaHWe U JUCIIEPCHST CJIYIaiHON Be-
JAYUHDI, UMEIOe paBHOMEpHOE paclpelleieHue, pPaBHbBI,
COOTBETCTBEHHO,

Mix] =22,
D[X] = %

MG,ZLI/IaHa PaBHa MaTeEMaTUYECKOMY OXKUIAHHWIO.
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5.8 Pacnpenenenune Beiibysia

[LnorHOCTE pacnpedeserusn Belibyira nveer Bum,

flea ) = Dt e { - (2)).
a o
Orpannyenns Ha IepeMeHHyI0 W napamerpol: & > 0,
a,f > 0 Tlpu B = 1 pacnpenenenne Beiibyara mepexo-
AT B aKCnoHenyuasvnoe pacnpedeaenuve. llpu f = 2 — B
pacnpedesenue Pares

2

f(z;a) :%exp{ B }

2a
5.9 Tamma-pacnpeesienue

T'amma-pacnpedenerue — 3TO pacupeeieHne CyMMbr o+ 1
HE3aBUCUMBIX CJIYYAMHBIX BeJUYHH, KaxKJgad W3 KOTOPBIX
nMeeT IKCIIOHEeHIHaIbHOe pacupejienerne. [L1oTHOCTH pac-
npeaeeHns mMeeT BUJT

)\k’
(k)

3aech I'(k) ects ramma-byuakius itrepa

(k) = /000 exp{ - t} -tk 1t

Jng narypaJjbHbix k

T(k+1) =k, D(k+1)=kI(k).

flx; N\ k) = k! exp{ — )\x}, x> 0.

[Ipu A = 1/2 u k = m/2 ramma-pacipe/ie/ienne mepexo-
IUT B X2 -pacnpedeserue ¢ m creneHaMu cBoOoabl (0603HaUA-
erca x*(m)). Ilpu k = 1 — B nokasameavroe pacnpedenenue.

"3nech u ganee mapameTpbl pacupe/ieleHus HHOTAA YKA3bIBAIOTCH
4epe3 TOYKY C 3alATON II0C/Ie apIyMeHTa, CTOSIIEro B 3alliCU I1JI0THO-
cru f(z) unun dbyurimn pacapenenerus F(zx).
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5.10 DBera-pacmnpeaeienne

[LrorHOCTE 6ema-pacnpedenenus eCTh

flz;a,p) = ﬁxal(l —2)7t a>0,8>0.
Baecs B(a, f) ectb bera-dyHKIus
s - [(a)T(5)
— o _ )8 —
B(a, B) —/0 21 —2)’ lde = Tatd)

Yepes GeTa-pacupejiesienne MOryT ObITh BbIPazKeHbl MHO-
I'He KaK HelPepPbIBHBIE, TAK U JTUCKPETHBIE paclpee/leHnsd.

5.11 Pacnopeaeneane CtbioeHTa

Pacupenenenne CrbloneHTa Tak:kKe HOCHT Ha3BaHue t-
pacnpedeserue I ONPeeasieTcsd IOTHOCTHIO BEPOSITHOCTH

F(k + 1) o\ —(k+1)/2
_ |14+ — ,

F(%) vk k

rae k — 4uciao cremeHeir ¢poboibl. BaxKHO OTMETHTH, YTO
BeJImanHa, uMemmast pacupejgesienue Croogenta (1), ecTh
OTHOIIICHYE BEJIUYMHBI, IMEIONIeH CTaHIAPTHOE HOPMAJILHOE

pacupenenenne X ~ N(0,1) (eMm. masee), K BeJudnHe, CBsl-
3aHHOI ¢ Y-pacupeenennem

fla; k) =

o X
Y/k

Y

e Y ~ x% ¢ k cremenamu c¢Bobompl (obo3nadaerca Y o~
x2(k)). DTo pacupeaesenne HCHOMB3YETCs, B 9ACTHOCTH, /I
IIPOBEPKHU PaBEHCTBa MAaTEMaTHUYCCKHUX O}KI/I,ZLaHI/HU/I ABYX BbI-
6opox. IIpu Gosbrmom obbeme BuIGOpKH (n > 30) pacmpee-
sgenne CThIOIEHTA NePEeXOJIUT B HOPMAJIBLHOE PACHpeIe/IeHue.

87



5.12 Pacnpenenenne Pumniepa

[LroTtHOoCTh pacnpenenenus Puirepa, KOTOPOE TaKzKe
HaspiBaeTca pacipejesienueM Puinepa-Crenekopa uwin F-
pacnpedesenuem, IMeeT BUT

r(B5R) (™ anen

1

2

f(iU; f17f2) =

Coyqaitnast BeinanHa, uMerorias pacupeenenne Ourre-
pa (F'), MoxkeT ObITh HPeJICTaBICHA KAK

Y- fy

Yo fi]

rie Y ~ x2(f1) u Yo ~ x%(f2). D10 pacupesenenue onpeie-
JICHO TOJIBLKO g - > 0 ¥ HCIIONb3yeTcs, B YACTHOCTH, JJIs
IPOBEPKH PABCHCTBA, IUCIEPCHil IBYX BBIOODOK.

F

5.13 Pacnpenenenne MakcBeJsiia
[LnoTHOCTD pacnpedeserus Makceernra nmeeT BU
\/5 53/2 2 { 5$2}

= . - T -expq — , ecmx >0
flaB) = VT 2z
0, econ x < 0

B craructuueckoii dpusmke mapamerp S > 0 ompeme-
JITeTCsT TeMIlepaTypoii u mMaccoit MoJiekysi. Pacripeaenernnem
MakcBesia, B 9acTHOCTH, 001aaeT caydaiinasd abCcoTI0THAS
CKOPOCTHb MOJIEKY.JI HIeaJIHbHOTO Ta3a.

5.14 HopwmaJjgbHoe pacnpeejieHue

Hopmanavroe pacnpedeaenue (nam pacnpedenenue Taye-
ca) urpaer GyHIAMEHTAIBHYIO DOJIh B TEOPHHU OIMHO0K M3-32
CJIEIYIOIINX TTPUINH.
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® HOpPMAaJIbHOE paclipejiesieHue OMUCHhIBaeT pacIpejiene-
Hie omunbOK, BO3HUKAIOIUX I[PUH MHOXKECTBE MaJIbIX
HE3aBUCUMBIX BKJIAJIOB, HOCAIINX CJOYYAlHBIX XapaK-
Tep;

e MHOrMe (DYyHKIUH CJIy4daiiHOW BEJIMYUHBI — HAIPHMED,
cpellHee 3HaYEeHUE WU CPeJHEeKBaIPpaTUIeCcKoe OTKJIO-
HeHHe — paclpeesieHbl aCUMITOTUYeCKH HOPMaJIbHO
JazKe TOrjia, KOorjga UCXOJAHas cJIydaiHad BeJUYUHa He
0071a/1aeT HOPMAJIbHBIM PaCIpe/eIeHHeM.

5.14.1 OcHOBHBIE HOHATULA

[LTOTHOCTH BEPOATHOCTH JIjid CAYYaWHON BeJMYnHbI X,
UMEIOTENl HopMaavHoe pacnpedenenue:
1 —(z —p)?
fla) = — = -exp} =1
oV 2T 20
[Ipr GoabmuX MO MOIYIIO 3HAYEHHSAX X IJIOTHOCTH Be-
pPOSATHOCTU OBICTPO CUMMETPUYHO CHaJaer K Hy/ 0. Tak,

s = +5 mmorHocts BepostHOocTH f(2) ~ 107° (au1a
p=0,0%=1).
DyHKIUA pACIPEIENIeHNs] eCTh, COOTBETCTBEHHO,

—(t—p)?

F(m):/_x f(t)dt:ﬁ/_m exp] I L

Hopwmasibaoe pactipejesienre MOJTHOCTHIO OIpPeIessieTcst
JIBYMs mapaMeTpaMu:(t U 0, KOTOPble eCTh MaTeMaTHIeCKOoe
OKnjJaHnue n CpeJHEKBaJApaTHY€CKOE€ OTKJIOHEHHEe, COOTBET-
CTBEHHO.

M[X] = p,

D[X] = o>
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B cnpaBeqmBocTH ABYX MOCJIEIHUX COOTHONTEHUIH MOK-
HO YO UThCS NMPAMBIM BbluucjaenueM. JleficrBurebHo,

U\/ﬂ/%oexp{_ t2 ) }tdt:

[Ipu BbIYmCAEHUAX ObLI MCHOIB30BAH TAOJIMYHbBIH HHTE-
rpat er f(z) (Pynryus owubok), ¢ MOMOIIBI HETO GBLIO TO-

JIYIeHO
o0
—(t = p)?
ex dt =1,
oV 2T / p{ 202 }

a TaKKe YYUTHIBAJIACh HEYETHOCTD MOALIHTErPAIbHON (DY HK-
AW ¥, CJae0BaTeIbHO, paBeHCTBO () MHTerpaJia

[ en{ = o

Hucnepcus ectb

U\/%/Jrooexp{ o m?}(t—u)th:aQ

Kpymusna (unm axcuyecc) HOPMAJIBHO Daclpe/eJeHHOl
BeJIMYUHBI X paBHA HYJIO:

pa[ X

= —3=0
72 0'4[X] )

M[X] =

D[X] =

riae fiy[X] — neHTpasbHBI MOMEHT YeTBEepTOro MOpsijiKa, a
o[X] — cpeaHekBapaTHIECKOE OTKIOHEHHE.

Crowennocmy (WA acuMmempus) HOPMAIBHO pacipe-
JeTeHHol BenauHbl X TaK:Ke paBHa HYJIO:
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re pu3[X] — menTpasbHBIE MOMEHT TPETHEro TOPSIIKA.

HeHyﬂeBble SHQUeHUd IKCHECCa U aCUMMETPHHU UCIIOJIb3Y-
IOTCS KaK XapaKTEePUCTUKHN OTKJIOHEHHS WCCJIETYeMOTO pac-
pejeseHns OT HOpMaJabHOTO pacupeenenns. Tak, mpu y; >
0 uMeeT MeCcTO NIPABOCTOPOHHSS acCUMMeTpHsd, Tph v < 0 —
JIEBOCTOPOHHSAA. /lasiee, Ipu OJTHOM W TOM XKe TapaMeTpe o
MaKCUMYM TIJIOTHOCTH PACIPEJIeJeHUs C Yo < 0 HUZKe MaKCH-
MyMa TJIOTHOCTH HOPMAaJIbHOTO pachpeseseHns, KOTOpoe, B
CBOIO OYepeib, HUzKe MAaKCHMyMa IJIOTHOCTH paclpe/ieTeHnsd
JIId pacipejiesienus ¢ vy > 0.

Bennuuny X, pacupeseileHHYIO TO HOPMAJIbHOMY 3aKOHY,

0003HaYAI0T
X ~ N(p,0%).

Jns ynobersa paboThl ¢ HOPMaJIbHO PacIpee/IeHHbBIMA
BEJIMUMHAMHA W JJIs [OJACYeTa HEeOOXOIUMBIX BepOSTHOCTEH
¢ TOMOMIBIO CTATHCTUICCKUX TAbJIUIL (/71 TOro, ITOOBI He
BBIUHC/ISATH KaXKIbI pa3 mHTerpabl GYHKINNA PACIpPeIe/Ie-
HUsI), BBOJSIT 3aMEHY HepeMeHHOil

X —p
U=—.
o

Torna ciayuaiinas Besuuuna U uMeeT T.H. cmandapmHoe

HOPMAALHOE pacnpedenenie

U ~ N(0,1).

QyHKINS pacnpeneaenns I CAydaiHoi BeJwannsl U
3AIUIIETCS CJIeAYIONIUM 00pa3oM:

F( ) 1 /u 1}2 d
U) = —]/—m— ex —— poav
oVvV2T J oo P 2 ’

ITOCKOJIBKY
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T =o0u-+ W,
dt = o - du,
L(t—p)?
2 o2 2
DyHKIUS pacupeieeHns /I CTaHIapTHOH HOpMAIbHOM
BeIMIUHbL 00603HadaeTcest P(u):

o [ el

Ota dbyHknusa 3agana TadbaudHo. Emre Oosee ympodbHO Hc-
MOJIb30BaTh T.H. (hynkuyuro Jlanaaca-Iaycca, TakKe 3a1aH-
HYI0 TaOJMYHO, KOTOPAas €CTh:

o)== [ { -l

g byskuuit ®(u) u Pg(u) BHINOTHIIOTCA TPOCTHIE
CBOMCTBA, CJACAYIONIME U3 BHUJIA COOTBETCTBYIONINX MHTErPa-
JIOB:

o O(—u)=1—0(u);
O(u) = 5 + Po(u);
Do(—u) = —Pp(u);

[} [}
KA
o
—~
]
~
I
=

[ ]
g
T
g

I
x|

92



5.14.2 IlenTpasnbpHasg peaeJbHaAd TeOpeMa

Ecim B OunHOMuaIbHOM pacupeie/IeHUd BEPOSATHOCTH P
dbuKcupoBaHa, IHUCJIO JIEMEHTOB BEIOOPKH CTPEMUTCA K Dec-
KOHEYHOCTH, . — 00, TO paclpejle/iecHue TaKOW CJIy4dailnoi
BEJIMIUHBI CTPEMHUTCS K HOPMAJILHOMY pacipeIeaeHuIo.

IHEHTPAJIBHAZA IIPE/[EJIBHAS TEOPEMA Ilycrb
ciaydaiinas BeqndnHa X WMeeT CpeJiHee 3HAYEHUe [, U JIUC-
nepcuio o2. Ecim qucnepens o2 KOHeIHA, TO TPH CTPEMIICHIH
obbeMa BBIOOPKH K OECKOHETHOCTH, 1 — OO, pacIpejieieHne
86L00POUH020 cpednezo T OYyIeT CTPEMHUTBCA K HOPMAJIBHOMY
pacipejieJIeHuIo co CPeJIHUM f1 U auctepcueit o2 /n. Tpyrumu
CJIOBaMU,

Mlz] = p,
D[z] = %2

YUuTbIBas, 9TO JJIsI JI0OOM MUCKPETHOH caydaiiHoil Be-
JAUYUHBI, B JAHHOM CjIy4dae Hjd T

o (7) = i (i - M[E])Q p(;) = i (- M[E])z . %

i=1 i=1

HOJIY UM JIJIsl JIUCHEPCUU BBIOOPOYHOI'O CPEJIHErO

Dl = 5 S (i~ )

i=1

B zagadax o6paboTku JaHHBIX CIUTAETCH, UTO BEJIUUNHA
Z; (z’—aﬂ peann3anus CJAyYaiHOW BeJIUInHbI X ) A BEJTUYUHA
7; (i-asg peanmsarysi BEIOOPOYHOTO CPEJIHEro CJIyvaiiHoil Be-
JUIuHbL X WK cpednee no 6blbopKe) eCTh OJHO U TO ¥Ke,
IMOCKOJIBKY KaXKIIYI0 I; MOYKHO CUATATh KaK HEKOe cpeaHee
sHaveHue (cpeduee no peanusdayuam). OnHa peanuszanus —
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9TO, HANpUMeEp, ONHA Cepusi HADIIOJECHUH WIH OTUH <IIPO-
XO» JKCIEePHUMEHTAAbHON ycraHoBku. CpegaHee 1Mo BHIOOD-
K& PaBHO CPeIHEMY IO PeaJu3alusgM W TMOTOMY 3aMEHHM B
nocseaaeit popmyiae r; ma x;. Kpome TOoro, ormerum erie
oauH bakT, oObsACHEHHe KOTOPOMY OyIeT JaHO HHXKEe, IPH
00CYXKJIeHUH KAaUecTBa OIEHOK CJayYailHbIxX BeaudnH. Hanbo-
Jlee «KaveCTBEHHAs» OIEHKA JMCIIEPCHE IIPOU3BOJIBHON CJIy-
JaiiHoit BeJImduHbl Y ecTh

n

Dly] =3 (v~ M) - !

: n—1’
=1

T.e. B 3HAMEHATe/e 3aMeHsieTcst Ha n — 1 (XoTs npu 6071b-
1moM 00'beMe BBIGOPKe 3Ta MOMpPaBKa HECYIIECTBEHHA ).

YuuThiBas BCe BBINIECKA3aHHOE, MOJIyYaeM BayKHEHIIyIo
dopMyITy IS OTEHKY CpeHEKBAIPATHIECKOTO OTKJIOHEHUS
BbIOOPOYHOI'O CPEJIHErO:

n

Oz = mz (xi—ll)z,

=1

rJie T; — pe3yJabTaThl HAOTIOIEHWH WU SKCIIEPUMEHTOB, [ —
cpeanee apmdpMeTnIecKoe pe3yIbTaToB HabIIOIeHH, 12 — KO-
JinaecTBO HAO I0eHNi. DTa (hopMyTIa ABISIETCS CIeACTBHEM
LIEHTPaJIbHON IpeaeabHOl TeopeMBbl.

5.14.3 /loka3aTeabCTBO MEHTPAJIBHON NpeaeIbHOM
TeOpPEMBI

JLng nokazarebeTBa MEeHTPAJIbHON TPeJIe/IbHON TeOPEeMbI
HaM CHOBA HOHAIO0UTCS BBEJICHHOE paHee HOHITUE NpoUu3eo-
dawet pynrxyuy. Tak, npousBojasdinas (PpyHKIHA HOPMAJILHO
pacipeiesiennoii cryuaiinoit semunnn X ~ N (p, 0?) ecrnb

ot
¥x(t) = exp (put + - )
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[lepBast mpou3BogHAA TPOU3BOAAINIEH (DYHKIIUU B HYJIE
eCTh

0(0) = [%M[exp {tX}H o™ M[% exp {tXH =

— M[X exp {tx}] — M[X].

=0
[IpousBoanas mnopsjika k or UpOU3BOJALAIIEH (YHKITUN
€CTh, COOTBETCTBEHHO,

WF(0) = MIX".

Ecim cnyqaitnas sequauna Y ecTh JinHefinas yHKIUS
caydaiHoi BeJndIuHb X € HecaydaiHbIMU KO3 DunmenTa-
MH a U b

Y =aX +0,

a ¥x(t) ectb npousBogasa MyHKIUA CIyIaiiHON BeMYn-
Hbl X, TO NpOU3BOAgIIasd (DyHKIMA CAyIalHON BeTUIUHbl Y
eCThb

by (t) = exp {bt} -y (at)

Ecmm X1, Xo, ..., X,, — He3aBuCUMBbIE CIydaiiHble BEJIUYIU-
Heru Y =) . X;, 10

vr(t) = [[ (o),

e ¥;(t) ectb mponsBosAIIre DYHKIMN CIYIAHBIX BeJININH
X;.

Jma mokasaTeabeTBa MeHTPaTLHON TpeaeTbHON TeOpeMbl
BO3bMEM CJydaiiHble BeJIMYUHbI Y; B BH/IE
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rae X; — He3aBUCUMBIe CIydaiiHble BEJIUYUNHBI, 0018 aI0IIHe
cpeannM p 1 aucuepcueit 2. OGoszHaunM

1 n
Zy=—Y Y.

[Iyctb 1y, (t) = 1(t) — npousBoasgmas GyHKIUS CIyaii-
HOli BestmunHbl Y;. Torma nponssojsmast hyHKIAS J1JIs Y Y
ecthb Y(t)", a mpou3BodAIIAsa DYHKIUS A7sT 7, eCTh

(1) = [w (%)]

JaJiee, BOCIOJIb3YeMCsl BBIYHCJIEHHBIME DaHee IIPOU3BOJI-
HBIMH B HysIe npoussojsmieil dyuxmun (¢ (0) = M[Y;] =0,
Y"(0) = M[Y?] = D[Y1] = 1) u upeactaBumM 3Ty TPOH3BOI-
1y 10 (DYHKIHMIO B BUJE PsJia:

U(6) = 9(0) + 10/(0) + %uﬂ'(e) U)o =

2

_1+0+t W%)

Torna
(t) . L " _ |1 t2 tg W(O)—i— ! o
t2 t3 "
:P+ﬁ+ mgy(m+m
n

BOCHOJH)SyeMCH HU3BECTHBLIM IIpeae/IOM

(1+%) ] - o)

lim
n—oo
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rJe a — IpeJesT MOCIeI0BATETLHOCTH {dy, }.

Torna
12

£(t) = lim &,(t) = exp {5}

n—oo
Hpyrumu cioBavu, £(t) ecth npousBoismas QyHKIHA
BEJINYMHBI, PACIPEIEJEHHON 110 CTaHIAPTHOMY HOPMAaJbHO-
My 3akony N (0,1).
Oxkon4aTe/bHO,

1 n

e T — BBIDOPOYHOE CpejiHee, W MOCKOJbKY Z, B IIpejesie
nmveer pacupeesnerune N (0, 1), To

2
T~ N(u, U—)
n
5.14.4 IlIpaBumo 30 («Tpex curmar)

Beraucanm Bepositocts P(X € o, f)) mig gacTHOrO
cJIydast, KOrJa IPAHUIBI HHTEPBAJa CUMMETPUYHBI OTHOCH-
TeJbHO CPEJIHEr0 3HAYEHUs CJIYIalHON BEeJIMUUHBL, T.e.

a=u—I,

B=pu+l

Torma, mo ompemeneHnio (YHKIUH paCHpemeeHus u
dyuknuu Jlamiaca-l'aycca, nomydaem:

I X - l
P(M—Z<X<u+l):P(——< “<_):
g
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[ l [
=P — ) —Pg[ —— ) =2¢| —
o o o
Takum obpazom, JjIsT HOPMAJIbHO paclpeaeeHHol cIy-

4yaitnoit BeimunHbl X BEPOATHOCTH €€ OTKJOHEHUs OT CPe/-
HEro Ha BEJUYUHY [ OTPeJeIseTcs Kak

l
PlIX —pl<l) =28 =
g

Yucsno [, BooOIEe roBopst, JIFOO0OE IOJOKHTEJIBHOE UHC-
J10. OMHAKO 0COOYI0 BayKHOCTH IIPEICTAB/ISAIOT 3HAYEHUS | =
0,20,30. Tak, npu [ = o:

2

gv
JIDYTUMU CJIOBAMU, IIPUMEPHO B JBYX TPETSX CJIydaeB Be/IU-
YAHa OTKJIOHEHHSA HOPMAJbHO PaCIpPeIeSICHHON Cay4vainoi
BEJIMYMHBI OT CBOETO CPeHEero 3HAYEHNST He TPEBHIITAeT CBO-
ero CpeHeKBaIPATHIECKOTO (CTAHIAPTHOTO) OTKJIOHEHHUS —
9T0 T.H. Npasu.no 1o («OTHOrO curmas ).

Amnanorndno onpejensercs npauao 20 («IByX CUIMay ):

Q

P(|X —ul < a) = 2P (1) = 0.683

P(|X —ul < 20) — 2B,(2) = 0.954
I npasuso 30 («Tpex curmas):
P|X = p| < 30 ) = 20y(3) = 0.997.

CortacHo TIOC/IeTHEMY PABEHCTBY, BCE 3HAUEHUST CIyJaii-
HOI BeMWYWHBI X, pacupe/ieleHHONH MO0 HOPMAaJIbHOMY 3a-
KOHY, ¢ BepoaTHOCTBHIO 99.7% YKIaJbIBAOTCS B WHTEPBAJIE
[ — 30, pu+ 30)'?

123aneTnM, 9TO POpMATBbHOE — CIIeAYIONIee U3 OHpeeaeHns PyHK-
IUH pacCIIpeaeeHnd — HEBKJIIOYEHHE ITPAaBOr0O KOHIa HHTEPBaJia HE BJIH-
feT Ha BBIYHUCIIEHNE BEPOATHOCTEN, TOCKOIbKY JJIsI HEIPEPBIBHOTO Pac-
mpeaeaeHns BEpOATHOCTh B OTHOIT TOUYKE €CTh HOJIb.
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5.14.5 Tabauma cTaHJAPTHOTO HOPMAJBHOTO pac-
npeneyenus. [IpaBuia padborsl ¢ Tabauiieit

B mareMarnvecKuX CIPDABOYHUKAX H B IPHJIOKEHUSX
y4eOHUKOB 110 TEOPUHU BEPOATHOCTEN U MATEMATHIECKOIl CTa-
THCTHKE OOBITHO TPHBOIATCA TaOIHUIBI [T 3HAYEHUNH HOD-
MHUPOBAHHOH HOPMasIbHON (DyHKIMK pactpesenenus (wiu
dbyHKIMM pacnpenenenus st CTaHIAPTHON HOPMAJIBHOIT Be-
mranst) $(u) n 71 HOPMATBHOTO WHTErPasia BePOSITHOCTEH
(mrn byukunu Jlamraca-Faycca) @ (u):

O(u) = \/%/j; exp{ — g}dt, (6)

Dg(u) = \/% /0“ exp{ - g}dt. (7)

Tabmuna Gynkiun P(u) comepKUT BEIYUCIEHHBIH THTe-
rpast (6) mist kaxkgoro w. Jdpyrumu coaosamu, tabimna co-
JEePKAT 6EPOAMHOCMU TOTO, 9TO CAydaiiHasd BeJuTInHa,

X —p

U
o

(rme X — cayuaiinasg BeaudnHa, 001aAI0MMAss HOPMATbHBIM
3aKOHOM DacIpe/le/IeHHs] CO CPeTHHM /i U CPeJIHEKBAJIPATH-
YeCKUM OTKJIOHEHWEM ) TPUHUMAET 3HAUEHUs, MEHbIIE U,
cm. Tabmumy (13).

COOTBeTCTByIO]l[I/Ie BeJINYUHBI U 3aJaHbl C HHTE€PBAJIOM B
0.1 B kpaitmem Jsesom crosone Tabaunst (13). Eciu Tpeby-
ercs Hailtn P(u) mId u, 38JaHHBIX € Jy9lieil TOYHOCTHIO,
no 0.01, ucnosb3yercst mepBasi crpoka Tabaunsr (13), e
yKazaHbl corbie jojau u. K npumepy, mig v = 0.8 3nadenue
O(u) = 0.7881, ana u = 0.86 3nauenue $(u) = 0.8051 (ma
nepecedennn ¢Tpokn u = 0.8 u croabima v = 0.06).
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Tabmuna 13:

Dynryua pacnpedeaenus P(u) Hopmasvrozo sarona N(0, 1)

u 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 | 0.5000 | 0.5040 | 0.5080 | 0.5120 | 0.5160 | 0.5199 | 0.5239 | 0.5279 | 0.5319 | 0.5359
0.1 | 0.5398 | 0.5438 | 0.5478 | 0.5517 | 0.5557 | 0.5596 | 0.5636 | 0.5675 | 0.5714 | 0.5753
0.2 1 0.5793 | 0.5832 | 0.5871 | 0.5910 | 0.5948 | 0.5987 | 0.6026 | 0.6064 | 0.6103 | 0.6141
0.3 1 0.6179 | 0.6217 | 0.6255 | 0.6293 | 0.6331 | 0.6368 | 0.6406 | 0.6443 | 0.6480 | 0.6517
0.4 | 0.6554 | 0.6591 | 0.6628 | 0.6664 | 0.6700 | 0.6736 | 0.6772 | 0.6808 | 0.6844 | 0.6879
0.5 ] 0.6915 | 0.6950 | 0.6985 | 0.7019 | 0.7054 | 0.7088 | 0.7123 | 0.7157 | 0.7190 | 0.7224
0.6 | 0.7257 | 0.7291 | 0.7324 | 0.7357 | 0.7389 | 0.7422 | 0.7454 | 0.7486 | 0.7517 | 0.7549
0.7 1 0.7580 | 0.7611 | 0.7642 | 0.7673 | 0.7704 | 0.7734 | 0.7764 | 0.7794 | 0.7823 | 0.7852
0.8 ] 0.7881 | 0.7910 | 0.7939 | 0.7967 | 0.7995 | 0.8023 | 0.8051 | 0.8078 | 0.8106 | 0.8133
0.9 | 0.8159 | 0.8186 | 0.8212 | 0.8238 | 0.8264 | 0.8289 | 0.8315 | 0.8340 | 0.8365 | 0.8389
1.0 | 0.8413 | 0.8438 | 0.8461 | 0.8485 | 0.8508 | 0.8531 | 0.8554 | 0.8577 | 0.8599 | 0.8621
1.1 ] 0.8643 | 0.8665 | 0.8686 | 0.8708 | 0.8729 | 0.8749 | 0.8770 | 0.8790 | 0.8810 | 0.8830
1.2 1 0.8849 | 0.8869 | 0.8888 | 0.8907 | 0.8925 | 0.8944 | 0.8962 | 0.8980 | 0.8997 | 0.9015
1.3 1 0.9032 | 0.9049 | 0.9066 | 0.9082 | 0.9099 | 0.9115 | 0.9131 | 0.9147 | 0.9162 | 0.9177
1.4 1 0.9192 | 0.9207 | 0.9222 | 0.9236 | 0.9251 | 0.9265 | 0.9279 | 0.9292 | 0.9306 | 0.9319
1.5 1 0.9332 | 0.9345 | 0.9357 | 0.9370 | 0.9382 | 0.9394 | 0.9406 | 0.9418 | 0.9429 | 0.9441
1.6 | 0.9452 | 0.9463 | 0.9474 | 0.9484 | 0.9495 | 0.9505 | 0.9515 | 0.9525 | 0.9535 | 0.9545
1.71 0.9554 | 0.9564 | 0.9573 | 0.9582 | 0.9591 | 0.9599 | 0.9608 | 0.9616 | 0.9625 | 0.9633
1.8 | 0.9641 | 0.9649 | 0.9656 | 0.9664 | 0.9671 | 0.9678 | 0.9686 | 0.9693 | 0.9699 | 0.9706
1.9 1 0.9713 | 0.9719 | 0.9726 | 0.9732 | 0.9738 | 0.9744 | 0.9750 | 0.9756 | 0.9761 | 0.9767
2.0 0.9772 | 0.9778 | 0.9783 | 0.9788 | 0.9793 | 0.9798 | 0.9803 | 0.9808 | 0.9812 | 0.9817
2.1 0.9821 | 0.9826 | 0.9830 | 0.9834 | 0.9838 | 0.9842 | 0.9846 | 0.9850 | 0.9854 | 0.9857
2.21 0.9861 | 0.9864 | 0.9868 | 0.9871 | 0.9875 | 0.9878 | 0.9881 | 0.9884 | 0.9887 | 0.9890
2.3 0.9893 | 0.9896 | 0.9898 | 0.9901 | 0.9904 | 0.9906 | 0.9909 | 0.9911 | 0.9913 | 0.9916
2.4 10.9918 | 0.9920 | 0.9922 | 0.9925 | 0.9927 | 0.9929 | 0.9931 | 0.9932 | 0.9934 | 0.9936
2.5 10.9938 | 0.9940 | 0.9941 | 0.9943 | 0.9945 | 0.9946 | 0.9948 | 0.9949 | 0.9951 | 0.9952
2.6 [ 0.9953 | 0.9955 | 0.9956 | 0.9957 | 0.9959 | 0.9960 | 0.9961 | 0.9962 | 0.9963 | 0.9964
2.7 0.9965 | 0.9966 | 0.9967 | 0.9968 | 0.9969 | 0.9970 | 0.9971 | 0.9972 | 0.9973 | 0.9974
2.8 0.9974 | 0.9975 | 0.9976 | 0.9977 | 0.9977 | 0.9978 | 0.9979 | 0.9979 | 0.9980 | 0.9981
2.9 0.9981 | 0.9982 | 0.9982 | 0.9983 | 0.9984 | 0.9984 | 0.9985 | 0.9985 | 0.9986 | 0.9986
3.0 1 0.9987 | 0.9987 | 0.9987 | 0.9988 | 0.9988 | 0.9989 | 0.9989 | 0.9989 | 0.9990 | 0.9990
3.1 10.9990 | 0.9991 | 0.9991 | 0.9991 | 0.9992 | 0.9992 | 0.9992 | 0.9992 | 0.9993 | 0.9993
3.2 10.9993 | 0.9993 | 0.9994 | 0.9994 | 0.9994 | 0.9994 | 0.9994 | 0.9995 | 0.9995 | 0.9995
3.3 0.9995 | 0.9995 | 0.9995 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9997
3.4 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9998
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O61acTh onpeieIeHnsT BeTUIUHBI U — BCS IUCTA0BAS OCh,
{—00, +00}, u cmbIcT HMerOT TH06bIe 3HAUCHUS B TAHHOM HH-
tepsasie. O6paiaem sanmanue, uro B (Tabnnnel3) Besnan-
Ha u MeHgercd oT 0 g0, mpuMmepHO, 3.4, TOTOMY YTO, BO-
HEePBBIX, /IS OTPUIATEJBHBIX U, B CHJIY CHMMETDHH CTaH-
JAPTHOTO HOPMAJIBHOTO PACIPEIEIeHUsI, MOXKHO BOCIIOIB30-
BaThCd (HOPMYJIONt:

a BO-BTOPBIX, Jijist OOJIBIIUX U BEPOATHOCTH OIM3KA K €/[MHU-
ne: Tak, yxe $(3.4) = 0.9998 u ¢ pocTOM % TOIBKO PAacTer B
CWJIY CBO€il MOHOTOHHOCTH.

Tabsuna s dyuknuu Jlamnaca-Taycca @ (u) comepkut
BBIYHCTIeHHbIH wHTerpas (7) I KayKI0r0 U U yCTPOeHA MOJI-
HoCThIO anaiornano Tabmune (13) nasa dbyuxmun $(u). Bee
BEPOSITHOCTH, HANJIEHHBIE TI0 ee TabJuIe, MOTYT ObITh MOy~
genbl u3 Tabsunpr (13) dyrkuun $(u) myrem BeIIUTAHWS
1/2, moromy 4To

o Oo(u) = B(u) — 5;

o Og(—u) = —Py(u);

[ ] @0(—'—00) = %

[IpuBeeM mpuMepsl 33/1a49 HA HOPMaJIbHOE pacipe/ie/ie-
HUE.

ITPUUMEP UMsrorosiena NHINHIPUYIECKA J1eTalb AU~
merpom D, |2]|. Ommbku npu ee U3roToBICHUN MPUBOJAT K
TOMY, 9TO jauamerp [) ecTh ciydaiiHas BeJMYNHA, pacipe-
JIeJIEHHAs TI0 HOPMAaJIbHOMY 3aKOHY C HapaMeTpaMu: MaTe-
MaTudecKoe oxkumanue [ = 40 MM, cpegHeKBaIpaTHIecKOoe
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oTrknonenne o = 0.05 mM. [leTaab MpOXOIUT TEXHOJOTHYE-
CKUIl KOHTPOJIb, B PE3YyJbTaTe KOTOPOrO NPHU3HAHBI OPaKOM
BCe JeTasu ¢ guamerpom D takmwm, 9to D < 39.85 MM wian
D > 40.05 mmM.

OnpeneiuTh BEPOATHOCTDH TOTO, 9TO HAyra/l BbIOpaHHAs
JIsl KOHTPOJISI JleTajlb OyIeT pu3HaHa OGpakoBaHHOMN (cOObI-
THE A), M OIPE/IeJIUTH TPOIEHT 3a0paKOBAHHBIX JleTaJieil.

Bajaua cBOIUTCA K onpeiesennto BepositaocT P(A) mo-
HaJaHus CJydaiiHol BeJJuIuHbl D, pacupee/IeHHOl 110 HOp-
MaJIbHOMY 3aKOHY €O cpeaHuM i = 40 MM, cpeTHeKBaJIpa-
TudeckuM oTkJoHeHneM o = (.05 MM, 3a Tpejiebl OTpes-
kKa [, 8], a = 39.85 mm u f = 40.05 MM, e cobbiTHe
A={D <awmm D > }.

Pemmum 3amady, mCmoab3ysi TPOTHBOMOJIOKHOE COOBITHE

A={D € [a,]}. Torga
P(A)=1- P(A).

Beposarrocts P(A) BEIMHCIEM ¢ HCTIONb30BaHneM Tabm-
upt (13) byuxunn @ (u):

P(A) = P(D c [39.85,40.05]) _

% 40.05 — 40.00 o 39.85 —40.00\
- 0.05 0.05 N

=0(1)—P(—3) = ¢(1)—1+P(3) = 0.8413—1+0.9987 = 0.8400.
Boruucum cpejinuii nponenT 3abpakoBaHHbIX JleTaJieil:

P(A) =1 —0.8400 = 0.1600 = 16%

IIPUMEP MakcumaJjibnasi omubKa BbICOTOMEpPa CO-
craBiaser AH,,,. = 30 m. Haiitu BeposTHOCTH TOro, 9TO
omuOKa N3MepeHust BHICOTHI He MpeBbicuT 10 M.
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Vcmonb3yeM HpaBHIO «TpeX CHUTMay IS HAXOXKICHUS
BEJIMIUHBI CPEIHEKBAIPATHIECKOrO OTKJIOHEHNS CJIydaiiHOi
peanuuHbl Ah:

30Ah - AHmazy

oTkyaa o = 10 m. lckoMas BepodTHOCTH paBHA

P(JAR — man| < 10) = 28,(1) = 0.683.

5.15 Pacnpenesnenusi, 6,in3Kne K HOPMaJIb-
HOMY pacIipejieJIeHInI0

CymiecTByer psifi pacupeieseHuii, OTJUYHBIX OT HOp-
MaJIbHOrO, B CUJIy (DU3UYECKUX CBOHCTB HAOJIIOIAEMBIX Be-
JIMYIUH.

Hampumep, cTporo rosops, pacupejiesieHne napajijakcoB
3Be3]1, TOCKOJbKY KPUBAasl pACIpe/IeTIeHUs OTPDAHUYCHA CIIPa-
Ba U CJeBa, B OTJMYHE OT HOPMAJILHOTO pacipejeenus (Bee
napaJuTakChl OOJIBIIE HYJIS U HE CYIIECTBYET OUY€Hb OOJIBITUX
IapajIakcoB; KPOMe TOTO, ¢ YMeHbIIIeHHeM IMapaJliakca Pac-
TET YHCJIO 3BE3]).

Eme oqun mpumep — pacrpeaenenne Moayaeid cKopocTei
PYHIIbI JIBUZKYIIAXCS aCTEPOUJIOB, MOCKOJIbKY OHH HEOTPU-
naTe/JbHbl U HeT OECKOHEYHO OOJIBINIX CKOPOCTEH.

YacTo, A4 MpOCTOTHI, K TAaKUM DPacCIpe/ieIeHIsIM BCe-
TaKW MPUMEHSIOT HOPMAJbHBIN 3aKOH, OrOBapWBasl, Ha Ka-
KOM WHTepBaJie W TUPU KAKUX JOMOJTHUTETbHBIX YCIOBUSX
HOPMAJIbHBIA 3aKOH XOPOHIO O0bACHAET HADJII0JATE/bHbIE
marabre. OHAKO TMOJIE3HO 3HATH O JAPYTHX TEOPETHUIECKUX
pacrpeseaeHusx, OJU3KNX K HOPMaJIbHOMY, HO TAKOBBIM BCe
JKe He dBJISIONIMEC, YTO MO3BOJUT allllPOKCUMUPOBATH HA-
OJII0/1aTeTbHBIE U SKCIIepUMeHTATbHbIE TaHHbIe O0JIee TOUHbI-
MU KPUBBIMU.
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PaccMoTpuM MI0THOCTD pactpeeIeHusT

o) = = e - i),

CoV2r 202

rie I1(z) — MHOTOUIEH He BhITNe 4-if cTeneHn 110 mepeMeHHO
x. Jag onpeperenns nartn KoxbunueHToB noaunnoma 4-ii
CTeNeHN MOXKHO 3alUCATH MSITh YPABHEHUIH, OMPEIesst MO-
MEHTBI OT HYJIEBOIO JI0 9€TBEPTOro mopsijka. Ecim caenars
3aMeHy HepeMeHHO u = x — u, Torma mas 1(u):

11 M3 |
e el

1 2!
44 = 24 o4 |ot ’

rjie

=
|
|

eCTh aCUMMeTpPHS, a

Y2 =

€CTDh 3KCIIeCC.

Benmuuna i, = M[(z — p)*] ectb k-Tblit neHTpagbHbI
MOMEHT CJIy4aifHOU BeJinuntbl X , KOTOpasd OIPee/sdercs 1o
BBIOODKE.

104



Kpome momHOMUAIBHOK «KOPPEKTHPOBKI» HOPMAJILHO-
o pacrpejiesieHusi BO3MOXKHBI TakzkKe 0000IeHns 3aKoHa
HOPMAaJIBHOTO DaCIpeNeIeHAs IyTeM BBEJEHNS ITePEeMeHHO-
IO CPeIHEeKBAIPATHIECKOTO OTKIOHeH!s 0 = o(u). 3amerum
TaKKe, YTO eCJHU IMIUPUUECKOE PACIIPEIeJIeHHEe COIEPIKUT
JIBa MAaKCUMyMa, TO YI00HO IPEeJICTABUTH €r0 CYMMOM JIBYX
pacupenenennii.

5.16 PacnpeneseHus, cBA3aHHbIE C HOP-
MaJIbHBIM paclpeaesieHueM

Cpeaun HamboJiee 4acToO UCHOJIb3YEMBIX PacIIpeesIeHuil,
CBA3aHHBIX € HOPMAaJbLHBIM paclipejejeHneM, OTMeTHM X 2-
pacnpedeaenue u Log-nopmasvroe pacnpedeaenue.

5.16.1 Pacnpenenenune \> («xu-KBajgpar»)

Pacnpedenenue x? ¢ n crenensmu cBobopl (0603HaUaeT-
ca x%(n)) ectb pacnpejiesienue CyMMbl KBaJpaTOB 7 He3a-
BHUCHMBIX CJIYyYafHBIX BEJIUINH, IMEIONINX CTaHIaPTHOE HOP-
MaJIbHOE paclpeesieHe

Y =) X?~x(n)? X;~N(©01).
=1

MaremaTu4yecKoe OXKUJAHUE U JUCIEPCUsT ITOTO PACTPe-
neenus ectb, coorsercrsenno, M[Y| = n u D[Y] = 2n.
AcuMMeTpHST B SKCIIECC STOrO pacipe/ie/IeHus eCTh, COOTBET-
CTBEHHO, /8 /n u 12/n. Tlo nenTpasbHOI MpeeabHOl Teope-
Me TIpu n — 00 caydaiinas seanunna Y ~ N(n,2n).

Kak 6GbLI0 OTMEUeHO panee, Y -pacipeIeIeHue eCTh 9acT-
HbIf ciydail ramma-pacupele/ienus
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cleoBaTebuo, (YHKIMS IUIOTHOCTBL X 2-pachpejesleHus
eCTh

Haxkoner, x2(2) — 3T0 3KCIOHEeHIUHAILHOE PacIpe/ie/eHue
¢ byHKIHEH IOTHOCTH

flx) = %exp{ — %x}

5.16.2 Log-HOpMaJbHOE pacupeaelieHue

[Iycrs cayuaiinas Bemwanna Y ~ N(0,1). Torma ciy-
qaitHas BesmunHa X Takasi, uyro Y = log X, umeer Log-
nopmasvhoe pacnpedenenue X ~ LogN(0,1). CoorBercrBy-
omas PyHKIU TJI0THOCTH LOg-HOPMAaJIBLHOTO pachpe/ie/ie-
HUS €CTh

1 1., 1

T) = ex ——lo x} R

f(z) N p{ 5 108 ;
DTO0 BBIPpaAKEHHE JIETKO MOJYYUTH [0 IPABUILY BbIYHC/IE-
HIS pacipeaeaeHnst BEPOATHOCTH i (PYHKIUH OT CJIydaii-

HOIl BeJINYWHBI, 3aMETUB, UTO

() = —=esp { — o s}
1 dy(w)’.

T dx
Jlas Log-HOpMATbHOTO pacCIIpejie/ieHusT MATEMATHIECKOe
OKHJIAHWE U ANUCIEPCHS €CTh, COOTBETCTBEHHO,

2

M[X] = exp {u+ %}
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D[X] = (exp {02} — 1) - exp {2,u+02}.

Jna monenmpoBanusd LOg-HOPMAJILHOTO PaCIpe/IeIeHIS
cHaYasa MOJIEJTUPYETCs HOPMAaJhHOE pacipejie/erne, a 3a-
TE€M ero KCIOHEHTA:

ZT; — exXp {ZEZ}

Jlnsg MoenmpoBaHusi CaMOro HOPMAJIbHOTO paciipeiesie-
HUS MOZKHO JIeiCTBOBATDH JIByMs CIIOCODAMUT:

® BOCIIOJIb30BaThCH HEHTPAJIbHON HpeaeabHOl TeopeMoil,
COCTaBWB BBIOOPKY W3 CPEJHUX 3HAYCHHIT HEKOTOPBIX
MPOMEZKYTOYHBIX BBIOOPOK C MPOU3BOJBHBIMU 3aKOHA-
MU paclpejieleHnsd;

e NPUMEHHUTH K PABHOMEPHOMY pacrpeerenmnio {y; }, Ha-
IpUMEP, CIeLYIONee Tpeodpa3soBanme

z; =/ —2logy;_1-cos2my;, (j=2,3,...,n).
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6 Todyeunble  MHTEPBAJIbHBIE OIlE€H-
KN

[esib MaTeMaTHIECKOW CTATUCTUKU — YKA3aTh METOJbI, €
IIOMOIIBbIO KOTOPbLIX 110 JaHHbIM BbI60pKI/I MO2KHO I10J1Yy4YUTb
OIEHKW MapaMeTpPOB T'eHePAIbHON COBOKyIHOCTH. BoJee mo-
JIPOOHO, TYCTh MPOU3BOIUTCS HAOJIOIeHNe KaKOH-1100 Ciy-
vaitnoit BesimauHbl. Ecian nabiioieHus BeLyTcd J0CTaTOYHO
noro (B uaeasie GECKOHETHOE BpEMsi), TO 10 Pe3yJbTaTaM
HAOJIOMEHUH MOYKHO TOYHO BBIYUCIUTH TaKHe IMapaMeTphI
KaK, HAIIPUMED, CPe/IHee, CPEeTHEKBAIPATHIECKOE OTKJIOHE-
HIE W CPeIHEKBAIPATHIECKOe OTKJIOHeHWe cpeanero. OmaHa-
KO B PeaIbHOCTHU HabJII0aTe/Ib HUKOIAA He HMeeT JIeJ10 ¢ Dec-
KOHEYHBIM Ha0OpOM HabII0IeHuil crydaitHoil BeinauHbl (T.e
C TeHepaTbHON COBOKYMHOCTDHIO). IT09TOMY mapaMeTphl reHe-
PaJIbHOH COBOKYMHOCTH OCTAIOTCsI HEM3BECTHbHIMU. B pacto-
PAZKEeHNU Ha6J'IIO,ZLaTe.HH nMeeTcda TOJIbKO OFpaHquHHbeI Ha-
6op JaHHBIX (BBIOOPKA) M TOJIBKO ¢ MOMOIIBIO 3TOr0 HAabopa
HY?KHO U MOKHO IIOJIYYHUTH 110 BO3MOXKHOCTH JIyUIllee Tpe/l-
CTaBJIeHHEe O IMapaMeTpax reHepabHOM COBOKYITHOCTH.

O6o3HauuM mapaMeTpbl reHePaJIbHOH COBOKYITHOCTH:
cpesHee (i, CPeIHEKBAIPATHIECKOE OTKJIOHEHHE 0. DTH Be-
JIMIUHBI Oy/1eM OIEHNBATH C TIOMOIIHIO BHIDOPOTHOTO CpeTHe-
r'o T, BLIDOPOYHOTO CPeIHEKBAIPATHIECKOIO OTKJIOHEHHA S U
CPeIHEeKBAIPATHICCKOTO OTKJIOHEHHSI BHIOOPOYHOTO CpeIHe-
ro s().

OneHKr MOTryT OBITH MOUEUHLLMU U UHMEPBAALHBLMU.
Toueunas oreHKa OIpeegeTcsl OJHUM UUCJIOM, HAPUMED,
TOYEYHOU OIEHKON CpeJHero reHepaJjbHOil COBOKYIHOCTH U
ABJISIETCS cpeliHee apudMeTHIecKoe 3J1eMEHTOB BBIOOPKH.
HTepBaibHasg OIEHKA YKa3bIBAET IOBEPUTETLHBIN HHTEP-
BaJI JIJIs1 TOYETHON OIEHKH, T.€., HACKOJIbKO XOPOIIa Ta OIEH-
ka. Hampumep, ¢ pocToM 9uc/Ia 3JIEeMEHTOB BBIOOPKH HMHTED-
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BaJIbHAS OIEHKA JTOJKHA CTAHOBUTBLCS 12Ke, MOCKOJBKY UeM
OoJibiiie BbIOOpPKA, TeMm OJiMKe OleHKa K MCTUHHOMY 3Hade-
HIIO mapameTrpa. VIHTepBaibHas OleHKa 3aliChIBAETCSA KaK

Jog =10 —€,0" + €},

rjie § — KakoW-TO U3 OIEHUBAEMBIX [MAPAMETPOB T'€HEPAJIb-
HOIl COBOKYITHOCTH, HAIpuUMep, (4 Win 0. Bejuanna 0 ecTb
moueunas ouenka mapaMeTpa 6, a € ecTh MmouHoCmb OUEHKU
(3aBuCsIIAs, B TOM YHCJIE, OT pa3Mepa BHIGOPKH).

BepogaTHOCTE TOTO, 9TO OIleHKa paBHA OICHUBAEMOMY IIa-
paMeTpy Ha ypOBHE TOUHOCTH € €CTh

v=P(l0" - 0] <e)

1 Ha3bIBaeTCd (9066pume./sz0ﬁ GEPOATNIHOCIT IO NJIN nadeoic-
HOCM b0 OLICHKH.

6.1 Or1eHKa BEPOATHOCTU CJIYyYaiHOTO CO-
ObITUSA

[IycTh HYZKHO TOJIYYIUTH TOYCUHYIO ONEHKY BEPOSATHOCTH
P(A), tne A — cayuaitnoe coobitre. Obo3naunm P(A) = p.
Toueunasi oneHka /i P €CTh 4aCTOTa MOsIBJEHUSA COOBITHS

A, Te.

rie X — YHCJIO ONBITOB, B KOTOPBIX COOBITHE A IIPOU3OIILIO, a
N — YUCJIO BCEX MPOBEJEHHBIX OMBITOB (KOJIUIECTBO JI€MEH-
TOB BBIOOPKH). IIyCTh MPOUCXOIUT TOBTOPEHUE Cepuii u3 n
ONBITOB Kazkgas. Torma Bennumaa X eCTh CJaydaiiHast BeJId-
quHa. JanumeM X B BHJEC

X =3 x4,
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Xi(4) = {1, A nosiBLIOCH (¢ BEPOSITHOCTBIO D)

0, A me mogBUIOCH (C BEPOATHOCTHIO ¢ = 1 — p).

M[X;(A)=1-p+0-q=p,
DIX;(A)]=1-p?p+(0—p?-q=p-q

B kadecTBe TOUEUHOi ONEHKU I p OyAeM paccMaTpu-
BaTh BEJIUYUHY P

=1

n

M) = L S M) = Y p=p
Dlp) = 5 S D) = 5> pa =2

CoriacHO TeHTPaJIBHOM IIpeIeIbHON Teopeme

o~ (211 Dlp) = (. 2).

Temepb mocTpouM WHTEPBAIBHYIO ONEHKY I P:

P(Ip—p*| < 6) =1.

Jlis HOpMaJIbHO pacipe/ie/ieHHON C/IydaiiHOi BeJTUINHBI
p ~ N(p*, D[p*]) BepoATHOCTH €€ OTKJIOHEHHUST OT CBOEH OIleH-
KA p* Ha BEJUYMHY € OIPeessdeTcs ¢ IIOMOIIbI0 (DyHKIHH
Jlamnaca-laycca craemgyromum obpazom

P(lo-pl=<c) - mo(ﬁ) ~om (L),
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HamomuuM, 9TO € — TOYHOCTH OIEHKHU, Y — Q0BEPUMENL-
HaA 8EPOAMHOCY (WA HAeHCHOCTID, UITH JOCTNOBEPHOCTID)
ornenku. Benuunua o = 1 — v HA3BIBACTCA YPOGHEM 3HAYU-
Mocmu W npoyermuot moukot (MHOTIA 0003HAYALTCS B
nponenTax, Hanpumep, « = 5%). Besmuuna p* — Tovuednast
OTIeHKa TMapaMeTpa p, a BeluunHa ¢* = 1 — p*.

0Ob603naunM
ev/n
Uy = ———.
TV
Torna

v = 2o (u,)

1 Uy, KOTOPAs HA3BIBACTCS KEANMUAL YPOSHA 7Y, €CTh PyHK-
s, obparnasa K ¢ynknun Jlamraca-[aycca:

Uy = Py ! %

Boobrie kBaHTHIL pacnpenesnerus (HOPMaJabHOTO, t-
pacupenenenns Croionenta, F-pacupeaenenns @umrepa, y2-
pacIpesieieHust ¥ JIp.) eCThb KPUMUNECKOe 3HAUEHUE sl
OTIpe/leJIeHUs JIOMYCTUMBIX WHTEPBAJIOB U3MEHEHUs HEeKOTO-
POii OTIEHUBAEMON BEJIMIUHBI (MATEMATUIECKOTO OXKHUIAHUS,
Jucrnepenn, KosduinuenTa KOppeasua u Jap. ).

C momorbio (hYHKIME PACTIPEIETeHUsT CTAHIAPTHONR HOD-
MasbHOiT Bestmannbl, (1) KBAHTHID U, €CTh

147

Uy = ot 5

[Tosryyaem 1OJI€3HYIO CBSA3b MEXKJy TOYHOCTBHIO OIEHKH,
HAJIEKHOCTBIO OIMEHKU U YUCJIOM JIEMEHTOB BHIOOPKU:

evn

v =20 ;
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OKoHYaTeNTbHO, HCKOMBIN IOBEPUTEJIHHBIN MHTEPBAT I
p* ecrb

JP* = {p* - €>p* =+ E}:

KOTOPBIN ¢ BEPOSTHOCTHIO 7y HAKPHIBAET HCTHHHOE (BCeria
HEU3BECTHOE) 3HAYEHUe TapaMeTpa p.

ITPAUMEP Briuncienne TOYeYHOM M HHTEPBAJILHOM
otnenku. lIpowsBeseHo mecaTh UCIBITAHNN OTHOTUITHBIX ABHA~
ITHOHHDBIX ,ZLBI/IFaTe.HefI, B CEMH U3 KOTOPbIX 6bIJH/I AOCTUT'HYThBI
TpebyeMbie TOKa3aTen TIroBoopyzkeHHocTn. OmupenemTb
TOYEYHYI0 W HHTEPBAJBHYIO OIEHKN BEPOATHOCTH COOBITHSA
A = { Tpebyemble OKA3aTeTH TATOBOOPYKEHHOCTH TOCTHT-
HyTHI } TIpU 3aJaHHON HaIexKHOCTH 7 = 0.95.

Toyeunasi oreHkKa MCKOMOH BEPOSITHOCTH €CThb 4YacTOTa
cobbiTHSA A:

T
10

BHas HaJEKHOCTH (JOBEPUTENBHYI0 BEPOSITHOCTD) -,
MOXKHO BBIYHUCJIUTHh TOYHOCTb 3STOI TOUEYHOIl OEHKHU €,
T.¢. IIOCTPOUTDH ,ZLOBepI/ITe.HbeIfI HHTEPBaJI TOYEYHO OoneH-
KWN. ﬂﬂﬂ 9TOT0O CHAYaAJIa BbIUYUCJINM KBAHTUJIb U'y C ITIOMOIIIBIO
dbyuxnun Jlammaca-Faycca $g(u):

*

P = 0.70.

1
u72@61 b — ¢! ﬂ

2 2

HanexxnocTs, mnn moBepuTeIbHasdg BEPOATHOCTD, ¥ = (0.95

ug.9s = $51(0.475) = ®~1(0.975) = 1.96.
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Tabanmna 14:

Kesanmuau w, nopmanvroeo pacnpedeaenusn N(0,1)

<I>(u7):1+T7 0.9000 0.9500 0.9750 0.9900 0.9950 0.9990 0.9995

Uy 1282 1645 1960 2326 2576 3.090 3.291

3/ech BeIMYMHBI B CKOOKAX — BEPOATHOCTH, 3HATCHUSI
dbyuknnu Jlamnaca-laycca n pyHKIIMN pacupepeeHns: CTaH-
JApPTHOH HOPMAJIBLHON BEJMYHMHLI, COOTBETCTBEHHO. 110 3HA-
qenuto nocyaenneil mo Tabmune (13) HaxoauTCsl BeMIMHA
Up.95-

Jus ynobersa pacdera KBaHTHIEH HOPMAJILHO PacIpe/ie-
JIEHHOM CJIyvaiiHo#i BeaudauHbl mosb3ytorca Taboumeir (14),
anasorom Taburer (13). Tabuuna (14) comepKuT HECKOIb-
KO HauboJiee YacTO BCTPEYAIONINXCS 3HAYEHHI KBaHTUIEH,
JaCTh U3 KOTOPBIX ecTh U B Tabaune (13), a yacTh — 910 Mpo-
MezKYTO4YHbIE€ 3HAYCHHU A, IIOJIyYeHHbIC ITYTEM BblIHUCJI€HUA CO-
OTBETCTBYIOIIErO HHTEIPAJIA.

Haiinennoe snadenne KxpanTuid u, = 1.96 mojcrapigeM
B BBIDAXKEHHE /1T TOYHOCTH OICHKH:

_ /P 1.964/0.70 - (1 - 0.70)
v V10

Takum obpa3oM, HeM3BECTHAS BEPOATHOCTH P C HAJEHK-
HOCTBIO 95% JIeXKUT B TOBEPHTEJIBHOM HHTEDBAJIE:

= 0.28.

Jpr = {0.70 — 0.28,0.70 4 0.28} = {0.42, 0.98}.
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ITPMIMEP Panee paccMaTpuBaIoch HEPpaBEHCTBO Xed-
JguHTa. J[j1g He3aBUCUMBIX CAy4YailHbIX BEJUYHMH, PACHpe/ie-
JIGHHBIX 110 3aK0oHy Bepuymwiu, X1, Xs, ..., X, ¢ napamerpom

p
P<|jn —p{ > 6) <2 exp{ — 2n62},

rjie T — CpejiHee BBIOOPOYHOE 3HAUEHHE. DTO HEPABEHCTBO
ITO3BOJISIET, B YACTHOCTH, IIOCTPOUTH JIOBEPUTEIbHBIN UHTED-
BaJI JJIsi OMHOMHAJIHLHOTO TTapaMeTpa p:

P(‘f—p‘ >€> < a,

rae

6.1.1 Teomerpumueckass WUWHTepHpeTanus JIOBEPU-
TeJbHOT'0 MHTEPBAJIA OIEHKUA BEPOATHOCTU

B obmiem Buje pesyabrar IpeblayIIero npuMepa 3alu-

ImeM KaK
pP-q
lp — p7| <uﬂ/—n )

Bozsejisi 00e 4acTu 3T0r0 HEPABEHCTBA B KBAJIPAT, 110JIY-
9uM 00J1aCTh, KOTOPasi Ha IJIOCKOCTH B KOOpAuHATax (p,p*)
eCTh BHYTDEHHSsI 9acTh JIATCA, [2]:

(p—p)=—"L-p-(1-p). (8)

3 | S

[Ipamas, mapamienbHas ocu Op W TPOXOJLIas depel
dbuxcuposannyio Touky p* (B npumepe p* = 0.70), nepeceuer
JJIJIMIIC B ABYX TOYKaX. ZLHI/IH& 9TOTI0 CeveHud eCTh AO0BEpPU-
TeIbHBIN HHTepBal Jy«. Touxku mepecedenna B oOIeM Buie
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BBIYUCILI0TCA U3 KBaAPaTHOI'O YpaBHEHUA I'PaHUIBI 3JIJIMII-
ca:

.
i 1 u?\ 2 u?
p172: 2271:{: 5 (p*_i__’y) _(p*)2(1+_7)
U U 2n n
1+—2 1+
n n

[Ipu 6osbIOM 0O'bEME BEIOGOPKH ui /nu ug /n? crpemsres
K HyII0 ObicTpee, uem p* - (1 — p*)/n, mosromy

%, %
Pr2=p Fu,- p—(l L );
n
9ITO PABHOCHJIBLHO TOMY, KaK ecyi Obl B IPaBOil 4acTu ypaB-
Henus (8) CTosiIa B TOYHOCTH TOUYCUHAS ONEHKA p*.
Yem Oouibliie pa3mep BbIOOPKHU 7, T€M MEHbIIEe J0BEpU-
TeJIbHBI UHTEPBAJI U, 3HAYUT, TEM 4J2Ke SJLIUIIC.

6.2 OieHKa MaTEeMaTUYE€CKOI'0 OXKWIAHUS

6.2.1 Toueunas oIeHKAa MaTeMaTHYECKOTO OXKIJIAa-
HUA

B kauecTBe TOYEUHON ONEHKH MATEMATHIECKOTO 0K~
HUSI IPUHUMAIOT BEIOOpOUHOE cpeamee (cpegnee apudmern-
IECKOE BCEX JIEMEHTOB BHIOODKH ):

*71 -

Cpasy Ke BO3HHUKAeT BOIPOC, MOXKHO JIH B KadyecTBe TO-
YeYHON OIEHKH MaTeMaTUIeCKOr0 OKUIaHUs BRIOpATH UTO-
TO JApyTroe, HallpuMep, MOJAY WA MeJAnaHy, KOTOPbI€ TOXKe sIB-
JIAIOTCA XapPaKTEPUCTUKAMM ITIOJIOZKEeHU A CpeJHEro. OKaBBIBa—
ercsd, cpejgHee apudMeTHIecKoe ABJIAETCS JIYIIIeil OleHKon
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T 9TO MOYKHO JI0OKA3aTh, HAIPUMED, ¢ TIOMOITILIO MEMOJa Mak-
CuUMaALH020 Npasdonodobus (MMII) nwin memoda waumero-
wuzx keadpamos (MHK).

6.2.2 Iloumck TOYeUHOII OIEHKH MATEMATUYECKOTO
OXKUJAHUA METOJA0M MAaKCUMAJLHOTO IIPaBIO-
nomobus

Ha npumepe moncka To4eIHOR ONEHKH MATEMATHICCKOIO
OKWJIAHUS CJIy4YaiiHOW BeJIMYMHBI, PACCMOTPUM, UYTO TaKOe
MEMOI MAKCUMANDHO20 NPABIoN0JobUA.

[IpeamosoKum, 9TO BHJ 3aKOHA pACIpeeseHUs TeHe-
PaJIbHOIl COBOKYITHOCTH M3BECTEH, HO HEHM3BECTHBI HapaMeT-
PbI, KOHKPETU3UPYIOIHE ITOT 3aKOH (HAIPUMEp, U3BECTHO,
4TO TeHepaJibHas COBOKYIHOCTD PACIPeIeIeHa 10 HOPMaJib-
HOMY 3aKOHY, HO HEH3BECTHO HU €r0 CPEJIHEe (i, HU ero JIC-
nepcusd 02). [lycTh U3 remepa/ibHON COBOKYIIHOCTH H3BJIede-
Ha HEKOTOpas BBIOOPKA JAHHBIX U 110 Hell HYXKHO OLEHHTD [
1 2. MeTo1 MaKCHMAJIbHOTO TIPABIONOA00Hd 3aKII09aeTCs
B TOM, YTO BbIOMPAIOTCSI TaKue OIEHKH [1apaMeTpPOB, KOTO-
pble Jal0T MAKCUMAaJIbLHOE 3HAYEHNE IJIOTHOCTH BEPOATHOCTH
(ApyruMu cJI0BaMHU, BEPOSTHOCTH KOTOPHIX MaKCHMAJIhHA).

Ecmu x;(i = 1,2,...,n), TJe BCe JIeMEHTBl HE 3A6UCAN
dpye om dpyea, COCTaBJsAeT BBIOOPKY € ILIOTHOCTBIO BEPO-
aruoctu f(xy, T, ..., Ty, 1", 0%), TO COBMECTHAS] JIOTHOCTD

BEPOATHOCTL €CThb

n

l(x1,29,...,2,) = Hf(xi,,u*,a*),

i=1

KOTOpas W Ha3bIBaeTCs pyHKImen mpasaomnoaobus. O6o3ua-
quMm L:

L=1In {l(zl,x% . ,xn)} )
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Torna g Toro, 4ToOBI 1* U ¢ JaBaJIU MAKCUMATLHOE
3Ha4YeHue MJIOTHOCTHU BEpOATHOCTH, HeO6XOI[HMOZ

OL 0 < .

oL 0 < ..
Do _aa*;m[ﬂx“”p)} -

1 HOpMaJIbHOTO pacipeie/TeHns

f(l’)Z%\/ﬂ-eXp{—%}.

Mur XOTUM OIEHUTH TOJBKO MAaTEMATUYIECCKOE OXKHJaHNne,
MO9TOMY TOJBKO €ro 00O3HAaYMM «CO 3Be3104YKOoii», u*. [lo-
CKOJIbKY BCE T; — HE3aBUCHMBIE, TO

f(.fEl,ZL‘Q,..-,.CEn) = f(xl,u*,a)-f(a:Q,u*,o)...f(;En,,u*,a) =
1

_ W-@(p{i%} = l(z, u*).

n

o e (@ pt)?
L=Inl=1In <0 vV 27?) ; R

9] 1 & i
aM*L_—F-z.(—l).Z(xi—u)_o.

=1

n

% > (wi—p) =0.

i=1
Takum obpaszom, uckoMas OlleHKa U eCTh cpefaHee apud-

METU4YeCKOE:
n
* 1 § =
l’[’ - T, = .T,
n -
i=1

9TO 1 TPebOBAJIOCH JI0KA3ATh.
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6.2.3 Ilomck TO4YEYHON OIEHKH MaTeMaTUYIeCKOTO
OXXMAAHUA METOJOM HAUMEHBITUX KBaJAPaTOB

PacemoTrpum memod naumernvuwur k6adpamos TakxKe s
[IOUCKA TOYCYHOH OIICHKU MaTeMaTHYeCKOI0 OXKUJIaHUS CIIY-
vaitHoit BemmauHbl. CyTh METO/IA 3aK/TI0YAeTCs B MOWCKE Ta-
KO OLCHKU, KOTOPasd MUHUMU3UPYET CYMMY KBaJApPaToB OT-
KJIOHEHUI OTAe/NbHBbIX peaan3alnuil cjiydaiiHol BeJIUYUHbL OT
UCKOMO# oneHKu. MuHUMHU3AIMS OCYIIECTBIISIETCS M0 BCeii
BBIOODKe. [IpyruMu cioBaMu, UIIETCS MUHUMYM

Z(%‘ — )

o 1. B Touke MEHUMYMa HIepBasi HPOU3BOIHAL I10 [ ¢ HEOb-
XOIUMOCTHIO paBHO O:

di* (i(r N “*)2) =2 é(m — ) =0,

=1

OTKYJ1a
1 n
p= o Zl Zi.
1=

Takum o6pazom, MEeTOJ HAMMEHDBIIUX KBAJPATOB U METO/I
MaKCHMAJIBHOT'O MPABIONOI00MS JAI0T OJHY U Ty Ke TO4Yed-
HYIO OIEHKY MaTeMaTH4YecKOIro OXKUJIaHHs: cpejHee apud-
MeTHYeCcKOoe BCeX 3J1eMEeHTOB BhIOOpKHU. Kpome Toro, npu uc-
MMOJIb30BAHUN METO/Ia HAMMEHBITNX KBa/IPATOB HE Je/1aJI0Ch
HUKAKOT'O IPEJIOJ0KEHHS OTHOCUTEJILHO 3aKOHa paclpe-
JIeJICHHST CJIYYailHOfl BeJMYHHBI — TaKUM 00Pa30oM, cpejHee
apuMeTnIecKoe ABASIETCS XOPOIIei TOIeTHOH OMEHKN JIJIsT
BBIOOPKH, 00/1a/1a101ell TPOU3BOJILHBIM 3aAKOHOM PAacIpe/ie-
JIEHUSI.
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6.2.4 UurepBasbHag OII€EHKA MAaTeMaTU4YE€CKOTO
OXKUJIAHUSA

Teneps HaliieM HHTEPBATBHYIO ONEHKY MaTeMaTHIECKO-
ro OXKUJAHWS, OTPE/IEJIUB, TEM CAMBIM, OT Yero 3aBUCUT Ka-
9eCTBO 3TOM OIIEHKMH.

[Iycts X; — ciyuaituble pe3y/ibrarbl HAOJIIOIEHUI, He3a-
BHCHMbIE, OJJMHAKOBO PacIIpeeeHHbIe HOPMAaJIbHbIE CJIyYaii-
HbBIE BEJIMYUHBI, TAKWAE, YTO:

M[Xi] = p
D[X;] = o*.
Torma Benunna
I
r=— x;
n

€CTh TOYeYHasd OIEHKa MaTeMaTUYCCKOrO OKAJaHud ¢ 11apa-
MeTpaMHu

n

M{ESon] = Y Ml = 0=

=1

n 2

1 1 1 , o

=1

Takum obpazom, ciaydaiina BeJTMIAHA
n
1 o
*
wo= - § Xz ~ N wy —=1,
=1
a JI0OBepUTEIbHBIN MHTEPBAT I [

<<)

POu—ﬁ
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* *
Jo ={n" — e, 1" + €},
e TOYHOCTDL OLICHKH €CTh

Uy - O

4
(1)

o 2

BakHO OTMETHTD, 9TO CpeIHEKBAIPATHIECKOE OTKJIOHE-
HUE O U36€CMHO, T.e. TOYHOCTb HU3MEPEeHMH TOJIZKHA OBITH
3a/1aHa. Kcn juciepenst 3a/a9u allpuoOPH HE U3BECTHA U ee
HYKHO HaXOJIWUTh 110 BEIOOPKE, TO UMEeT MEeCTO 33/[a4a OIeH-
KN MaTEMaTHYIECKOT'O OXKUJAaHHUA C HEU3BECTHON’ AUCTIEPCH-
eit. TouedHble OIEHKH B 0OOHX CIyYasgX COBIAIAIOT, OTHAKO
He3HAHUEe JUCIIEPCHH BO BTOPOM CJIydae IMPUBOIUT K TOMY,
YTO B MHTEPBAIBbHOI OIleHKe BMECTO KBAHTH/IS U MOSBUTCS
KBaHTUIb 1y, UMetomumil t-pacnpedeseriue Cmurodenma c k
cmenenamy c60600b, (IMeroIee COOTBETCTBYIONIHE Tab THIThI
it cBoeil pyuknuu pacupenenenus T(t), u mepexossiiee B
HOPMAJIbHOE IPU GOJBIIOM 00beMe BHIGOPKH ).

Hrak, econ mucmepcust BRIOOPKU allPHOPH He U36ECTMH,
TO ee OIEHUBAIOT 110 BBIOOPKE:

€ =

() = —— > (i — ),

n—1 4
i=1

rje (1, Kak U paHblie, OIMEeHNBAeTCs 10 BHIOOPKE CBOUM CPE/I-
HUM apupMETHICCKUM:

1% —Ezzlxl

[Mosicaum, orkysa Gepercss (n — 1) B BbIpayKeHUH sl
OICHKH JUCIICPCHH.

120



121

e /I BBIBOJA 3TOM (hOPMYIBI BHIUUCIUM 7T BRIOOPKHU

MaTeMaTHU4Y€CKOe OKHJaHue CYMMbI KBaJApaTOB OTKJIO-
HeHUil OTIOCJIbHBIX BbI6OpOLIHbIX 3HAYEHUN OT UX cpena-
Hero apudMeTuIecKoro:

M[Zn:(azi—i)zl :M{gxf—nn‘?] =

:ZM[xf]—nM[:i:z]

[To coiicTBy aucnepcnu W yauthiBasi, aro Mx;] =
M]|z):
Mlz] = o® + (M[zi])?,

M[z%] = oF + (M[z])*.

Kax 6b1110 IOKa3aHO paHee,

n
_ 1
n -
=1

Takum obpaszom,



BwmecTo cpennero 3nadenust cyMMBbl KBaJIPATOB OTKJIO-
HEHUI TI0JICTABUM B TOYHYIO (POPMYJIY TO ee 3HAYEHUE,
KOTOPOE TIoJIydaeTcs Jijisg oHoi Beioopku. Torna npu-
oszkeHHAd POPMYTIa I BEIYUCTEHUS TUCTIEPCUU OJT-
HOTO U3MepEeHUs:

Z(%‘ - )’

2 =l
n—1

OO0BI9HO, 9TOOBI HE MYyTATh C AMPUOPHO 33TAHHON TOU-
HO#l JucIiepcueii, TpuOIUKEHHYIO JTUCIIEPCUIO 0003HA-
qator (0*)? wim s?. OTMeTHM, 9TO NpPHU BHIBOJAE ITOH
dopMyJIBI He JeTa0Ch HUKAKIX TPEIIOI0KeHTH 0 3a-
KOHE pacupeaeaeHnsd CAydaiHol BEeJINYNHDI.

Onenka MaTeMaTHIecKOro OKUIAHUS IPH HEH3BECTHOI
JUACIEPCUU UMEET BU]I

P |u —p| <é),

* ~ % ~
o ={p" — & " + €},
Iae TOYHOCTDL OIICHKHN €CTh

tkﬁ -o*
vno

rze ty onpegessercs (o anasorun ¢ pyHKIHeR pacipee-
JIeHUsI CTaHAAPTHOH HOpMaJIbHON Benmunubl, P(u)) mo cra-
THCTHYECKIM TabJaumaM pacrpeseienns CThIoJeHTa:

€ =

1y

-1
tk,'y =T "9
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WU, 9epe3 MPOTeHTHH YPpOBeHb 3HAUUMOCTH

_ 147 _ Q
tkW:Tl(kﬁ, —T>:T1(k3,§)

Bnech k — unciio cremeHeit cBOOOIBI STOrO pacipejelie-
HUS.

6.2.5 MNcmoawn3oBanme pacnpegenenus CTbiogeHTa
JJId TIOCTPOEHUA MHTEPBAJIBHON OIE€HKN

Pacnpenenernne CThiogeHTa W HCIOJIb30BaHHe TaOIHIThI
(15) sToro pacnpeneserus pasbepem Ha mpumepe, 7).

ITPUMEP 3anana BeiOOpKa B BHJIe BAPHAIIMOHHOI'O Psi-
Jia — u3Meperus pocta 10-Tu dessoBeK:

160, 160, 167,170,173,176,178,178, 181, 181.

HykHo mpoBepuTh, JHCTBUTENHHO JU CPEJIHUI DPOCT
OoJibIIoN Tpynnbl Jojeit pasen p* = 167 cwm.

[lycth cayuaitnas Benuumua X — 310 poct. [lycrb 3ta
caydaiiHas BeJUUNHA pACIpe/iejieHa 0 HOPMAJbHOMY 3aKO-
Hy co cpemanM p* = 167 n HemssecTHOl mucnepcueit (o*)?

X ~ N, (07)?).

BerameauM  xapakTepucTuku BbeIOOpKH. BwiGopownoe
cpejHee ecTh cpefiHee apudMeTHIEeCKOe BCeX 3JeMEHTOB BbI-
oopkm: T = 172.4. D10 TOUYeUHAs OIEHKa CpeaHero. Te-
nepb HYKHO BBIYUCIUTH UHTEPBAJIbHYIO OIEHKY CPEeIHero
MPU HEU3BECTHOM JUCTIEPCUU, YTOOBI OMPEJIC/IUTh, MONATAeT
JIN B 3TOT WHTePBAJ OXKHUJaeMas BesundnHa u* = 167.

Brenem Besmmunny
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Tabanma 15:

Keanmuau ty,, =T! (k, LF) t-pacnpedeserus

Cmwrodenma
1+9
2
gncao creneneit | 0.750  0.900 0.950 0.975  0.990 0.995 0.999
cBo6oIEI K

1 1.000 3.078 6.314 12.796 31.821 63.657 318
2 0.816 1.886 2.920 4.303 6.965 9.925 22.3
3 0.765 1.638 2.353 3.182  4.541 5.841 10.2
4 0.741 1.533 2.132 2.776  3.747 4.604 7.173
5 0.727 1.476 2.015 2571 3.365 4.032 5.893
6 0.718 1.440 1.943 2447 3.143 3.707 5.208
7 0.711 1.415 1.895 2.365 2.998 3.499 4.785
8 0.706 1.397 1.860 2.306 2.896 3.355 4.501
9 0.703 1.373 1.833 2.262 2.821 3.250 4.297
10 0.700 1.372 1.812 2.228 2.764 3.169 4.144
11 0.697 1.363 1.796 2.201 2.718 3.106 4.025
12 0.695 1.356 1.782 2.179 2.681 3.055 3.930
13 0.694 1.350 1.771 2.160 2.650 3.012 3.852
14 0.692 1.345 1.761 2.145 2.624 2977 3.787
15 0.691 1.341 1.753 2.131 2.602 2947 3.733
16 0.690 1.337 1.746 2.120 2.583 2.921 3.686
17 0.689 1.333 1.740 2.110 2.567 2.898 3.646
18 0.688 1.330 1.734 2.101 2.552 2.878 3.610
19 0.688 1.328 1.729 2.093 2.539 2.861 3.579
20 0.687 1.325 1.725 2.086  2.528 2.845 3.552
21 0.686 1.323 1.721 2.080 2.518 2.831 3.527
22 0.686 1.321 1.717 2.074 2508 2.819 3.505
23 0.685 1.319 1.714 2.069 2500 2.807 3.485
24 0.685 1.318 1.711 2.064 2.492 2.797 3.467
25 0.684 1.316 1.708 2.060 2.485  2.787 3.450
30 0.683 1.310 1.697 2.042 2.457 2.750 3.385
40 0.681 1.303 1.684 2.021 2.423 2.704 3.307
60 0.679 1.296 1.671 2.000 2.390 2.660 3.232
120 0.677 1.289 1.658 1.980 2.358 2.617 3.160
00 0.674 1.282 1.645 1.960 2.326 2.576 3.090
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pacupeseeHHYI0 M0 CTaHAAPTHOMY HOPMAJbHOMY 3aKOHY
N(0,1).

Ecim 661 aucnepcus o2 Obljla H3BECTHA, MOYKHO OBLIO
OBl BOCIIOIb30BATHCA TaOJUIIAMHI CTAHAAPTHOIO HOPMAJIbHO-
ro pacupejlejieHus U MPOBEPUTh, ABJIAETCA JIM BeJIUYUHA Z
3HaguMo Oouibirie (. Ho mocko/ibKy BeTMYWHA JUCHEPCUN He
M3BECTHA, HAJI0 CHAYa/Ia €e OIEHUTH IIPU IOMOIIU BBIOOPOU-
HOW JTMCIIEPCAN 52

_ 10

©N2 2 (x; —2)* (x; —172.4)%
(U) =S _Zﬁ_ZT—GZE)’
=1 i=1
T.€e.

s =17.93.

Onenka CpeTHEeKBaJAPATHIYECKOIO OTKJIOHCHUS /14 BeJIU-
YUHBI T €CTb

2.
= Q = 2.51.

5
NG 10

[To anajoruu ¢ z BBeJIEM BeJUYUHY t:

(w—2)-vn

S

t=

Besmunna ¢ ciyzKUT KpUTE€pUEM ITPOBEPKU, U HAM HeOO-
XO/IMMO BBIYHUCJNATH €e paclpenenenne aiad p* = 167.
Ecin nepenucarh BbIpakeHue Jijisl ¢ B BIIE

=V

TO YUCJNATEIb OKA3BIBACTCS PACHPEIEJICHHBIM [0 CTAHIAPT-
HOMY HOpManbHOMY 3akoHy N (0,1), a KBaJIpaTHBIH KOPEHb
u3 3uHaMeHare/iss umeer pacupeiesienue 2 (k) ¢ k =mn — 1
crenensgMu cBobobl. bosee mogapodHO, BeMInHa
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umeer pacnpegerenne x:(n — 1)/(n — 1), tme Y =
{Y1,92, ..., Yn—1} — DPacIpejiesieHHAS 110 CTAHIAPTHOMY HOD-
MaJbHOMY 3aKOHY cJaydJaiiHasl BeJWYUHa C HE3aBUCHMBIMU
KOMIIOHEHTaMH.

Takum 0Opa3oM, BeTuInHa ¢ ecTh (DYHKIUS ABYX CIydaii-
HBIX BEJIWYNH, Ybe PaCHpejieeHne W3BECTHO, a 3HAUUT, MO-
KeT 6bITb BbIYHCJ/ICHaA 110 U3BECTHBLIM IIDAaBUJIAM. BeJII/IqI/IHa t
UMeeT paclpejiesieHue, Ha3biBaemoe pacupeenenuem Crbio-
JeHTa ¢ 9UCJIOM creneHeil cBoboabl k = n — 1 (Takum e,
KaK H y cooTBercTByIomero 2 (k)-pacupenenenns). 113 Tab-
bl (15) BHUMATETBHBIH YUTATEb 3AMETHT, ITO PU GOJTb-
IIIOM KOJIMYEeCTBe cTereHeil cBoboibl k — 00, pacipejiesieHne
CrhiojeHTa CTPEMHUTCA K HOPMAJIBHOMY PaCIpPe1eIeHIIO:

1 1
o (e ) e ()

B mamem npumepe g0oBepuTe/ibHas BEPOSTHOCTD WU Ha-
JEKHOCTh OIEHKW €CTh

P(\,u*—:i] <€> =
:p<|u*_j|<tn—1_w>:p<u<t )=+

[loncTaBisisa HalileHHbIE BEJIMIUHBI

pf = 167.0,7 = 172.4,s/y/n = 2.51,n = 10,

1167.0 — 172.4| B
P( 2.51 <oy ) =

— P(172.4 — 2,51y, < 167.0 < 172.4 + 2.51 .tgﬁ) — .

oJIy yaeM

Ocrasioch BbIGpATh HAJAEXKHOCTD 7, BBIYUCJIUTH C IOMO-
uipto Tabsumpt (15) to ., 1 IPOBEPHTH BBHIIOIHEHHE HEPABEH-
CTBA.
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CoracHo CTaHAAPTHBIM PEKOMEHIAIMSIM, 33,13 IUMCS 10~
BepuUTEIbHON BepodTHOCTHIO v = (0.9. Tabanuynoe 3nadenue
tooo =T719,(1+0.9)/2) = T71(9,0.95) = 1.833, T.e. ¢ Be-
posrHOCTHIO 0.9 TOTKHO OBITH |tg 09| < 1.8331. Torma npes-
ojiaraeMoe cpejiiee 3HaUYeHHe [1* JIOJIZKHO € BEPOATHOCTHIO
0.9 nexath B unTepBase {167.8,177.0}. Ho B mamem ciyqae
9T0 He Tak. MOKHO HPHIATH K TOMY K€ BBIBOJY, CPaBHUB
TaOINYHOE 3HAUCHUE -1, C BBIYHCAEHHON CTATHCTUKOM t:

1167.0 — 172.4|
2.51

= 2.15 > 1.833.

CaenoBaTesibHO, Ujlesd NIPUHATH cpeaHuit poct 167 M s
JIaHHO# BHIOOPKH OKa3aJach HEeyIadHO.

MozkHO 0bLI0 ObI BBIOPATDH U JPYTYIO JIOBEPUTEIBHYIO Be-
POSAATHOCTD.

OpHako HAIO WMETh B BHY, UTO 4YeM OOJIbINE JT0BEpHU-
TeJIbHAsS BEPOATHOCTD, T€M MEHbIIIe YPOBEHb 3HAYUMOCTH H,
cJaeI0BaTe/IbHO, TeM MeHee TO4YeH pe3yiabraTr. Tax, K mpu-
mepy, g ypoada snauumoctu 0.05% moBepuTesbHBIA WH-
TepBaJl CTaHeT OYeHb GOJBIMNM (B HAIEM CJIydae OH CTaHeT
{160.4,184.4}) u, xoTst OH W TOKpoer 3HaveHue 167.0, HU-
KaKofl MpaKTHYeCKOil IMeHHOCTH uMeTh He Oyaer. Haobopor,
YeM MEHbIIe JOBepPUTe/IbHAs BEPOATHOCTDH, TEM BBIIIE YPO-
BEeHb 3HAYUMOCTH U T€M YK€ JOBEPUTE/IbHbIH UHTEPBAJI.

6.3 Omnenka aucriepcun
6.3.1 ToueuHnada onmeHKa AUCIEPCUN

Tovweunas ouenra ucnepcuu, BBIYUCIEHHAS 110 BBIOOPKE,
€CTh:

<a*>2=ni1-2<xi—u*>2=nil-(gxf—n-w*f),
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raoe ,u* TOZKe OIICcHUBaETCs 10 BBI60pKe CBOUM CpeJIHUM apﬂ(b—
METHYCCKIIM:
n
1
n-
=1

Jist Gosbinx 06beMoB BBIGOPKH (1 > 30) MOKHO TOJTb-
30BaThCs TOYEYHON OINEHKON jqucrepcnu (MOJTydaemMoii, Ha-
IIPEMEpP, METOJIOM MAaKCHMAaJbHOIO MPABIONOI00MST aHAJIO-
IHYHO BBIYHUCJICHUIO OINEHKH [T MATEMATHICCKOTO OZKHIA-
HUS):

=2 S = (),

=1

Cy1iectByeT 00JIBIIOE KOJUIECTBO TOYCUHBIX ONEHOK JIIst
JUCTIEPCHH U CPEJIHEKBAPATHIECKOTO OTKJIOHEHUs! (CM., Ha-
upumep, [8|), obrasaonux pasHbIME TOYHOCTSMEI H 110JI€3-
Hble B IIPUKJ/IAIHBIX 33a9ax s ObICTPHIX pacueroB. B ka-
JeCcTBe MpUMepa IMPUBEJIEM POCTYIO JUHEHHYIO oreHKy Jlay-
TOHA JIJI CPEJIEKBAIPATHIECKOTO OTKJIOHEHUsI (KOTOpas IpH
MaJbeIX BeIOOpKax n < 10 maet 94% sdbdexruprocTn 1o cpas-
HEHUIO C OIEHKON MAKCUMATBHOIO MPABIOIOI00UN ):

., Lr4s & .
o :n (= 1) sz (2-2—n—1).

6.3.2 HurepBajibHaAd OIEHKA AUCIEPCUU

[Iycts X; — He3aBUCHMBIE HOPMAJBLHO pacrpeeneH-
HblE CJIyYaiilHble BEJUYUHBL € U3BECTHLIM MAMEMAMUYE-
CKUM 0oicudanuem 1 HeM3BECTHOH MCTHHON aucnepcueit, [2|:
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B xauecTBe TOUEUHOI OTEHKY AUCTEPCUH CAYIARHOTO Ta-
pamerpa X NIPUMEM CTATUCTUKY

n

(0" = = (i~ )

n “
=1

JIIs TIOCTPOEHUST UHMEPBAALHOT OUEHKYU QUCTEPCUL TC-
O/IL3YeTCs Y 2-pacHpeie/ienne W COOTBeTCTBYIOMAs CTaTU-

CTHKAa
= P S (m )
(02)? o '
Bemnunna

u =2t N (0,1).

Oz

[logcauM 371€Ch CyTh METOAUKH MOCTPOEHUS WHTEPBATb-
HO# oneHKHU. [[719 MHTEpBAJbHON OINEHKH MaTeMaTHIeCKOTO
OXKUJAHUS UCIOJB30BAJIOCH COOTHOIIEHHE BUIA

v =P(lp—p| <e
n CTpOI/IJIaCb BCJINYUHA

*
p—p
—_—— Y
U/\/ﬁ
C IeJbI0 HCIHOJb30BAHUA B KadeCTBEe KpUTepUd U3BECTHON

HOpM&JIbHOfI CTATUCTHUKH U.. AHaJIOrn4HO AJ1d JUCIIepCuun
HaC HHTEpeCyeT BEPOATHOCTDL

N(0,1)

v =P(lo® = (@) <o),

9TO y2Ke€ He IIPeACTABALeT 3aKOH HOPMAJAbHOIO pacupenesie-
HHA U HOTOMY CTATHCTHKA U, HE MOYXKET ObITh HCHO/Ib30BaHa.
Bo3MO0KHO HCIIOJIB30BATH JIPYTYIO TAOJIUUHYIO CTATUCTUKY,
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BMECTO pa3HOCTU OIEHKHN W HEHU3BECTHOI'O UCTUHHOT'O 3Ha4e-
HUA ITIOCTPOUB OTHOIIEHUE OIEHKH M HEU3BECTHOI'O UCTHUHHO-

T'O BHAUYEHUA:
n —
o'\ 2 Z T — T\2
JR— . n E —_— s
o : o
=1
re (0*)? ecTh TouedHas OlEHKa JUCHEPCUH, T €CTh Cpe/l-
Hee apudMeTHYECKOe BBHIOOPKH H 0° — HCTHHHAS HEH3-
BecTHas jwcnepcus. llocTpoeHHasd BeMYHHA HMeeT X >-
pacnpenenenne. Takum o0pa3oM, yIaaoCh CBSI3aTh HCTUH-
HYI0 HEU3BECTHYIO JUCIIEPCHIO ¢ H3BECTHBIM TaOJINIHBIM PaC-

npejeeHneM:

Kpowme Toro, maTEepBaJ /I8 JIUCIHEPCUN JIOJIZKEH HAKPbI-
BAaTh UCTHHHOE 3HAYeHNe JTUCIIEPCHH C JTOBEPUTEIbHON Bepo-
SATHOCTBIO 7.

BepogTrnocTs momamanug caydaiHoOl BeMWIHHB X A~
x%(n) B unrepsan [a, 3] ectb

B8
P(X € o, f]) = / f(x)d,

rje

[TockonbKy (byHKIMS IIOTHOCTH BepoaTHocTH f(x) x*-
paciipejieIeHus He SIBJASeTCS CUMMETPUYHON OTHOCUTETHHO
ocu opauHAT (B OTJIMYHME OT CHMMETPHYHOI IJIOTHOCTH Be-
POSITHOCTH CTAHAAPTHONO HOPMAIBHOTO 3aKOHA), TO JOBEDH-
TeJIbHBIIl WHTEPBAJ JIJIsI OIEHKU INCITEPCUU J,« MOCTPOUM
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TaK, YTOOBI BEPOATHOCTDL MONAJAHUS CIYYANHON BeJIMITHBL
cJieBa W CripaBa OT KOHIIOB OTpe3Ka |« 3] Gblia oauHakoBoil
u paBHoii (1 — 7)/2, Tae 7, Kak W paHblle, JOBePHTEIbHASI
BEPOATHOCTh WM HAJEXKHOCTH ONEHKH (B JAHHOM CJydae,
HAJIe2KHOCTD OIEHKH JUCIIEPCHHN ):
L—n
P(X<a):P(X>B):T.
Touku o u 3
2
o = Xpa (n)7

B=x5,(n)
OTIPEICNIAIOTCS IO U3BECTHBIM P, U pg 10 Tabmnme (16) x*-
pacipeieieHust

+o00o 1—

P(X>p)= | fla)de=-—"=p;
B

+o0 1— v
PX<a)=1- f@)dr = —— =1 —p,.
«

13 onpejesenust p, U pg, OYEBUIHO, CJAEJYET, YTO OHH
MMEIOT CMBIC/I HE JIOBEPUTEJbHBIX BEPOSITHOCTEH, & MPOTIEHT-
HBIX TOUek 3.

JoBepurebHblii MHTEPBAJ /I JIUCIEPCUH €CTh

rIe
n

(@) = Do — )

i=1

13 HamoMHEM, 9TO JJif JOBEPHTEIBHON BEPOATHOCTH Y* IPOIEHTHASL

TO4YKa ectb 1 — ™,
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€CTh TOYe€YHAas OICHKa JUCIEPCUH, & [, ANPUOPHA H3BECT-
HO. 9TOT ,ZLOBepI/ITeﬂbeIfI HHTEepBaJl HaKpPbIBa€T HEU3BECT-
HYIO UCKOMYIO JUCHEPCHUIO C 3aJaHHOR JOBEPUTEJIbHON Bepo-
ATHOCTBIO 7. TOYHOCTH OIEHKU JUCHEDPCUN € €CTh

1 (n-(a*)2 n-(a*)2>:n-(0*)2 B—a

o B

IIPUMEP IIpousBoauiach oleHKa JIUCTEPCUN CIYUa-
HOro mapamerpa X mo pesyiabraram 20 ncnbitaduii, |2|. Pe-
3yJIBTAT CTATUCTUYIECKOI 00pabOTKYU 3HAYEHUH X1, Lo, . . ., Tag
okazaJicsa paBHbIM (0*)? = 16, u cpejnee 3Hauenne X ObLIO
anpuopu m3BecTHO. ONpeIeUTh NHTEPBAJIBHYIO OIEHKY WC-
THHHOTO HEM3BECTHOTO 3HAYeHHs TUCICPCHU 02 OPU 3aJaH-
HOIt HajgexHOCTH ¥ = (.95.

Jlna ompenesienust rpaHui] o u 3 J1/isT BBIYUCICHUS TOBE-
PUTEJILHOrO WHTepBaJja, OHPeJeTuM BepOATHOCTH (KOTOpBIe
110 TOCTPOEHHIO €CTh HPOIECHTHBIE TOUKH) Do, D3

6:5- 2 ./6'06'

1
Do = % — 97.5%,
]_ _

[To Tabauue (16) y*-pacupejesienus naiijiem
Q= X§Q:97.5%(20) = X?—0.975(20) = X3.025(20) = 9.591,

b= X;Q)ﬁzz.ks%(m) = Xi-0.025(20) = X5 975(20) = 34.170.

Terepsb BRIYMCINM TPAHUIIBI TOBEPUTEILHOTO NHTEPBAJIA
JITIS OTIEHKHW JTUCTIEPCUHN:

20-16 20-16
i ={

34.170" 9.591 } = 19:36,33.36}
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Ucrunnoe (HeM3BeCTHOE) 3HAYCHUE TUCIEPCHH 02 ¢ Be-
positHOCTBIO 95% HakphIBaercsa orpeskom {9.36,33.36}. Jlo-
BepI/ITeJIbeIfI HUHTEPBaJI HE ABJIAeTCA CUMMETPUYIHBIM OTHO-
curenbuo onenku (0*)? = 16. Ilo3TOMy TOYHOCTH ONEHKH
JUCTIEPCUE € MOYKHO OIMPEICTUTH TOJIBKO MPHOJIMZKEHHO IO

dopmyie

1 X *\2 . *\2 . 0.
(n (6*)2 n (0)):3336 936 _ o0

o 8
PaccmorpuMm Tenepb, KakK HU3MEHUThCS WHTepBaJbHAs
OIIEHKA JIUCIEPCUU, €CJIU MAMeMGMUIeckoe 0icudarue
anpuopy He u36eCmHo.
Ecim maTeMaTudeckoe OKuJaHue CaydaiiHOl BeJMIUHBI
X HeW3BeCTHO, TO €ro, KaK M JINCIEPCHI0, HY2KHO ONpeeIaTh
10 UMeoIIeiicss BEIOOPKe:

*_1 .

B 3Tom ciyyae 3a TOYEUHYIO ONEHKY JUCIEPCHH TTPUHU-

MaeTCiAa
* 1 *
(0%) = > (i —pr)

n—1 4
=1

€= —"-
2 2

JIng mocTpoennst HHTEPBAILHON ONEHKH IUCIIEPCUR TIO-
crpoum craructuky x*(n — 1):

X2<n_1)zwzi Ll

2
o o
i=1 z

e, KAK U B OPEJIBLIYIIEM CJIYYae, 02 — HeH3BeCTHOE UCTHH-
HOe 3HadeHue aucuepcuu. Yuciao cremeHeil ¢cBoOOIBI TAKOM
craructuku ectb (n — 1). VHTepBaibHasi ONEHKa JUCIIEp-
CHUW TIPU HEM3BECTHOM MaTeMaTHIeCKOM OXKUJJIAHUU CTPOUT-
Cs1 AHAJIOTUYHO PACCMOTPEHHO BHITIIE, C TEeM OTJIUYNEM, YTO
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Tabanmna 16:

Hexomopuie snauenus cmamucmury X2(k) das pasnolx
3HaMeHUT J0BEPUMENLHOT BEPOATNHOCT 7Y

JIOBEPHUTEIIbHAST BEPOSTHOCTD /TIPOIEHTHASL TOUKA
THCI0 0.01 0.025 0.05 0.1 0.9 0.95 0.975 0.99
cTeneHei
cgobomer k | 99%  97.5%  95% 90% 10% 5% 2.5% 1%
1 0.0315 0.0398 0.0239 0.0158  2.706 3.841 5.024 6.635
2 0.0201 0.0506 0.103  0.211 4.605 5.991 7.378 9.210
5 0.554  0.831 1.145  1.610 9.236 11.070  12.832  15.086
10 2.558  3.247  3.940 4.865 15.987 18.307 20.483  23.209
15 5.229  6.262 7.261 8547 22307 24996 27.488  30.578
20 8.260  9.591 10.851 12443 28.412 31410 34.170  37.566
50 29.707 32.357 34.764 37.689 63.167 67.505 71.420 76.154
100 70.065 74.222 77.929 82.358 118.498 124.342 129.561 135.807

KOHITBI JIOBePUTEILHOIO MHTEPBAIA (r, (3 ONPEeIC/IATCS Te-
epb Kak

~ .2 LR 2

= Xpa(n - 1)aﬁ - ng(n - 1)7
a KOHIIBI JOBEPUTEILHOTO HHTEPBAJIA BBIYUCIAIOTCA O POP-
MyJIaM:

* =

~ 3 =

15} «

To4HocTb OICHKHU JUCIEPpCUH IIPpH HEU3BECTHOM MaTeMa-
THUYECKOM OXKHJaHWMW BBIYUCIACTCAd KaK

(-1 f-a
2 B-a’

Jye = {<n— D (@) (n—1)- (U*)Q}

€ =

JloBepureibHbIi HHTEPBAJL /ISl JIUCIIEPCHE, TTOJTY Ya€Mblii
B YCJOBUAX HE3HAHUA MATEMAaTHYECKOTO OKHUIAHUA, TOJY-
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JaeTcsd Mupe, 9eM JIOBEPUTEeTbHBIN WHTepBAT IId JUCIep-
CUU TIPU M3BECTHOM MaTEMAaTHYeCKOM OKHJIaHUU. TOYHOCTD
B IIEPBOM CJyvae XyzKe, 9eM BO BTOPOM.

6.4 CpaBHeHHe aOUCHEpPCUil JABYX BBIOOPOK
HOPMAaJIbHOI TI'€HepaJiIbHO COBOKYIITHO-
CcTH

[Ipe/Io/I0KiM, UMeeTcs JBe HOPMAJIbHO Pacipe/ieeH-

Hble ciaydaiiabie Boibopku X = {r1,79,...,2,} m Y =
2 2

{y17y27 s aym} HYCTI) X ~ N(lux’ Ux) uYy ~ N(Mya gy)'

JI1st IpOBEPKH TOr0, MOKHO JIM ¢ HEKOTOPOH TOBEPHTE/Th-
HOIT BEPOATHOCTBIO 7Y CYUTATH PABHBIMH JIUCIICPCUU IBYX BbI-

2 _ 2 N

60pOK, 0 = 0/, HCTIOMB3YeTCs COOTBETCTBYIONIHIT KBAHTHITH
WK KPUTHYECKOe 3HadYeHune, HasbiBaeMoe F'-cmamucmukof,
F.(k1, ks) (pacupenenenne @umepa). Ilo manmbsiM 1ByX BbI-

60pOK BbIIUCJIAETCA BCJANYNHA:

~ 4/
Fypp(n —1,m—1) = 2 ;2((m— 1;;Em— 1))’

KOTOpasl Jajee CpaBHUBAETCS C TaOJIUYHON BeJIMUUHON
Fiyi1y2(n —1,m — 1) (em. Tabmungr (17)-(18)). Dro Beipa-
JKeHWe MPEeJICTABIIeT CO00 YKa3aHHY IO PaHee CBsI3hb Pacipe-
nenenng Pumnrepa u y2-pacipeeaeHns.

OTHoIeHre OIEHOK JAuciiepcuil Beeraa Oepercs OoJbIIas
K MEHbIIIel, 9T00BI OTHOIIeHUe OBLIO DOJIbIITe e INHUIBL. Kpu-
THYECKUH MHTEpBaJs onpejensercs no Tabmaumam (17)-(18),
rJie pa3Mepbl BHIOOPOK OMPEIEISIOT COOTBETCTBYIOIIE TNUCIIO
crereneit cBOOOBI TAOIUIHBIX (DYHKITHIL:

{Fl,(7+1)/2(n —1L,m—1),Fy(y1y2(n —1,m — 1)},
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Tabsmna 17:

Hexomopuie snavenus F.(ki, ky) pacnpedesenus Quwepa.
Bepznas yudpa yrazweaem 5%-nve snavenus (y = 0.95).
Huotcnan yugpa yraswsaem 1%-nwve snavenus (v = 0.99)

ky
ko 1 2 4 5 7 8 9 10 11
1| 161 200 225 230 237 239 241 242 243
4052 4999 5625 5764 5928 5981 6022 6056 6082
2 | 1851 19.00 19.25 19.30 19.36 19.37 19.38 19.39 19.40
98.49 99.01 99.25 99.30 99.34 99.36 99.38 99.40 99.41
4177 694 639 626 6.09 604 6.00 596 593
21.20 18.00 15.98 15.52 14.98 14.80 14.66 14.54 14.45
5| 6.61 579 519 505 488 482 478 474 470
16.26 13.27 11.39 10.97 10.45 10.27 10.15 10.05 9.96
7| 559 474 412 397 379 373 368 3.63 3.60
1225 955 785 746 700 684 671 6.62 6.54
8§ | 532 446 384 369 350 344 339 331 331
11.26 865 701 6.63 6.19 6.03 591 582 5.74
9| 512 426 363 348 329 323 318 313 3.10
10.56 8.02 642 6.06 562 547 535 526 5.18
10| 496 410 348 333 314 3.07 3.02 297 294
10.04 756 599 564 512 506 495 485 4.78
11| 484 398 336 320 3.01 295 290 286 2.82
985 720 567 532 488 474 463 454 4.46
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Tabmuna 18:

Hexomopuie snavenus F.(ki, ke) pacnpedesenus Puwepa
oaa boavwux 3Hauenud cmenened c60600v. Beprhas
yuppa yraszvisaem 5%-nwve snavenus (v = 0.95). Huoscnasn
yudpa yraszvsaem 1%-nwe snavenus (v = 0.99)

Ky

ko 20 75 100 1000
50 | 1.60 1.55 1.52 1.44
1.94 186 1.82 1.68
70 | 1.53 147 145 1.35
1.82 1.74 169 1.53
100 | 1.48 1.42 1.39 1.28
1.73 164 1.59 1.43
1000 | 1.36 1.30 1.26 1.08
1.54 144 138 1.11
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npuaeM

1
~ Fiyqyp(m—1,n-1)

Fl,(v+1)/2(n - 17 m— 1)

Ey(yry2(n = 1,m = 1) = Fyypyp(n —1,m = 1).

Jpyrumu cjoBamu, ecu
Fi < F < F,

TO JUCIEPCUU CUUTAKTCS OJMHAKOBBIME, HHAYE — PA3HBIMH.

PaccmoTpuM mpuMep Ha CpaBHEHHE JBYX JUCIEPCHiT U
paboty c tabsuneit pacupejesnienus Puiiepa.

IIPUMEP IlpoBoaurcsa cpaBHeHHE TOYHOCTH PabOTHI
JBYX THIIOB BBICOTOMEDOB, [2].

B xose 1npoBepok (pUKCHUPOBaJIMCh OTKJIOHEHUS 1OKa3a-
HUH BBICOTOMETPOB OT TOYHOI'O 3HAYEHUS] BHICOTHI. Pe3yiib-
TaThl OTKJIOHeHWH Tnpusegensl B Tabumme (19). Tpebyercs
CPABHUTD JUCIEPCUHU JBYX BBIOGOPOK (T.e. CPABHUTH TOUHOCTH
IBYX BBICOTOMEpOB). [loBepurenbHas BeposiTHOCTH v = (0.9
(mitm, 9To TO XKe camoe, NpoIeHTHas ToYKa o = 1 — 0.9 =
10%).

BeraucimM TouedHbIE OIEeHKH MATeMaTHIeCKUX OXKUIa-
Huit u jgucnepcuit Beauwunn X = {x1,T9, ..., T2} u Y =
{y, 92, y0}:
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Tabmuna 19:

Tourocmov pabomu, 06YT 6vLCOMOMEPOS

Howmep Orkionenne | OTKI0OHEHWE

HAOJIIOIEHUsS | BBICOTOMEDPA | BBICOTOMEDA

i No.1 (m) No.2 (m)

1 -8 -20

2 -14 -10

3 0 -3

4 14 11

5 -38 -4

6 2 12

7 50 -3

8 1 17

9 10 42

10 15

11 0

12 22
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Suauenne craructuku Puirepa ecTb OTHOIIEHHE 0OTb-
el ONeHKH JIMCIIEPCUN K MEHBITICH:

451.9

F=_"=136.
3320

YHucao creneneil ¢cBo00ILI TAOJIUIHON CTATUCTUKH €CTh 11
7 8 COOTBETCTBEHHO, a v = (.9.

F 0.0+41)2(11,8) = F095(11,8) = 3.31,

B 1 1
 Fyes(8,11)  2.95

OxoHvaTeabHO IIoJiydaeM BEPpHOE€ HEPaBEHCTBO

Fy 0.941)/2(11,8) = 0.34.

0.34 < 1.36 < 3.31,

CJIeJIOBATE/ILHO, JIUCIIEPCHH JIBYX BBIOOPOK paBHbBI C JOBEPU-
TeJTbHOM BepoATHOCTHIO (.9.

6.5 CpaBHeHHe MaTeMaTUYECKHX OXKUJIa-
HU JABYyX BBIOOPOK HOPMAJILHOII TeHe-
PaJIbHOI COBOKYHNHOCTH

[ycrs {z;}, i = 1,2,...n u {y;}, i = 1,2,...m — nBe
He3aBUCAMBIC BHIGOPKH M3 HOPMAJILHBIX I'eHepaJbHBIX COBO-

KYTHOCTEl ¢ alpuopu U3BECTHBIMY, HO He PABHBIMU JIUCIIED-

2

CULAMU O U 02. Kpurepuii onienku Toro, paBHbl JIi MaTeMa-

THYECKUE OJKMJIAHUSA JABYX BLIOOPOK fi; M (i, €CTb HOPMHPO-
BaHHad Ha JUCIEPCUN OLCHOK Pa3HOCTD

My N(0,1),

3 |

o,
—= 4
n
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rie
o/n = Dls), 02/m = Dlu;).

T

Brorauciaennblit Kpurepuii cpaBHUBACTCA € HOPMAJILHOMN
cratueTukolt u, = ®5'(y/2) u B ciydae, ecim OH OKa3bIBA-
eTcs MeHbIlle, MaTeMaTHIYeCKue OXKHUIAHUS CUYUTAIOTCS PaB-
HbIMH. Ec/in jjuciiepeun anpuopu He U3BECTHDBI, TO UCLOJIb3Y-
erca kpurepuii CrbiojgenTa, n 3aa4a ycaoxusgercd. Opnako
Ha TPAKTUKE JOCTATOYHO MOJb30BATHCS MPOCTON BBHITIEIPH-
BeJIeHHOM (hOpMYJIOii.

6.6 OrmneHnBaHMEe MapaMeTPOB YIJIOBBIX CJIy-
YJalHbIX BEJINYUH

Kparko ocTaHoBUMCS Ha BayKHOM JJIs aCTPOHOMUYECKUX
IPUJIOXKEHUN BONMPOCEe ONEHWBAHUS MaTEMATHIECKOTO OyKHU-
JAHUST M JUCIEPCHH YIJIOBBIX CJydaifiHbix Besnmaud [3]. Vr-
JIOBBIE CJIyYaiiHbIe BEJIMYHHBI BOBHUKAIOT ITPU MCCJIeI0BAHNN
JIAHHBIX, paclpe/ie/IeHHbIX Ha HeOecHO# cdepe, a TaKxKe IpU
UCCICIOBAHUN TEPUOJIMIECKUX MPOIIECCOB.

[IycTh BBIOOPKA 1 9JIEMEHTOB — 3TO Z;, TOUKH HA OKPYK-
HOCTU €JMHUYHOrO pajuyca, ¢ = 1,...,n. Torga Toyeunas
OIeHKA MaTeMaTHYeCKOTO OXKUJAAHUS J; eCTb 6u00pouHoe
Kpyao060€e cpedHee HANPaBAEHUE I YIJIOB (0;, KOTOPOE OIIpe-
JegeTcs KaK HalpaB/eHne CyMMbl BeKTopos OZ;.

Bnech O — HEHTP €IUHUIHON OKPYKHOCTHU, Ha KOTOPOI
JIeZKAT TOYKU Z;, & YIVIbI ; 33/1aI0T [OJIOZKEHU ITUX TOYEK
B JIEKAPTOBOIl CHCTeMe KOOPAMHAT Kak (COS ¢;, sin ¢;).

Jpyrumu cjioBaMu, BBIOOPOYHOE KPYroOBOE CpejiHee Ha-
IpaBJIEHHE (O, VIOBIECTBOPSAET PABEHCTBAM

C1=4/C?+ C3 - cos o,
Cy =1/C? + C3 - sin oy,
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rae C; n Cy IMEIOT CMBICT IeKapTOBBIX KOODJAMHAT MEHTPaA
MAacC CHCTEeMBI { Z; }-TO4YeK U OLUPeJeIIOTCS KaK

1 & 1 &
Ch=— cos p;, Co = — sin ;.

Ecyin Touku Z; pacipejiesieHbl 110 OKPYKHOCTU PaBHO-
MEepHO, TO JUIMHA BEKTOPa IMeHTPa Macc, KOTopas TaKyKe Ha-
3BIBAETCH 6b160pounoli peaysvmupyrowed daunoti /C? + C3
cTpeMuTcsd K HYI0. Ecin Touku Z; coBHAmaioT ApYyT ¢ Jpy-
rOM, TO JITHHA BEKTOPA IEHTPA MacC CTPEMHTCH K €/IMHHUIIE.

Buibopounas kpyzosaa ducnepcus HaTPaBICHUH ; — ITO
BEJITYUHA

n

Vipn) = =3 (1~ coslis — om)) =1~ \/CF + G4

i=1

He 3aBHCAIIadAd OT BbI60pa Ha4daJla OTCYeTa YIJIOB.
Bbt60p0“tH0€ KpYyeo80€ cmandapmnoe OMmKrAOHEHUE — ITO
BeJINYUHa

s, = v —2In(1 — V(p,)) = \/—QIn <\/Cl2 + C%)

s MaapiX 3HaYeHHil BBIOOPOYHON KpYroBoO# mguciep-
CHU BEPHO COOTHOIIIEHUE, AHAJOTUYHOE NI BBEJICHHBIX paHee
OOBIYHBIX JTUCHEPCUU ¥ CTAHIAPTHOIO OTKJIOHEHUS CJIy4aii-
woii Bemanabl X (D[X] u s.d.):

So R\ 2V (o).

Bce ckazanHOe 00 OlleHKAaX MATEMATUIECKOTO OXKWTAHUS
U JUCIHEPCUU CAYYANHBIX YIJIOB MOXKET ObITh 0DOOIIEHO Ha
JABYMEPHBIA Cly4YaiiHblil yIJI0BOH BEKTOP, KOIAA LOJIOXKCHUE
TOYKU 3a/aeTCsl yKe JBYyMs yriamu, Ha HebecHol cdepe, Ha-
pUMep, TATAKTHIECKOIl 10JroToii [ n mmpoToii b, [3].

142



Tabaunma 20:

Mampuya owubor Mg(x)

M((z1 — m)?] M(z1 — ) (z2 — p2)] ... M[(x1 — ) (@, — pr)]

M[(z2 — p2) (21 — )] M{(wy — p2)?] o M{(z2 = po)(zr — )]

M(z — p)@s — )] M{(s - p)a—p)] - M@ — )]

7 lIlepenoc ommubok

7.1 Marpuna ommnbok

YacTo pe3ysabTaT 3IKCIEePUMEHTa IPEeJCTaBIAeT COOOM
DYHKIUIO OT HECKOJIbKUX CJAY4YaflHbIX BEJTUYUH X .

[TpeanonoxumM, 9T0 Kazkjg0e HabOII01aeMoe 3HAYCHUE T,
NpUHAJJICIKUT FeHepaﬂbHOf/I COBOKYIHOCTH CO Cpe€IHUM [, U
nucuepcneii o2, Teopus IepeHoca omuOOK 1103BOJIeT OIpe-
JeJIATH 3HAYeHUe CPeJHEKBAJIPATHIECKOr0 OTKJIOHEHU, KO-
TOPOE CJIeJIyer IPUIUCATD BeJndute y = Y(T1, Ta, ..., Ty)-

g wabopa m caydaitabix Beqnans X, (r =1,2,...,m)
MOXKHO BBECTH Mmampuyy owubox Mg (z), KoTopas mpusee-
ma B Tabmume (20).

Dra MATPHUIA CUMMETPUYHALA, a €€ IUATOHAJLHBIE 3JIe-
MEHTBbI €CThb JUCHEPCUU COOTBETCTBYIOUINX BECJIWYNH:

(Mg (z)]m = OE'

Eciin BeMuMHBL T, HE KOPPEJMPOBAHHBIEC, TO MaTPHUIA
OIMUOOK ITUATOHAJILHASL.
[Tyctb Teneps Beauausbt ¥, (r = 1,2,...,m) ecTh JuHedi-
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Hble (PYHKINN MepeMeHHbIX Ts(s = 1,2,...,n):

Yr = Qp1T1 + QroZ2 + -+ QppTp = E Qs s

WK
y = Ax.

LJ€e (s €CTh MOCTOSHHBIE HECTY YaHbIE BEJININHBI, 9JIEMEHTHI
MaTpuisl A.

Ecan nmpouspeieHo HECKOJIBKO H3MePeHUI KaxKao#i BeJIn-
YUHBI T¢, TO ONEHKA BEJTUUHHBI 1, TOJTYIAeTC IIPH 3aMeHe T
Ha ux cpejuee T Ecau Mp(r) — marpuna ommbOK BeIuInH
T, TOTJIA MATPHUILA OMMOOK jJist (pyHKIMI 1, Oyaer

,ZLOKa}KeM nocJjeanee paBeHCTBO

e llycTh, 1719 TPOCTOTHI 3AIUCH, [i1 = *** = [by = [z, TO
€CTh MaTeMaTuvIecKoe OKuIaHue BceX X, OJNHAKOBOE.
Pacemorpum Jijist pocToThl Ccirydail ABYX CJIydailHbIX
BEJIMYUH X1 U To, U JIBE (DYHKIMH Y1 U Ys:

Y1 = a11T1 + A1272,

Y2 = Q2171 + A22T3.

11 Q12
A=
21 Q22

Marpuna omubok ecThb

Marpuia

M{(z1 = piz)’] M{(xy = pa) (w2 — pia)]
M{(xs = po) (21 = pia)] M{(22 = pa)?]
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Torna
B=A Mg(z) AT =

= (o o)
( M((z1 — pe)?] M[(zy — pro) (w2 — Mz)])
M(2 — pra) (21 — )] M(z2 — p1z)?]

11 Aa21
Q12  A22

Pacnumrem mepBbIit 371eMeHT TOJTyUeHHOM KBaIpaTHON
MATPHUIIHL:

X

by = (a11M[(ZE1—Mx)2]+a12M[($1—,ux)($2—M:c)]) a1+

(oMo ) o )+ e M (o )] ) s =

= (an)?M[(z1 — pa)?] + (a12)*M[(22 — p12)’]+
+2ar1a19M[(71 — pe) (T2 — pi)]-

Tenepnb 11 MaTPHITHI

Mg(y) =

_ M{(y1 — py1)?] M{(y1 — 1) (y2 — py2)]

N (M[(yz — Hy2) (Y1 — 1)) M[(y2 — py2)?] ) ’
rjie

o = (a1 + ai2) fha,
ty2 = (G21 + a22) s,

pacCiiumieM HepBbIﬁ SJIEMEHT!

ME(y)u = M[(an1x1 + a12ws — (a11 + au),ux)Z] =



= M[(a11 (21— pto)+a12(r2—112))*] = (a11)* M[(21— )]+
+(a12)* M [(w2—piz)*]+2a11a12M [(21— 1) (w2 — p12)] = b11.

AHAJOTMYIHO TOTEMEHTHO JTOKA3BIBAETCS DABEHCTBO
matpunpl B u Mg(y).

[Tosry4ueHnbIit pe3yibTaT MOYKHO JIETKO 0O0OIIUTD Ha CJIy-
Jaii HenuHeHHbIX GyHKIHit v, = f.(21,. .., Ts, ..., Ty), IPE-
MOJIOYKUB, 9TO (PYHKIHSA f, MaJIO MeHdeTcd B 00JIaCTH, Orpa-
HUYEHHON CPEHEKBAIPATUICCKUM OTKJIOHEHUEM OT €€ CPe/I-
HETrO 3HAYEHUS], WM, APYTUMH CJIOBAMH, ITO C TOYHOCTHIO
JTO 9JIEHOB TIEPBOTO MOPSIKA ee pa3jiokenue B psyl Teitaopa
IMeeT BH/I

= fol@n, @) = (@ +Z{< )g£:| }

T

B sToMm paznoxKeHuu Ty ecTh cpeaHee 3HAUEHHUE Ty, & T =
{Z1,...,Z,}. Torna onenka BeJUIUHBI Y, €CTh

y: = fr(i.la s ajn)a

a dJIEeMEeHTaMU MaTPUIIbI OIMNO0K ABJIAIOTCA

My ZZ{ ey = 2) 50 5%\96}‘

=1 j=1

MoxkHO T0Ka3aTh, MO AHAJOTHHU ¢ JUHEHHBIM CJIyYIaeM,
qT0

Mpg(y) = F - Mg(x) - F",
rae F' — MaTpuila, 3J1eMeHThl KOTOPOil paBHbBI

of,
axs ‘i

[F]TS -

Jlajee paccMOTpUM TIpPUMEHEHHE MATPHIBI OIMTHUOOK I
JaCTHBIX CIydaeB PYHKIMOHAJIBHBIX 3aBUCUMOCTEI].
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7.2 OrHOIMEHUe ABYX CJIyYallHbIX BEJINYINH

B kadecTBe npuMepa IpPUMEHEHHS TTOYYEHHBIX (DOPMYJI
PacCMOTPUM OJTHOMEDPHBIH CaIydail omHowerus 08Yx cayali-
HHLT GeAUYUN T1 U To.

CpenHee 3HaUYEHHE STOTO OTHOIIEHHUS €CTh

§||§|

Y~
Marpwuna omubok st T1 U Ty €CTh

52 S18
ME(‘T> = < ! ! 22(]12) )

5152412 S5

IJIe @12 — OleHKa KOod(bduIuenTa KOppeasdiiud 1 1 To.

Matpuna omubok F' ogHOMepHOM# (DYHKIUHA § €CTh, C OJI-
HOIi CTOPOHBI, s%, a C IPYroit CTOPOHBI — MIPOU3BEIEHNE TPEX
mMaTpur (B crity ofHOMepHOCTH GyHKIMN Yy MaTpuna F ecth
crpoka, a marpuna F7 ecrsb crosbern):

1

(L _x 3% 5152412 Ty
Mp(y) = <x2 f%) (8152912 53 _%
2

[Tocsie mepeMHOZKEHUS TTOJyYaeM OIIUOKY BEJIMYUHBI

55% s% 33 S1 S2
=5yt =% 20—

S

<N

7.3 Ilpom3Benenue AByX CJIydallHBIX BEJIU-
9YUH

Cpeiaee 3HAYEHIE TPOM3BEIEHNS JIBYX CJIyIailHBIX BeJIH-
YWH T1 A To €CTh
g ~ flf%
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a OIMMOKA BEJIMYUHBI §J €CTh

2 2
s s S1 S
2 _-2-2) 51 2 152
S; R TITH =5 + =5 + 2q12a—— ¢
7 2 2 =7
1 2 142
BayKHO OTMETHTh, 9TO €CJIN 1 U Ty — HE3ABUCHMEIE HOD-

MaJIbHO paclipeleJieHHbIe BEJIHMYHUHBI, TO CTPOTHM BbIpazKe-
HUEM JJid JUCIIEPCHUN X IIPOU3BEACHUA ABJIACTCHA

2.2

2 _ 252 252
Sy = 8175 + 55T + 5155

U 9TO BBIpaXkeHHe MOXKeT CUJIbHO OTJIHYAThCS OT IPEJIbLIY-
IMero IPUOIMKEHHOTO BBIPaXKeHNs NpHu ¢ = 0, ecan onruo-
K1 :E% u :E% BEJIUKH.

7.4 JIucnmepcus mpon3BOJIbHON (DYHKIINH OT
N HE3aBUCUMBIX CJIYYaHBbIX BEJIMYNH
Eme OAHHUM YaCTHBIM CJIY9a€M BbIYHUCJIEHHA MaTPHUIbI

OMHUOOK ABJAETCS BLIUYUCICHHE Auciiepcu YHKIUH MHOTHX
HE3aBUCUMBIX CJLydaiiHbixX nepemenubix. Bean y = f(x;),1 =

1,...,n, T0
n 8f 2
2 _ 95 2=
_Z(&E)‘ (7).

7.5 Ilpumep BbIUHMCJ/IEHWsS TJIOTHOCTH pac-
npeaegeHns PYHKIA CJIydaiHbIX ap-
I'yMEHTOB

CyuiecTByer elie OjiuH CHoco0 Olpe/e/IeHus] XapaK TePH-
cruk yHKIMH CaydaiiHbix Beaudud, y = y(T1, To, ..., Ty),

HO OH OCHOBAH HA PEJKO PEAIM3yeMOM B MPAKTUIECKUX 3a-

Jlavax MpeJnoJioKeHu!, 9T0 HAM TOYHO U3BECTHBI IJIOTHOCTH
pacIpeieieHust CIyIaiiHbIX apryMeHTOB 910l dyukmum, [9)].
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Paccmorpum 31y 3amauy 6osee MOAPOOHO Ha MpHMEpe
GYHKIMHT JIBYX CAyYallHBIX apryMEHTOB U HaiijeM QyHKIIHUIO
pacipesiesleHuss CYMMBI 1 + Zg. [TOCKOJNBKY 1, ZTo — HE3a-
BHCHMBI, TO BEPOATHOCTb TOIO, YTO I JIEZKHT B HHTEPBAJE
[a1,b1], a xo JeKUT B UHTEpBAJE [ag,bs], paBHA TPOH3BEIE-
HUIO

by b

by bo
Aw)du- | falv)do = / £ () o (0)duclo.

a 1 a

CuiesioBare/ibHO, Hapa CJy4aiiHbIX BeJIMYUH (1, To) UMe-
et WIoTHOCTL pacnpenenenus f(u,v) = fi(u)fa(v).
Buauenne Gynkunn pacupenenennst H(t) cayvaiinoii Be-
JUYUHBL ] + Ty B TOYKE ¢ PABHO BEPOATHOCTH TOT'O, YTO
1+ 1o < T
H(t) :P<£L'1+332 <t).

e Ilmeer mecto TEOPEMA, [9]: ecin cOBOKYITHOCTH CJIy-
9aliHBIX BeJIMYMH {T1,Ts,...T,} obJagaer MJIOTHO-
cThI0 BepoaTHOCTH f(X1,T9,...,Ty,), TO BEPOSITHOCTD
nonajanusd  cjydaiinoit Toukm X ¢ KOOpJMHATaAMU
{1, x9,...2,} B mpou3BOIBLHYIO OOMaCTL G paBHA WH-
Terpasy oT PYHKIWHU f 110 3TOH 00IacTH:

P(X @)= / flug,ug, ... uy)durdus . . . du,.
G
Mcnoan3yst 9Ty TeopeMy, BUIAM, YTO

1O =[] Asd= [ [ fwned =

[T f ; Fu(u) folow — wydo,

[e.9]

rJe BBeJCHa HOBad MMEepEeMEHHad MHTEIrPpUpPOBaHnud W = U “+ .
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[TocKOBbKY MJIOTHOCTH BEPOSATHOCTEH HEOTPUIIATETHHBI,
MOXKHO U3MEHHUTH MOPST0K NHTErPUPOBAHUA:

t +00

H(t) = / dw fi(w) fo(w — u)du.
— o —00

OTa GYHKIMA pacipeaesaeHus 06/1aaeT IIOTHOCTHIO Be-

POATHOCTHU, KOTOpast M €CTh ILIOTHOCTb BEPOSTHOCTH CYyM-

MBI IBYX HE3ABUCHMBIX CJIYUIAUHBIX BEJIUUHH C IMIJIOTHOCTSIMHE

Ji(8), fa(t):

—+00

h(t) = fi(u) fo(t — u)du.

3Has IWIOTHOCTHb BEPOSITHOCTH CYMMBI JIBYX CJIyYailHBIX
BEJINYMH, MOYKHO BBIYHUCJINATH BCE XapaKTEPUCTUKU TOU CyM-
MBI: CpeJiHee, JIUCIEPCUI0 U JIIOObIe JPYyrue MHTEPECYOIHe
MOMEHTBI BBICIIUX HMOPAIKOB.
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8 JieMeHThI JUHEeIHOH aJredpnl

[IpuBeneM HeKOTOpBIE CBeJIeHHS U3 JUHEHHON ajredpshl,
HeOOXOIUMBIE /I PeIlleHns CHCTeM JIMHEHHBIX YpaBHEHUI.

8.1 Cucrema JuHeNHBIX ypaBHEHUI

B obmiem ciaydae cucrema m JIMHEHHBIX YpaBHEHUI ¢
N HEeM3BECTHBIMH (WM KPATKO, Auneldnas cucmema) (nasee
IPOCTO «cucreMay ) uMeet suj, [10] — [11]:

a1171 + ajpxs + - -+ a1, = by

a91T1 + A922T9 + -+ Aonly = bg

Am1T1 + AmaTo + -+ + QppTy = bm

Beswaunnt x1, xo, . . ., X, — HEU3BECTHBIE, KOTOPHIE HYZKHO
BBIYHCJIUTD, PEIIMB MATPUIHOE YpaBHeHHE. 3ajJaHHasd MaT-
puIa CUCTEMBI (MITH 0CHOBHAA MAMPULA) €CTh

a1y a2 ... Qip

921 A22 ... QA2pn
A=

Am1 Am2 ... Omn

BagaHHbBIl  BEKTOP-CTOI0EI] CBOOOJHBIX  UIEHOB  €CThb
(b1,ba, ..., bpy).

Eciu Bce b; = 0, To cuctema HasbIBaeTcd 00HopodHoti.
Ecii xor4a 061 0100 3Hauenne b; # 0, To cucreMa Ha3bIBaeTCA
Heodnopodrot. CucreMa Ha3bIBAETCA KEadpamHol, eCad n =
m.

Pewenuem cucTeMbl HA3bIBAETCS COBOKYITHOCTD 7 IHCET
C1,C2, ..., Cn, KOTOPBIE IIPX IIOICTAHOBKH B CHCTEMY Ha MECTO
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HEU3BECTHBIX X1, Ls,...,T, 00paIlaeT Bce YpaBHEHHS ITO
CHUCTEMbBI B TOXK/I€CTBA.
He Bcsikas cucrema nmeer pentenne. Hanpumep,

ZE1+$2:1

T+ X9 =2

peIlleHnsT He HMeeT.

Cucrema HA3LIBACTCS COBMECMHOU, €CJIN OHA UMEET XOTsI
OBl OJTHO peIlleHue, U HeCO8MECMHOT, eCIn HeT HU OXHOTO
perrenng. CoBMeCTHasI CHCTEMa HA3BIBAETCS onpedescHHol,
eCJI Y Hee eCThb eIMHCTBEHHOE peIlleHre H HeonpedeaeHHod,
eCJIN Y Hee eCTh XOTs OBl [IBa PA3HBIX PEIIeHMSI.

yCJIOBI/Ie HaJIMYUA y CUCTEMbI XOT 6bI OJIHOI'O pelIcHuA
dopmysupyercst meopemoti Kporexepa-Kaneanru

8.1.1 Teopema Kponekepa-Kaneman
g Toro, 4rodbl JinHelHas cucTeMa

a11T1 + A12T2 + - + ATy = bl

2171 + Qg2%2 + -+ + 2Ty = bo

Am1T1 + Aol + - -+ + Qpp Ty = bm

ABJISLIACH COBMECTHOI (T.e., nMesa XoTs OBl OJJHO PellleHwue),
HEOOXOMMO 1 JIOCTATOYHO, 9TOObI PAHI PACITUPEHHON MaT-
PHUIIBI 3TOI CHCTEMBI OBLJ PABEH PAHTy €€ OCHOBHOH MaTpu-

IIBI.
Pacwupenrnas mampuya cucmemsv, eCTh:

a1 19 oo Qp b1

921 929 o Qop bg
A=

Am1l Am2 - Qmn bm
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Marpuna ob1agaer paxzom 1, ecin y MaTpunbl A ecThb
MUHOD HOP4JKa 7, HE PaBHBIA HY/I0, & BCAKUNE MUHOD LO-
panka r + 1 pasen Hyao. Munop nopadka r — 3TO Onpeen-
TeJIb 7-T0 MOPsJKa ¢ dJIeMEeHTaMU, JeKallUMEI Ha Iepecede-
HUW JIOOBIX k CTPOK U JTIOOBIX k CTOJONOB MATPUIIBL A.

8.2 Metoa Kpamepa penieHus cucTeMbl Jin-
HEeHBbIX ypaBHEHUI

Pemenne cucreMbl JIMHEHHBIX YpaBHEHUH CyIIECTBYeT U
C€AMHCTBCHHO, KOI'Za OlIpeAe/INTe/Ib MaTPpHUIbl CUCTEMbI HE Da-
BeH Hy/I10. B 9T0M ciydae e IMHCTBEHHOE PEIEHNe UIETCA No
dopmyram Kpamepa:

rjie A\; — OIpeeuTe b MATPHUILBL, Oy IAIOIIENRCs U3 OCHOB-
HOIl MaTPHIIBI CHCTEMBI 3aMeHOI j-TO cToJIONA Ha CTOJIOeI]
cBOOOIHBIX UIEHOB, A — OIpeIeanuTe/ b OCHOBHOW MATPHITBI
CUCTEMBI.

Pazbepem meron Kpamepa Ha npumepe.

ITPIMEP Haiitn perenne KBaJIpaTHOW CHCTEMBbI JIU-
HEWHbIX YPABHEHUH:

1+ 229 + 323 + 4xs = 30
—x1 + 229 — 323 + 424 = 10
To— X3+ T4 =3

1+ 22+ 23+ 24 = 10

Marpuna cucTeMmsl (HIH OCHOBHASI MATPHIA) €CTh

1 2 3 4

-1 2 -3 4

A= 0 1 -1 1
1 1 1 1
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Pacoumem moapobHO BuIUKC/IeHHE ONpegeanTeass Aq 1o
dopmysie pacuera ¢ MIOMOIIBIO aJaredpandecKuX JIOMOJTHEHUI.
HamomuuwMm, aazebpauyeckoe 0onosHerue I 3JeMeHTa MaT-
puipl A a;; — 910 "ncao A;; = (=1)"M,;, tne M;; — mu-
HOD, OIIPEIeIUTE]b MATPUIIBI, OJIYIaeMOil BRIUepKUBAHAEM
3 MaTpuibl A i-0it ¢cTpoKH U j-ro cToJbma. s Beraucenus
OTIPEeIe/INTEIIST MATPUIBI A ¢ TIOMOIIBIO aAredpamIecKux Ji0-
MOJIHEHWH HCHOJIB3YeTCa MEeTO/| PA3JIOKEHUsT 110 CTPOKe (Hiin
crouibiy) mo dpopmyie:

A=det A= Z a’iinj-

j=1

HCIIOJIb3YEM 9TO Pa3JIOZKEHHE AJId BbIYHUCICHU A Ali

30 2 3 4
10 2 -3 4
Ar=1l3 1 1 q|=
01 1 1
2 —3 4 10 —3 4 10 2 4
—30-1 =1 1|—-2-|3 =1 1|+3-|/3 1 1|-
1 1 1 10 1 1 10 1 1
10 2 -3
—4.13 1 —1]|=
10 1 1

=30-[2-(=2)+3-0+4-2] —2-[10- (=2) +3- (=7)+
+4-13]+3-[10-0—2- (=7) +4- (=7)]—
—4-[10-2-2-13 -3 (=7)] = —4.

OrmpereinTe /b OCHOBHON MaTPHIIHI:

1 2 3 4
-1 2 -3 4
A_01—11—_4'
1 1 1 1
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Onpenemnrenn Ay, Az, Ay:

1 30 3 4 1 2 30 4
—-1 10 -3 4 ~1 2 10 4
Ap = 0 3 -1 1__8’A3_ 0 1 3 | =12
1 10 1 1 1 1 10 1
1 2 3 30
-1 2 =3 10
A=l 1 o 3| =16
1 1 1 10

TOF,ZLa r = Al/A = ].,.732 = AQ/A = 2,273 = Ag/A =
3,[E4:A4/A:4.

8.3 Meroxa I'aycca pemnienuss cucremMbl Jin-
HEHBbIX ypaBHEHUM

[Tomumo meroaa Kpamepa, cylecTByeT Apyroi MeTo 1 pe-
IIEHUA CUCTEMbl JIMHEHHBIX YPaBHEHUH, Ha3bIBACMBIH Memo-
dom I'aycca. OcHOBHAL Hjles METO/IA B TOM, 9TO CO CTPOKAMMU
U CTOJOIAMU MATPHIBI MOYKHO HTPOU3BOIUTHL TPU SAEMEH-
maprbvle onepayuy, KOTopble He N3MEHAI0T PaHra MaTPUILbL:

1. mepecTaHOBKY JIBYX CTPOK (CTOJIGIOB),

2. yMHOXKeHHe cTpoKH (cToJbIa) Ha JII00O0i, OTJIHIHBI OT
HYJIsl, MHOXKATEIb,

3. mpubaBiieHne K OJ(HO¥ cTpOKe (CTOJIOILY ) TPOU3BOILHOI
JMHERHOM KOMOMHAIIMA JPYTUX CTPOK (CTOJIOIOB).

JI100y10 MaTpuIly MOXKHO MPUBECTH K JITHATOHAJIBHOMY BH-
JIy C TIOMOIT[BIO 3TUX TPEX 3JIEMEHTAPHBIX OMEPAINil CONJIACHO
CAEeAYIONEMY aJTOPHTMY.
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1. TMepecranoBkoii cTpox (cTo0MOB) caeaaThb ap; # 0 (ec-
JI 9TO HeOOXOIHMO).

2. YMHOXKHTH HEPBYIO CTPOKY Ha @} .

3. Berdecth u3 j-10 croJibna nepBbiii ¢TOJ0€EI], YMHOYKEH-
HBII HA A1 .

4. BprdecTh n3 1-0if CTPOKYU NEPBYIO CTPOKY, YMHOYKEHHY O
Ha @;1; MOJYYUTCA MATPHUIlA BAJA:

1 0 ... O
Ao 0 agy ... a9,
0 Gme ... Gmn

5. Bce mpeapiayniue maru ocymecTBIgeM ¢ MaTpHUIei

g2 ... 0A2pn

Am2 .. QAmn
U T.1. 00 NOJIyYeHUd ,ZLI/IaI‘OHaJIbHOﬁ MaTpHIBL.

Kak meron I'aycca, Tak u meron Kpamepa moryT npuse-
CTH K OOJILINTUM TOTPEITHOCTSAM, eCJu 3HaYeHusd KOIpduu-
€HTOB U CBOOOJIHBIX YJICHOB 3aJaHbl MPUOJIUZKEHHO HUJIH KO-
rJa HPOU3BOJIUTCS OKPYIJIEHHE B IpoIecce BuIYucIeHus. B
MEPBYIO OYepeIb 9TO OTHOCHUTCS K CAYYaio, KOIJAa OCHOBHAS
MaTpHIA JUHEHHON CHUCTEMbl SBJIACTCA NAOLO 00YCA0BAEH-
noti (em. (13.6.1)), T.e., KOrja MagbiM H3MEHEHHSIM SJI€MeH-
TOB 9TOfl MATPHUIBI OTBEYAIOT OOJIBIINE U3MEHEHHS dJIeMeH-
TOB OOpaTHOI MaTpHIlLI. B TakoM ciaydae perierue JTuHEHHOM
cucteMbl © = A~1b okaxkeTcs neycmotivueoim. g pereHns
HEYCTONYNBBIX JIMHEHHBIX CHCTEM CYIIECTBYIOT METOIbI Pe2y-
aqapusayuu A.H. Tuzonosa, umepayuornnsie memoodv, Hrxobu
T METOJBI CUH2YAAPHO20 MAMPULHO20 Padoscerus, [11].
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9 IlousTue 0 paBHOTOYHBIX 1 HEPAB-
HOTOYHBIX N3MEPEHUAX

Pasnomounocms pesyabraToB  (HAOIIOJATETBHBIX WITH
9KCIEPUMEHTAIBHBIX BBIOOPOYHBIX JIAHHBIX) O3HAYAET, YTO
BCE 3TH PE3YJIBTATHI X1, X9, ..., T, MOJIYIEHBI C OJMHAKOBOI
TOYHOCTHIO. Ecm Bce x; PaBHOTOYHBI, TO X CPeIHEKBAI-
paTHdecKde OTKJIOHEHHs DaBHBL 8; = s (s° — mucmepcus,
OlleHeHHas! 110 BHIGOPKeE).

HamoMHIM OCHOBHBIE XapaAKTEPUCTUKHI PABHOTOTHON BbI-
Oopku 1 00OOIUM WX JId CJAydas HEPABHOTOUHBIX U3Mepe-
HUA.

e Haubonee seposmmoe snavenue onpedesiemoti 6eauwu-
HbL eCmb cpedHee APUPMEMUYECKOE BCET INCMEHMOE
8uL00PKU:

e Haubonee sepoammoe 3nauenue cpednets keadpamu-
HOT 0WUOKY 00H020 UMEPEHU

3_\/2_ - 2
n—1 '

o (Cpeduas xeadpamuunas owubdka cpednezo apupmemais-

L \/zz_ 7)?
=7 e

B peasibubIx 3aj/ilaqax 4acTo ObIBAIOT CJydau, KOTJa Ji/Is
KaK MOYKHO HoJ1ee HaJIeKHOTO OlpeeeHns KaKoi-To BeJu-
YUHBI COOMPAIOT U3MEPEHUs PA3HOTO MPOUCXOXKJICHUS, T.€.
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BBITIOJTHEHHBIE HA PA3HBIX MPUOOPAX, IPH PA3HBIX YCJIOBUSX,
pa3HbIMU METOJaMU U T.. TAaKHE U3MEPCHUA HOCAT Ha3BaHHUEC
HEPABHOMOUHDLL.

[IpocTefimuit caydait HEPaBHOTOYHBIX W3MEPEHHiT — CO-
Opanue He NMPAMBIX U3MEPEHHil, a BHIBOJOB U3 PABHOTOYHBIX
U3MEepeHHil, 9MCJI0 KOTOPBIX PAa3IUdHO B PA3JIUUHBIX BBIBO-
Jlax.

JIpyrumu cjioBaMu, yCTh UMEET 1M PABHOTOUYHBIX M3Me-
peHuii ¥ U3 HUX BBIBEJEHO Hanboiee BEpOATHOE 3HAYCHHUE X1 .
HaJtee, u3 my paBHOTOUYHBIX M3MePEHUI BBHIBOIUTCS HAUOO-
Jlee BeposTHOe 3HAYeHHe X9 U T.1. [loaydaerca Habop Hanbo-
Jiee BEPOSITHBIX BeJIMIHH {T1,Tg,. .., Ty} W U3 9TOr0 HAOODA
HY>KHO BBIBECTH HamnboJ/iee BEPOSITHOE 3HAUEHUE T.

JInsg KaxKJa0ro xj CpeJIHEKBAIPATUUECKOE OTKJIOHEHHE
€CTh, 110 MOCTPOCHHUIO

S
\/m;y

IJie S — CPe/IHeKBaPATudecKas OIK1OKa OJIHOIO U3MePEeHUs.

Eciu x), — paBHOTOYHBIE, TO S = S. Licyim x; — HepaBHO-
TOYHBIE, TO BMECTO S1, S9, . . . , S, BBOJISIT YUCA P1, P2, - - - , Dn,
Ha3bIBaeMble 6€CAMU U3MeEPEHUT:

S —

53
Pr = —,
Sk
rjie 3 — J11060e MOI0KUTEeNLHOe YUCI0 (S) HA3BIBACTCH CPe/l-
HEKBAIPATHYECKOe OTKJIOHEHUE Ha €/THHUILY Beca).
3 onpeesienus BBeIEHHBIX BECOB CJIEIYIOT UX CBOMCTBA.

e Beca HepaBHOTOYHBIX M3MepeHHUl 0OPATHO IIPOMOPITU-
OHAJILHBI CBOUM JIMCIIEPCHUSIM.

e Beca HEPAaBHOTOYHbBIX I/ISMepeHI/IIU/I — OTHOCHTECJIbHBIC
qucJjia.
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OcHOBHBIE XapPaKTEePUCTUKH I CJIyIast HEPABHOTOUHBIX
U3MEPEHNUI.

o Haubonee seposmmoe 3navenue onpedeasemoli 6enu-
YUHBL €CMb CPEOHEE BECOBOE UNU CPEOHEE B36EULEHHOE
BCEX INEMEHMOB BLLOOPKU:

1 n
jp = - Zpkxka
p k=1
rje

b= Zpk:-
k=1

e Haubonee sepoammoe 3nauenue cpeonets keadpamu-
HOT OWUOKU USMEPEHUA ¢ BECOM eJUHUYA:

22:1 pk(xk: - fp)Q
n—1 ’

o (Cpeduas weadpamuvnas owubka cpedne2o 6eco6020
UM CPedHe20 836EUEHHO20:

rjie

9.1 VYcJjoBHBIE 1 HOpMaJibHbI€ YpPaBHEHUS

B peanbHBIX 33ja1uaxX 9acTO OBIBAET TaK, YTO IOJIEKa-
Iye OPE/IeJIEHNI0 BEJIMYUHbBI HeJIb3s Ha0J/I0/1aTh HEIIOCPe/I-
crBeHHO. BMecTo HuMX w3 HAOJIIOAEHMIT MOYXKHO OIIPEJIeTUTH
TOHKO (DYHKIIMH HEU3BECTHBIX, [1].
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[IycTh HaOMIOAEHUS MAIOT 3HAYEHUS T U i BEJTUUUH X
u y coorBercTBeHHO. [Ipemmnonaraercs, 910 T U Yy CBA3aHbI
3aBHUCUMOCTbIO:

y = 0y + 012 + Oya7,

e Og, O, 0y — moaIekale onpeaeaIeHno Ko3hdumen-
tel. Kaxkaoe Habogenne (T, yg) JaeT ypPaBHEHHE ¢ TpeMsl
HEH3BECTHBIMHU:

yk=@o+®1$k+@ng,k‘:1,2,...,71

B obmem Buae 3ajada CTABUTCS TaK: BMECTO IOJJIerKa-
X ONpeeTeHnIo BeInInld Oy, ©1, 0y, ... u3 HabIOIeHTH
MOy al0TCS BEJIMYUHBI Y, KOTOPbIE €CTh (DYHKIIUH OT HEU3-
BeCcTHBIX O, O1,0,,.... Kaxaoe mabmionenne gaer yca06-
HOE YPAGHEHUE BUAIA

fk-(@m @1, @27 ce. 7Ik) = Yk-

Ecyim 661 B mporiecce HabJiojieHuil He ObLIO CJIyYailHbIX
OIIUOOK WM OIMMOKHM OBLIA OBl TAK MAJIbI, UYTO UMH MOXKHO
OBLIO OBl TpeHeOpeUb, TO OBLIO OBl JOCTATOYHO UMETEH CTOIb-
KO HADJII0IeHNi, CKOJIBKO M Hem3BeCTHbIX. OTHAKO B peaJib-
HBIX 33/1a9aX 9TO HE TaK.

s Toro, 9To6bI MOKHO OBLIO HAJAEATHCA HA YaCTUIHYIO
B3aUMHYIO KOMIIEHCAIUIO OIHOOK, 6€pyT YHCI0 HAD/II01eHI
(T.e. YHCIO YCIOBHBIX YPaBHEHUIT) ropa3 o Gosbiie, YeM Ko-
JINYECTBO HEM3BECTHBHIX. 1OrIa MOIydaeTcsd ajredpandeckast
(kak MpaBHJIO HEJIMHE{HAsI) CHCTeMa YCJOBHBIX ypaBHEHH
CO CIAYYANHBIMI MPABBIMU JACTIMHU.

[lockobKy B cHCTEMe ecThb CJIydaifHble ONHOKH, TO CH-
cTeMa, OYeBHIHO, HECOBMECTHA JayKe IPH TOYHBIX (DyHKIH-
OHAJIbHBIX CBS3sIX. DTO O3HAYACT, 9TO HE CYIIECTBYET TAKHX
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*

0,071,035, ..., KOTopBIe yIOBIETBOPSIN OBl BCEM YCJIOBHBIM
YPaBHEHUSM OJHOBPEMEHHO, T.€.

fe(66,01,05,...) —yr = e # 0

Besmuuna fi (g, 01, 0s,...) — yp HABBIBACTCS HEBAZKA.

Ecsn Jana cucreMa paBHOTOYHBIX YCJIOBHBIX yYPABHEHUIA,
TO OyIeM HCKATh HEU3BECTHDIE TaK, YTO0bI CyMMa KBaJAPaTOB
HEBA30K ObLIa HAMMEHDBIIEH, B 4eM 3aKII0YaeTCd NpUuHUumn
Jleocandpa.

9.2 Ilpunmmnn Jlexxanapa n MmeToa HAMMEHb-
X KBAIPaTOB

Ob6pazyeMm cymMMy KBaJIpaTOB HEBSI30K

S= " [f(00,01,0s,...) —u]”.
k=1
Heobxoiumoe ycioBrue MUHEMYMA, S’
0 _ 08 _ 08 _
00, 00, 00, -

[loydeHHBIE ypaBHEHHS HA3BIBAIOTCS HOPMAADHHMU

YpasHEHUAMU.

9.3 O06o06menHblii mpuHIUn Jlexxanapa u
B3BeII€eHHHBIN METO4 HaMMEHbIIINX KBa/l-
paToB

[Ipuamun Jlexkamapa MoxkHO 000OIIUTHL Ha HEPaBHO-

TOYHBIE YCJIOBHBIE ypaBHeHHs. HepaBHOTOYHBIE ypaBHEHMS

MOKHO TPUBECTU K PaBHOTOYHBLIM. llycTh m3BecTHBI Cpe/-
HUE KBaJpPaTUYHbIE OIMUOKHU Sq,S3,...,S, U HalJEHBbl Beca

P1,DP2,- -5 Pn-
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Haubos1ee BeposiTHAA COBOKYIIHOCTE 3HAYCHUI HOTydaeT-
cst ipu MuEHEME3ZAIUE (0600uernnuil npunyun Jlescandpa)

Sp = Zpk [fk(®07617®27 .. ) - ?/k]2

k=1

N3 obobmennoro npunmnuia Jlexkanjapa Jerko moayYuTh
IpaBUJIO IIPUBEJACHNA HEPABHOTOYHBIX YCJIOBHDBIX ypaBHeHI/Iﬁ
K PaBHOTOYHBIM:

n n

Sp=Y m- =y (av/mr) = &
k=1

k=1 k=1
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10 JImHeapu3anus YCJOBHBIX YyPaB-
HEHUWN " TIpeJICTaBJIeHUE pe3yJib-
TaTa pelleHnud yCJIOBHbIX ypPaBHe-
HUII

CocTaBuTh HOpPMAJIbHBIE YPABHEHUSI MOYKHO MPH JTIOOOM
BHJIe YVCJOBHBIX YDaBHEHW, HO pemaTh, OCOOEHHO B HeJH-
HEeHHOM cJiydae, JOBOJIBHO TPYIHO. Kpome Toro, mosyven-
Hbl€ pellleHrus HOPMAJIbHbIX yYpaBHeHUil He Oy/1yT o0s3are b
HO JIMTHEHHBIMU 110 CIY9afiHONW BEJTHINHE Y. DTO 3aATPY/IHIET
BBIYNCJIEHUE CPEJHUX U CPEJHEKBAAPATHICCKUX OTKJIOHEHU N
HEU3BECTHBIX (T.€ BHIYUCJIEHHE TOYEIHBIX OTEHOK U JOIYCTH-
MBIX MHTEDPBAJIOB JJIsl 9TUX HEU3BECTHBIX).

Jlaxke He CJIUIITKOM BHUMATEIBHBIN YUTATEb COTJIACUTCS
¢ TeM, 9TO ropasjo yao0Hee paborarh C JUHEHHBIME ypaBHE-
HUAMHA, KOTJAQ HEN3BECTHBIE 3aBUCAT OT CIAYYANHBIX BEJIMYUH
JIMHEHHBIM 00pa30M.

[IpuBOAUTH K TUHEHHOMY BUJY MOYKHO YIa9HOMN 3aMeHON
nepeMeHHBIX. Hampumep, mycTh yca1oBHBIE ypaBHEHUS TMEIOT
BU/J,

a, Sin(@o + @1) + Bk Siﬂ(@o — @1) + Yk eXp{ — 2@2} = Yk,

rie Oy, ©1, Oy — Heu3BeCcTHBIE, KOTOPbIE HY?KHO ONPEIC/IUTh,
gy Bk, Vi — 3aQHHBIC HECJyYalHbIE BEJIUIUHDL, ) — CJIydaii-
HbI€ BEJIMYUNHDBI.

Creaem TOACTAHOBKY:

SiH(@O + @1) =x,
sin(@o — @1) =Y,
exp{ — 2@2} = z.
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[loce momCcTAHOBKY TOJIYYUM JTUHEHHYIO CUCTEMY YCI0B-
HbIX YPaBHEHUIL:

ax® + Bry + ez — yr = 0.

Pemue sty cucremy (Meromom Kpamepa wim MeToaom
Faycca), MOJYYUM TOYeYHBbIe ONEHKH HEU3BECTHBIX T,V Z.
[TocKOJIbKY 3TU BEeJIMYUHBI €CTh JIMHEHHbIE (DYHKIUK CTyYaii-
HBIX BeJINYUH YY) (KOTOpBIE OOBITHO MPEANOIAralnTCs HOD-
MAaJIbHO DACIpPe/IeJeHHBIMA W He3aBUCUMBIME), TO H CAMU
OIIEHKN HEUW3BEeCTHBIX OOJIAMAI0T TeM Ke paclpejeeHrneM
(HOpMAJIBHBIM ).

Hckomble HEeM3BeCTHBIE

= arcsin  + arcsin y

Oy = 5
6, = arcsin z — arcsin ¢
2
~ Inz
@2 - —T

HakoHell, HaX0IUM 3aKOHBI pacipeaesrenus Oy, 01,0, u
IIOTOM BBIYHCJISIEM MX JIHCIIEPCHH.

OnHaKo TaKyIo 3aMeHY MOXKHO CIe/IaTh TAIeKO He BCEera.
Paccmorpum obmuit MeTos, JimHeapu3auu yCJAOBHBIX ypPaB-
HEHU, TPEJINOI0KHUB TOJHKO, 4TO KOI(DPUIMEHTH YCI0B-
HBIX YPaBHEHU TOYHBIE, & CJOyYaliHble OMHMOKHU ¥, MAaJbl IO
MOJLYJIIO.

IIPUMEP PaccmoTpum 3Ty 3a7a4y Ha TpHMeEpe.

. [ 2mt
Op-sinf —+0; | +60,=w
O3
Oupenennts Oy, 01,05 u O3, cunTas, YTO BEJIUIHHA W
CONEPKUT CAydaliHble OMUOKH U BCE U3MEPEHUs PABHOTOY-

HbIC.
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Tabanma 21:

Cmamucmuveckutd pad cayuatinot 6eAUuNUHDL Wy 8
MOMEHbL 8peMeRY T,

=

5.20

0.0 ‘ 0.52 ‘ 1.04 ‘ 1.56 ‘ 2.08 ‘ 2.60 ‘ 3.12 ‘ 3.64 ‘ 4.16 ‘ 4.68

5.72 ‘ 6.24

wy, | 2.02 ‘ 1.86 ‘ 1.49 ‘ 1.02 ‘ 0.51 ‘ 0.14 ‘ ~0.03 ‘ 0.15 ‘ 0.53 ‘ 0.97 ‘ 1.46 ‘ 1.90 ‘ 1.98

Coyqaiinasg BenvuHa w 33JaHa TaOIMTIHO JJIS PA3HBIX
momenToB Bpemenn (Tabsuma (21)).

IlogcraBuM B 3a/IaHHBII 3aKOH TaOJIMYHble 3HAYEHUS tj
U Wy, ¥ HOJIyYUM CHCTeMYy U3 13-TH HeJMHEeHHBIX YCJIOBHBIX
YPaBHEHU

2
@0 : Sin(ﬂ——tk + @1) + @2 = Wk
O3

Haiizem (s1066iM criocobom) mpeaBapuTeabHble Tpuii-
JKeHHBIe 3HadeHus. [lepuon @g = 6.30, moTomy YTO TIpU
t = 6.24(< 6.30) eme He TOJYYEHO HCXOIHOE 3HATEHHE
(2.02), T.e. mepuom KoeGaHUS TOTKEH OBITH HEMHOTO GOJIb-
me. Beamanaer 09 = 1.08 u ©Y = 0.90, T.K. MakCHMaIbHOE
3HaYeHue w OJM3KO K 2 U cpejiu 3HaYeHuit ectb Om3Koe K (),
YTO 03HAYAET, YTO Oy U Oy ecTh BEJIUYHHBI OJHOIO IOPI/I-
Ka; mycTh O ecTh cpegnee apudpMeTHIecKoe Beex wy. lamee,
npumem O = 1.50 — 370 ceayeT U3 rpyboro cpaBHEHHS W ¢
OOBIYHON CHHYCOUJIOI.

Bribpas navajabHble TPUOJINKEHUS HCKOMBIX HEH3BECT-
HBIX [IapPaMeTPOB, MOJOKHM

@0 = @8+SL’1,
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@1:@(1)4-917
@2:@g+21
@3:@g+ul.

[ToxcTaBuM 3TH BBIPArKeHHs B YCJOBHBIE YpaBHEHUS U
paszioxkuM QyHKIun (fp) B PsbL IO CTENEHSIM X1, Y1, 21, U]
1 OTPAHMYHMMCS B PA3JIOKEHUAX NMEPBBIMH CTEHEHAMH THX
MONPaBOK:

fx(65, 07,09, 09)—

Ofy Ofk
051514-6@1 . 1+8@2

Afr
00,

0
1—|—i

—Yr T o
Yk . 90,

0
rae
2rt
fk:@OSID(ﬂ—f-@ ) +@Q
O3
Yr = Wg.

27t 27t
1 SiIl< gok + @0> + @0y1 cos (g—gk + @(1)) —
27Ttk (27Ttk
—_— . CO

(_.)O + @0) + Zl—f-

27t
+[@8-sin( o +@°) + 69 —wk} =0.
k=1,2,....13.
[Tepemnuiiem (mepeobGo3HAYMM) CHCTEMY B BUE

arx1 + bpyr + ¢z + dpug +yp = 0,

rie
ay = sin 7,

. 27Ttk

Tk — @0 @
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b, = @8 - COS Tk,

cx =1,
2t
d, = —0) - cos (Tk) : W—kz,
(%)

Yr = @g-sinTk + 05 — wy.

Tenepsb HEOOXOAUMO PEIUTH CHCTEMY YCJIOBHBIX yDaBHe-
HU, UCLIOJIb30BAB LpuHIUN JlexKan/pa, u oupee/nTb

L1, Y1, %1, UL,
a TaKyKe CPEeJIHEKBA[PATUIECKUEe OMMOKU ITUX BEJIMYUH
Sz1, Syl Sz1 Sul-
[lycTh jana cucreMa JIMHEHHbBIX YCJIOBHBIX yPaBHEHU
apr + by + cpz + dpu + yp = 0,

IJle HEU3BECTHBIE €CTh X, ¥, 2, U, & A, by, Ck, d) — HECIy YaiiHbIe
YUCJIa, W3MEHSNUecs OT ypaBHeHus K ypasBuenuio. Ciry-
4JaifHbie OMUOKU COAEPIKATHCA TOJBKO B Y.

Hepsa3ku ecTb

€ = apT + bky + cpz + dku + Yk -

Cornacao npuniuny Jlexkanapa, HY»KHO MUHUMH3HPO-
BaTh

S = Z € = Z(akx + by + crz + dpu 4 i)

k=1 k=1
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CunTast ycJIOBHBIE YPaBHEHUS PABHOTOYHBIMU, 3AIUAIIEM
HEOOXOIUMOE YCJIOBUE MUHUMYMA:

(
g—g:QZzzl(akx+bky+ckz+dku+yk) ~ap =0

%:22’,;‘:1(akx+bky+ckz+dku+yk) b, =0

%:2221(akx+bky+0kz+dku+yk) =0

%:22:l(akl‘+bky+0k2—|—dku+yk) ~d =0

\

OTH yCJIOBUS MPUBOIST K HOPMATHHBIM YPABHEHUSIM

(23 a2 +y Y arby + 2 X arer + u Y ardy + X apys = 0
Ty brap +y > b+ 2> bep +ud] brdy + > bryr = 0

Ty cpar +y > cebr + 2>+ ud cpdr + > ayr =0

\dekak—l—ydebk—i—dekck—l—uZdi—i—zdkyk20

AHATOTHYIHO COCTABIAIOTCS HOPMAIbHDBIE YDABHEHUSI TIPH
JIIOOOM YHUCJIE HEU3BECTHBIX.
Pemienne cucreMbl HOPMAJIbHBIX YPaBHEHUN METOIOM
Kpawmepa (y106HO 111 cucreM He BbITE 4-I0 HOPSIIKA):
Ay A, A,

A A, A
[E—A,y—A,Z—A,U— A,

e A — ompeseNuTe b OCHOBHOW MaTpPWIIBl cucTeMbl. [lis
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IepeMeHHo T

i ) e 5l
|y c L | bw c
Ao = [cy] [cb] [ec] [ed]| ;yk ce [eb] [ec]  ed]
[dy] [db] [dc] [dd] di [db] |dc] [dd]
e 0603HAUEHO .
[ab] = Z akbk
O6o3HaUNM )
b b
B =en (bl [ed [ed)
di [db] [dc] [dd]
Torma
A
AT k=1 an
Torna
2 _ —~ A7
Sz = £ Fsk- 9)

HoxkazkeMm yrBepxaenue (9).
JleficTBUTE/IbHO, C y4€TOM B3aUMHON HE3ABUCUMOCTH Be-
JIMYWH Y, JUCHEPCHAS BEJIUYUHBL T II0 OIPENCICHUIO ¢CTh

Diil=s =D "L A _n AkQD _”AiZ
[Z] =53 = [—Z Kyk] = Z A [vk] = Z A2k
k=1 k=1 k=1
J11st paBHOTOYHBIX JTaHHBIX
~Af

S FSO.
k=1

SIS
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MoO:KHO BBEIBECTH, UTO

S a2 -aa,

k=1

e Ay ecrb ajaredbpaumvecKkoe JOIOJIHEHUE 1IePBOr0 JHaro-
HaJILHOTO 3JIeMEeHTa OCHOBHOM MaTpHIlbl cuctembl. Jlas mpo-
Ka3aTeJIbCTBA JIOCTATOTHO 3aMETUTh, ITO

SR Ca Stk [BY] [be]  [bd]
Yo dpAg [db] [dc] [dd]

IpUYIeM OIpEeICJUTENN, CONePKAIITe OTUHAKOBBIE CTOJIOIBI,
PaBHBI HYJIIO

ZakAk = A.

PackiiaibiBasi 4eTblpexMepHbiil OLpeie/inTe/ b 10 HePBO-
MY 3JEMEHTY, II0JIy4aeM MUCKOMOe COOTHOIIIEeHNe

A=A ()AL
k=1

Torma st paBHOTOYHBIX JTAHHBIX

2 Ap 2
Sz = —— * S0,
2

Ch A

pi:sng_u

xT

AnaJsiornano JJId APYTUX HEU3BECTHDLIX!
= Ay 5 —
y - D 72 -
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A A A
py_ A227pz— Aggapu_ A44’

rie A — omnpenenuTe/b OCHOBHOW MaTpHUIbI JUHEHHOH CH-
CTeMBl HOPMAJIbHBIX YPaBHEHHH, a Ay, — COOTBETCTBYIOIIHE
asirebpanveckue JOMOJHEHNs k-T0 JnaroHaJbHOIO 3JIeMEeHTa,
OCHOBHO# MaTpHUIbL.

[Tocnie perennsi HOPMAJIbHBIX YPaBHEHU ITOJTYyYAIOTCS
Haubojiee BepOATHbIE 3HAYEHUS HEU3BECTHBLIX: T, 7, Z, u. Ux
IIOJACTAHOBKA B YCJIOBHBIE YPABHEHUS JIACT HEBA3KU, VIIOBJE-
TBOpdOmue yCJIOBUIO MHUHHMYMa CYMMbBI KBa/ApaTOB. 9TI/I
HEBASKHA HA3BIBAIOTCH OCMGMOYHBMY NOZPEWHOCTAMY 1
0003HATAIOTCA €},.

CyMMa KBaJpaToB OCTATKOB €CTh

S =
n n 2
= EZ = (akx + bkg +cpz + dk’ﬁ + yk) =
k=1 k=1
=5 aye+yY bkt 2Y o) digk+ ) Ui
k=1 k=1 k=1 k=1 k=1

Haubosiee BeposiTHOE 3HAYEHHE CpeIHEKBAIPATHICCKON
OmMMOKN HA €IWHUILY Beca, So:

rje m — YUCJI0 HEeU3BECTHHIX.
Torna cpegHekBagpaTHIecKue OMIMOKHU 111 HEU3BECTHBIX
ecThb

S0
Si - I
Dz

S0
Sg = ——,
VPy
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Sz = )
Pz
S0
Sg — .
vV Pa

OxomuaTeabHO pelrenne 3a1a4u (B MepBOM MpHOIHKe-
HUW) 3aIHCHIBACTCSH KaK

r =2+ sz,
y:gisya
z=Z* sz,
u=1u=x sy

g paccMaTpuBaeMoro caydas
z =0.096;y = 0.092; z = —0.075; u = —0.026.

pz = 6.2;py = 0.40; pz = 4.5; pz = 0.113.

S = 0.006925.
0.007
2 = —— = N =
=131 0.000778; 5o = 0.028.
s = 0.000778 _ 0.00013, sz = 0.011;
6.2
0.000778
s2 = YT 0.00019, s; = 0.014;
0.000778
§2="—— =0.00017,s; = 0.013;
4.5
0.000778
2 _ — o
e 0.0069, sz = 0.083.

OxkoH4YaTe/IbHO PEIIeHUe MePBOr0 HPUOJIMZKEHUS €CTh

z = 0.096 & 0.011,
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y = 0.092 £ 0.014,
2 = —0.075 4 0.013,
u = —0.026 & 0.083.

[locne Toro, Kak Haii/ieHO pelleHre IepBOro HpuHO./IU-
JKeHHUsl, MOYXKHO IIOCTPOUTH BTOpOe MNpHOJIMXKEeHue | T.II.,
AHAJIOTHIHBIM 00PAa30M CTPOSI CUCTEMBI YCJIOBHBIX ypaBHe-
Hu#l, cBOAA HMX K CUCTE€MEe HOPMAaJIbHBIX YypaBHEeHUI u pe-
mast. [Iporecc moxker OBITH OCTAHOBJIEH TOIJIA, KOIJAA B
JIBYX TIOCJIE/IOBATEIBHBIX UTEPAIUAX C 33JaHHON TOYHOCTHIO
MOJIy4JaloT OJWHAKOBBIe 3HadeHUd. Tak, TOYedHBIE OIeH-
KU DeIIeHus] BTOPOro MpUOIMXKEHUsl eCTh {T,7,Z,u} =
{0.004, —0.013, —0.001, —0.006}, a Besmuuna S = 0.006864.
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11  OpgaodakTOpPHBII
JAUCIIEPCUOHHBINA aHAJIN3

Pazimmyaior Tpu THIIA CBA3M MEXKIY CJAYyYalHBIMH BeJIU-
YUHAMU U, COOTBETCTBEHHO, TPU I'PYIIIbI METOA0B. /lucnep-
CUOHHBIT AHAGAU3 YCTAHABIWBAET HAJIMYHE BO3MYIIAIOIIETO
¢dakTopa, KOTODBIHl BIAWSET HA CTATHCTUYECKYID COBOKYII-
HOCTH BBIOOPOYHBIX JTAHHBIX. CTeneHb BJIMSAHUS BHEITHUX
($HaKTOPOB MOYKHO OIIPEJICTUTH METOJAMHU KOPPEAAUUOHHO-
20 ananuza. KoHKpeTHAsT MaTeMaTHIecKast MOJEIb BIUSTHUS
YCTAHABIMBACTCS PE2PECCUOHHBM GHAAUZOM, [8].

Paznuaaior odhogarmoproii 1 MHOTO(hAKTOPHBIH JTHC-
nepcuoHublit anams3. CyTb 0IHOMAKTOPHOIO JTUCIIEPCUOHHO-
ro aHAJIM3a COCTOUT B TOM, YTOOBI YCTAHOBUTH HAJUYINE U3-
MEHEHHS JTUCIEPCHU BBIOOPOYHBIX JAHHBIX IPH U3MEHEHUH
yPOBHEIl BJIMAHIS KAKOTO-TO OJHOTO BHemHero (gphakropa. Ec-
JIW TIPU U3MEHEHUU 3TOro (hakTopa JUCHepcus: BHIOOPKU Oy-
JIeT 3HAYUMO HU3MEHATbCHA, TO 3TOT (PAKTOP JIOJZKEH OBbITh
OpU3HAH 3HAYUMBIM B CBOEM BJIMSHUU Ha CpejiHee 3Hade-
HUe HAOII0JaeMON BeTUYMHBI. /MCIepcuOHHbIA aHAIN3 TaeT
BO3MOYKHOCTH TOJIbKO YCTAHOBHTD HAJTUYINE 3HAUYUMO BJIUsI-
fo1ero hakTopa, HO He JAaeT BO3MOYKHOCTH KOJHMIECTBEHHO
OIEHUTH CHUJIY €r0 BIUSIHUS W TeM 0oJiee He JaeT MaTeMaTHu-
YeCcKYyI0 MOJIENIb 9TOr0 (aKkTopa.

PaccmorpuMm 3azmady ogHO(MAKTOPHOIO JUCIEPCHOHHOTO
aHaJIM3a.

Jlng amanu3a HEOOXOAMMO MMETh HECKOJBKO BBIOOPOK
CAYYafHBIX TAHHBIX, MOJIYI€HHBIX U3 OJHOW reHePaATbHON Co-
BokynnocTu. [lepex Hadaiom aHam3a HaJIO IIPOBEPUTH, YTO
pacupeaeaeHue UCXOIHBIX 9JIEMEHTOB BHIOOPKH O IIHHSIETCS
HOPMAJBLHOMY PACIPEIeTeHUI0 (METOIBI TaKOil TPOBEpKH Oy-
JIyT PacCMOTPEHBI B mocJjenHeM paszese). Kpome Toro, Ha0
MIPOBEPUTDH, UTOOBI JAUCIEPCUU BHIOOPOK OBIJIN OJMHAKOBHI-
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Mu (IPOBEPKA PABEHCTBA JUCIEPCHil IBYX BBIGOPOK MPOU3-
Boputcst mo F-kpureputo Pumrepa). Pacemorpum Biusinme
daxropa A = {A;, As, ..., Ar} (Tabmuma (22)). B kaxaom
croibie BBIGOPKA {Ti1, T2, - - ., Tin} XapaAKTEPU3YeT H3MeEHe-
HEE JAHHBIX 101 BaugHueM dakropa A yposaa A;. Toueu-
Hasl OLEHKA JUCTIEPCUH TAKOM -0l BHIGOPKHU (IPU HEU3BECT-
HOM MaTE€MaTHYECKOM OKHJIAHUH, KOTOPOE TAKXKE JIOJIZKHO
OIEHUBATHCA 1O ITON BHIOOPKE) €CTh

n

. 1 n 1 2
Sz_n—lz a:ij—Einj .

Jj=1 Jj=1

[Tycrb npoBepeno, uTo jjg Beex i = 1,2, ...,k Bce s7 =
const.

D1 k BHIGOPOK (KazKiasi U3 KOTOPBIX OTBEYAET CBOEMY
YPOBHIO KpuTepust A) MOKHO paccMaTpuBaTh Kak 00be/iu-
HEHHYIO BBIOOPKY, 00beM KOTOPOii €CTh Zle n = n-k. Cpes-
Hee 3ToH 00 beIMHeHHON BHIOOPKH €CTh

a JIUCIIePCHUs

1 k. n 1 k n 2
:mzzl(xw—nzzxm> =

i=1 j=

:ﬁ[(n.k—m-sgﬂk—l)-si],

rjie
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Tabanmna 22:

Yposnu daxmopa A = {Ay, As, ..., Aiy. .., A} npu
00HOPAKMOPHOM QUCTEDPCUOHHOM GHAAUSE.

HOMep Al AQ .. Az ce Ak
HabJII0IeH

1 T11 T21 c. Ti1 c. Tkl

2 T12 | T2 .. T2 | --. T2

j L1y Loj e Tij e Llj

n Tin | Ton | - - : ce Tkn

eCTh CyMMapHasi JUCTepcus (U paccesiHue BHYTPH BHIGOD-
K1), a

1 k 1 n 1 k n 2
2 - —_— . — ¢ e — .
f= 3 (z kzz) ,
=1 j=1 i=1 j=1
eCTh JMCIEPCHs MeK/y BBIOOpKaMU (T.e. CyMMa KBa/IpaToB

OTKJIOHEHUH CPEJHUX 10 BBIGOPKE OT CPEIHET0 0ObeIMHEH-
HOIi BBIGODKH).

e JloKaykeM TOXKJIECTBO (c643b ducnepcut 00sedunernol
6ul00pKky ¢ ducnepcuett sHympu odnoti 8ulbOpKU U C
ducnepcuets mescdy subopKaMu):

9 1
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,HIIH J0Ka3aTeJIbCTBa U B METOAUYCCKHUX METAX PaCIIM-

1eM BblpazkeHus s2, s3, s4:
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1

n

1

n

k

)9 I ) 9

i

2
k

2
ZEZ‘]‘>

>

J

k
=1

—1 j

1y

TaKuM 00pa30M, HY2KHO JOKa3aTh, YTO

PackpbiBasg ckOOKH, MOTydUM
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k n

B k(n—1) 9
"~ k(n—1)(nk—1) ;jzl%
_ k(n—1) zk: zn:a: 2
nk(n —1)(nk — 1) < = i

n(k — nk:—l i<ixﬂ>2

=1

nk(k —k1;(71m —1) (i i %) 2,

=1 j=1

9TO 1 TpebOBAJIOCH JOKA3ATh.

OTMeTHM TakzKe, 9To Bemnduny s° - (nk — 1) HazpBAIOT
obweti cymmoti, Bemuuny s% - (k — 1) — daxmopnoti
CYMMOT, & UX PA3HOCTDb — 0CMAMOYHOT CYMMOU.

[Iposepka BiausiHus paxropa A HA U3MEHEHWE CPEIHUX
CBOJIUTCS K CPAaBHEHHIO JIBYX Jicriepcuil, s u si. Biusuue
dakTopa A mpusHAETCS 3HAYUMBIM, €CJIM 3HAYUMO OTHOTIIE-
nue s%/s3. OrHOmIeHUE $2 /52 MPU3HACTCH 3HATUMBIM C JIO-
BEPUTEHLHON BEPOATHOCTBIO Y, €CIU

A S (k- 1,k(n - 1)),

rne F,(k —1,k(n — 1)) — y-xBantmwib (wm o = (1 — 7)-
nponenTHas Todka) F(ki, k) pacupenenenus Qumrepa c
k1 = (k—1),ky = k(n — 1) crenenstmu ¢cBOOOJIBI.
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12 KoppedaiiuoHHbI aHAJN3

KoppensanuonHbril aHAII3 MPeINoIaraeT n3ydeHne 3aBu-
CAMOCTH MEZKJY CIyYalHBIMA BeJUYUHAMHU C OTHOBPEMEH-
HOI KOJMYECTBEHHOHN OIEHKON CTeleHU HeCJIy4YallHOCTH uX
COBMECTHOIO M3MeHeHwusl, |8].

3aBUCHMOCTD MEKIy CJAYYAfHBIME BeanduHamMu X u
Y xapakrepusyercs koadduyuenmom Koppesayul, TOTHOE
3HAYCHUE KOTOPOT'O €CTh

MI(X = ma) - (Y —my)]
DIX]-Dy]

p:

Kosddumnment kKoppeasannu moKa3bBaeT, HACKOIbKO 3a-
BUCUMOCTDb M€Ky cjrydaiinbiMu BejimaunHamu X u Y GjiM3Ka
K crporo JjmHeiinoi. Ecim X n Y mmeror HopmaibHOE pac-
npejeaenust, 7o p = (0 419 HUX O3HAYAET OTCYTCTBHE JIMHET-
HOli ¢Bsi3u. PaBeHcTBO |p| = 1 03HAYAeT HATWYHE CTPOTOIl
JAHENHON CBA3M.

12.1 Omnenka ko3 duiimenTa KOppeadanumn

B caydae paboThl ¢ peanbHBIMU JAHHBIME JIJIA IBYX CJIY-
gaiiabx Beauand X = {1, 2o, ..., 2, 0 Y = {y1,y2, ..., Yn}
6ul00pouHLLlL KoopPuruenm koppessyuu v = q = p* (upu-
BOJIATCS pa3jnvdHbie 0003HadYeHUsT KO3IPuiumenTa Koppeis-
I, BCTpeYaeMble B JIHTEPATYPE) eCTh

n
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e
1 I
T = o ;1 Tiy Y = " ;1 Yi-

Ecau r = 0, o X u Y He KoppeaupoBaHHbIe (HO MOTYT
OeiTh 3aBucuMbie). Eciu |r| = 1, To mexay X u Y cyie-
CTBYET 3aBUCUMOCTDL B BU/EC HpHMOﬁ:HpOHOpHHOHaﬂbHOCTH.

[Ipu majiom obbeme BoibOpku, n < 15, Koapdunment
KODPEJIAIIN JIydiie oleHnBaTh 1o dbopmye, [8]:

1—12

f:r.b+igj5

[Ipu 6oabmoMm obbeMe BbIOOPKH, N > 200, BEIOOPOUHBII
KO3 pUIMEHT KOPPEJISIIUU ' UMeeT HOPMaJIbHOE Paclpe/ie-

JICHHEe

2
r~ N(m,,o?),

9 1—r?

m, =r,0, = .
n—1

12.2 HWccaenoBaHue 3HAYUMOCTU KOppeJid-
11070/

Ha npakTuke HanOOIBIIYIO BaXKHOCTH TIPEICTABISIET 3a-
Jlada MCCJIeIOBAHUS] 3HAYUMOCTU KOPPEJISIIH, T.€. UCCJIe/Iy-
€TCs, HACKOJBKO CUJIBHO KO3I(P(UIMEHT KOPPEJSIuu OT/IU-
JeH oT Hysd. /lurda 970l nenu BeIYuCIgeTCd BBIOOPOYHOE 3HA~
qeHne KO3 PUINeHTa KOPPEJISIUT " U CPAaBHUBAETCS ¢ Tab-
JIMIHBIM KPUTHICKHM 3HaderneM 7., (Tabmuma (23)).

st BeIOOpKM 60J1b1110T0 00beMa, n > 200, KpuTudeckoe
3HaYeHne KO3 uImenTa Koppesaiui XOPOoIo annpoOKCHMU-
pyercs u,-KBaHTH/IEM HOPMAIbHOTO pactpesenenus (Tabrm-

ma (14)):
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Tabanma 23:

Hexomopuie kxpumuveckue 3HaMenUA T, 6b100PO4H020
Koappuyuenma KoppessuuL

Komnuectso | v=0.90 | v =0.95 | v = 0.99
9JIEMEHTORB
BBIOOpPKH
n=3 0.998 0.997 1.000
n =10 0.549 0.632 0.765
n =15 0.441 0.514 0.641
n = 20 0.378 0.444 0.561

Paccmorpum npumep omnpejeseHns 3HAYUMOCTH KOppe-
JIAHOHHOI 3aBUCHMOCTH MeXKy ABYMs BeIOODKamu, [8].

e B pesyabrare nabsiojgenuit Ha i CJydaiiHbIMKE BEJIUYUM-
Hamu X u Y 1mojiydena COBOKYIMHOCTD JaHHBIX u3 10-Tu
9JIEMEHTOB JIJTsl KazK 0¥ cayvaiinoil Besmannbl (Tabom-

ma (24)).
Heobxo1uMo 1poBepuTh, €CTh JIM KOPPEJTAsS MexKLy
X nY ¢ goBeputesibHOR BepodTHOCTHIO ¥ = (.95

Juist pelreHnst HAXOIUM XapaKTePUCTUKHA BBIOOPOK:
1 10 10
r = — . = L 2 f—
T=1 z;x —=8.2, Z;(x’ 7)% = 405.6,
1= 1=

10 10
1
j= — ;= 16.0 ; — )% = 1422.0,
i=15 ;y : ;(y 7)

10

Z(%‘ —I) - (y; — ) = 723.0.

=1
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Tabanmna 24:

Cayuatinve sesusunn, X u 'Y, uccaedyemvie Ha
KOPPEAAUUOHHYIO 3GEUCUMOCTND

X

20141 7 3]11]14]15]21] 4

716411 |2]21|31|23]4015

Jastee noydaeMm oneHKH KO3 MUIHEHTA KOPPEIaIun

S @i — ) (5= 0)
S = > (=5
723

= —— = 0.952.
V405.6 - 1422
Ncnonb3ys npubnzKeHnyio OmeHKy, Jy4IIyio Jad Ma-
JIBIX BBIOOPOK

1—1r? 1 — 0.9522
P |l ——— | =0952- [ 1+——""" ) =0.958.
’ T[+2<n—3>] (* 2.7 )

Ucnomp3ys U, -KBaHTHIb HOPMAIBHOTO PACIPeIeTeHI
(Ta6nuna (14)), npumerum GOPMYITY J1JIsT OIEHKH KPH-
THYECKOrO 3HaYeHUs KO3(DDUIEEHTa KOPPETAUH s
00JIbIINX BLIOOPOK

1 1.96
Ty =T0.95 = Uy = —— = 0.653.
vn—1 3




Ecmu ydecth, uTO paccMaTpuBaeMasi BHIOOPKA MaJia
(n = 10), To
T0.95 = 0.632.

[Mocreanee 3HAYEHHE MOYKHO HOJYYHTH M3 TaOJIUIIBI
TOYHBIX KpUTHYecKnX 3uadenuit 7, ([8], Tabmuma (23)).

B awbom cayuae, 7 = 0.958 > 0.653, m koppeJis-
A IPA3HACTCA 3HAYUMOU C JIOBEPUTEJIBHONW BEPOAT-
Hoctbio v = 0.95.

12.3 IloHdaTMe KPpUBOJMHENHON KOPPEJIaIumn

g KommdecTBeHHON OIeHKH HeJIMHEHHON CBSI3H BBOIAT
HOBBIE XapaKTePUCTUKH, MeHsgomuecs ot 0 o 1:

® 1)y, — BLIOOPOYHOE KOPPE/IAIMOHHOE OTHOIIEHUE CJIy-
JaiiHoil BeIn4IuHLL Y K X

® 1), — BBIDOPOYHOE KOPPEIANMOHHOE OTHOIIEHHE CJIy-
yaiinoil Besimuudbl X K Y.

PaccMmoTpumM, 1715 ONpeieIeHHOCTH, BeIUIHHY 1) = 1)y, =

O-gz/a-y7 Fﬂe
Z N Yz — y)2
ng = n

5 \/Zny(y—y)z

€CTh MEXKI'PYIIIOBOE CPEeNHEKBaIPATUYECKOe OTKJOHEHHE N
001TIee CpeTHeKBa/IPATHIECKOe OTKJIOHEHNEe, COOTBETCTBEHHO.
Bemwuanna n = ng+n,, 9, €CTh yCJIOBHOE CpeJIHEe CIydaiiHOR
BeJIMUMHBI Y. BenuvunHa y ecThb 3J1eMeHT BBIOODKHU, W CYMMBI
3aIMCBHIBAIOTCS TI0 BCeM deMeHTaM. KomdaecTBo 371eMeHTOB

Y

a1 X uY ecrb ng U ny, COOTBETCTBEHHO.
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Ecmu 1 = 0, To KOppeTAIuOHHON 3aBUCUMOCTHT HeT. [leii-
CTBUTEJILHO, B 9TOM CJydae Me:KI'PYIIOoBas JUCIIEPCUsT PaB-
Ha 0, 9TO O3HAYaET, YTO MPU BCEX 3HAUEHUAX X YCJIOBHBIE
CpeJiiue COXPAHLdIOT IMOCTOSHHOe 3HadeHue. /Ipyrumu cioBa-
MH, YCJIOBHOE CpejiHee He 3aBUCUT OT X .

Ecou n = 1, To ecTh dpynknmonanbuasg 3aBucuMocThb. Ha-
HPUMED, NAPAOOAUNECKAS KOPPEAAUUS 6TOP020 NOPAIKG

Jo = ax® +bx + ¢
WIH NAPaOOAUNECKAA KOPPEAAUUA MPEMBE2O NOPAIKG
Uy = ax® + ba® + cx + d.

CooTBeTCTBYIOIIIE TTAPAMETPHI HAXOISITCS METOTAMA Pe-
IPECCUOHHOIO aHAJIN3A.

Haxkowner, eciu BbI60poTHOE KOPPETSIIUOHHOE OTHOITIIEHNE
paBHO MO0 KO3bduImenTa JuHeiHON Koppeasnuu (Ko-
TOpPOe HeOOXOJUMO TIPEJIBAPUTEIHHO BHIUUCIUTH), TO UMeeT
MeCTO TO4YHad JAUHelHad Koppe/duud, napaMerpbl KOTOpoi
HAXOAATCA MeTOJaMU JIMHEHHOIO0 PerpecCUOHHOr0 aHaJIU3a.
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13 PerpeccuoHHblii aHAJIN3

MeToabl AUCTEPCHOHHOTO W KOPPEIAIMOHHOTO aHATIN3a
MO3BOJISIOT OMPEIeINTh, €CTh JIH CBA3b MeXKJIy CIyJailHbI-
MU BEJTUYWMHAMH, W TO3BOJISIOT ONEHUTH CHJIY ITOW CBS3M.
Tenepb HEOOXOAUMO yMeTb OIPeIeadTh KOHKPETHBIH BUJL
(PYHKIIMOHATBHON 3aBUCUMOCTH MEXKIY CJIyIailHbIMU BeJIH-
YUHAMI — B 9TOM W 3aKJ/II0YAETCs 3a/a49a PEerpecCHOHHOrO
aHAJIN3a.

[lycTh umccaemyeTcss CBA3b MeXKJIY JABYMs CIYIalHBIMU
BbIOOpPKaMU

X =A{z1,29,...;x,}u Y ={y1,9,...,Yn}

Peepeccueti y no x Ha3biBaeTcsd 3aBHCHMOCTH CPETHUX
3HAYEHUH Caydafinoil BeInduHbI Y OT CpeaHuX 3HadYeHUi
caydaitnoit Besmauabl X. MeTobl HAX0XK/I€HHUS 9TOH 3aBU-
CUMOCTH 1 O6H3aTeﬂbeIe OIEHKH CTATHCTHUYECKUX CBOICTB
9TOU 3aBUCUMOCTH — 33J1a9a Pe2PECCUOHHO20 GHANU3GE.

[Io BBIGOPOYHBIM JAHHBIM MOXKHO, OYEBHIHO, HAUTHU
TOJILKO OIIEHKY MCTHHOHN perpeccuu, Koropas OyIeT coaep-
JKaTh OIMMOKU, CBA3AHHBIE CO CJAYYalHOCTHIO U OIPDAHUYECH-
HOCTBIO BBIOOPKHU. B OCHOBE perpecCHOHHOIO aHAIN3a JIEKHT
memod naumenvwur keadpamos (MHK). Cormacao MHK, B
KavyecTBe ypaBHeHust perpeccun y = f(z) Boibupaercs GyHK-
s, KOTOpasg JaeT MUHEMYM CYMMe KBaJIpaTOB pa3HocTeit

5= 2_) i~ f)]

OrMernm, 9T0 MUHUMHA3AIHST CYMMbI KBaJIPATOB PA3HO-
creit (k koropoit npusogaT MHK u MMII) umeer mecto B
TOM CJIyuae, €CJIM 9TH PA3HOCTH UMEIOT HOPMAJLHOE PACIPe-
nenenne. Ograko ecan €; = y; — f(x;) nomauHAOTCS APY-
rOMY PAaCIpe/e/IeHuI0, TO MUHUMU3UPYETCst He S, a Apyroii
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dyuximonas. Tak, eciu pa3HOCTH UMEIOT JBYCTOPOHHEE IKC-
TOHEHIIMAJIbHOE paclipejiejieHue W He3aBUCUMBI, T.€.

f(éi):i'exp{—ﬂ}

20 o
(CpaBHI/ITe ¢ HOPMAJbHBIM pacIpeieaeHueM

0= o ven{ - 55

TO CJe/lyeT MUHUMHA3UPOBATH CYMMY MOJyJeit

5-3
=1

B nmanpmeitiiem OymeM paccMaTpHBATh HOPMAJBHO pac-
npejieleHHble pa3HocTu. Kak npasuiio, odmuit Bu byHKIINNA
f(x) oupenensiercs 3apanee, a ¢ nomoribio MHK ompeessi-
1orcsa koaddunnentsr Gyakuun f(z), MuEnME3EDYONTHE S.
KosmmaecTBenHas Mepa paccestHusi 3HAYEHUIT 1); BOKPYT pe-
rpeccun f(x) — 910 MUCHEpCHS:

Dznikg[%—f@)r’

rjae k — 9ucsio KodppuinueHToB, BXOAAININX B aHATUTTICCKOE
BBIpazKeHue perpeccun (Hampumep, ecan f(z) — MHOrOUYICH
crenenu m, 10 k =m + 1).

B szaBucumoctu ot Buma dbyHKuE f() pazaudanT Au-
HeTHYI0 pezpeccuo:

yi — f(23)].

fzx)=a+b-z
U HEAUNETHYI0 Pe2pecculo:

f(xy=ao+a-v+ay-2*+....
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B zagavax menmue#inoili perpeccum YacToO HCHOMIL3YIOT
Pa3HOTO pojia JIHHeapu3yolye npeobpa3oBanus (Hampumep,
3aMeHy mepemMeHHbIX). [Ipn HeBo3MOKHOCTH Win HedhheK-
THUBHOCTH JIMHEAPHUBAIMH PErPecCHsd CTPOUTCHA C IIOMOIILIO
MHOT'OYJICHOB CIIEIUAJIBLHOIO BHJA — OPTOTOHAJIBHBIX IOJIH-
HOMOB (HAIpuMep, HOJIUHOMOB YeOhIéBa).

o Obwas crema NOCMPOeHUs MUHETHOT peepeccuu:

1.

BaaHue Onpeae/eHHON PerpecCHOHHON MOIeIn ¢
Hem3BecTHBIME KO3 durmentamn Buga f(x) =
a+b-z;

Haxoxnenne BeIOOpOYHOI OIEHKKM MCTHHHON pe-
Tpeccun Mo JaHHBIM

{xlax27 .o 7xn} u {y17y27 s 7yn}7

T.e. HAXOXKJIeHNe HEU3BECTHBIX K0P DUIINEHTOB a
u b meromom MHK u3 ycaoBust MuHuMymMa BbIpa-

wernst oo [y — f(%)f;

OreHKa CTAaTHCTUYECKOH 3HAYUMOCTH BBIOOPOU-
HOU PErpeccuu;

Haxoxxienue j1oBepuTe/IbHONO MHTEPBaJia BbIOO-
pouHOIl perpeccun (BKJIOYAONEro B cebs ¢ 3a-
JAHHOHN BEPOSITHOCTHIO UCTHHHYIO PETPECCHIO);

AHa/IM3 perpecCHOHHBIX OCTATKOB, UCCJIEI0BaAHUE
Ha HaJIU4YHe BHIOPOCOB.

13.1 IloctaHoBKa 3ajgauM JIMHEMHOTO pe-
I'PECCUOHHOT0 aHAJIN3a

Mogenb 3aBHCHUMOCTH JIBYX CJIYYalHBIX BBIOOPOK B JIU-
HEHHOM PErpecCUOHHOM AHAJIU3E —
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e o« U [ — ucTuHHbIe KO3 DUunenTs perpeccun. VX BbHI-
OopouHbIe OlleHKN Oy/1eM 0003Ha4YaTh @ u b COOTBETCTBEHHO.
YemoBue MUHEMYMA TIO v B 3 (DYHKITHOHAJIA,

S = Z xz)]Q

JlaeT CUCTeMY JIBYX yPaBHEHUIA:

%:Z?:lyi_Zi— (a+8-2;) =0,

g—gIZLyixi—Zi_ (a+B-2) x =0,

A3 KOTOPOH cjielyer CUCTeMa
nea+ B0 T =00 Y
ad i T+ By = v

Pe]l[eHI/Ie CHCTEMBI Ja€T HMCKOMBIC OICHKH HCHU3BECTHBIX
K03 dunueHTos:

nzx (Zm)

=1

Z yi — b Z T
i=1 i=1

n
JIms mpoBepKH NMPaBUJIBHOCTH BBLIUYHCICHUH MOXKHO HC-
TOJIb30BATh COOTHOTITEHUS:

a =

y=a+b-x,
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riue
B 1 n '7_1 n
T = o ;1 Tiz Y = " ;1 Yi-

Ba:kHoit 0cOOEHHOCTHIO PErpeCcCHOHHBIX ypPaBHEHUU SIB-
Jisiercst cieyionias. Perpeccust y no x: y = o+ (- © He K-
BUBAJIEHTHA, B O0IIIEM CIydae Perpeccuu & mo y: x = o +5*-y.

Eciu s,,s, — cpeJlHeKBaJipaTHYeCKIe OTKIOHEHHA CJIy-
JaUHBIX BeJn4dnH X, Y COOTBETCTBEHHO, T.e.

To perpeccun y = f(x) u x = ¢(y) MOXKHO 3aUCATH CJIEILY-
IOIIM 0Opa30M:

y=g+r-L-(a-2),
xzf—i—r-s—x-(y—g),
Sy

rjie 7 — BBIOOPOYHBIH KO3 DUIIMEHT KOPPEJISAIIH.

Perpeccun y 1mo x m = 1o y COBHIAJAIOT TOJBKO B OJI-
HOM CJIydae, KOT/Ja CYIIEeCTBYET KOPPEJAIUsS MEeXKIy Yy U T
¢ Ko3hhunueHToM KOppeIsaiui, 0 MOIY/II0 TOYHO PABHBIM
eaunuiie. Ecyim r = 0, TO npsgMble perpeccuu y 10 T U T
II0 Y TePIeHANKYIAPHBL APYT APYTY u Toraa 3 = 1 - 5,/S,,
B* =1 5,/5y.

Eciu s, = s, T0 K0o3dduiuenTs Koppeasaiul 1 perpec-
CHHU COBHIAJIAIOT.

Paccmorpum crarucrudeckuit anaan3 HallIeHHBIX OIEHOK
K03 puimenToB a u b TuHERHON perpeccumu.
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13.2 CraTrucTudecKnii aHAJIN3 MapaMeTpPOB
JIMHETHON perpeccuun

g Toro, 4Tobbl JinHelHAas MOJIe/Ib OKa3aJ/1ach Y/I0BJie-
TBOpHTeJIbHOﬁ AJ1d OIMMUCaAHUA 3aBUCUMOCTH ABYX CﬂyqaﬁHbIX
BEJIMYUH X U Y, IPEXKE BCETO HEOOXOIMMO MPOBEPUTH, HE Pa-
BeH i Kodddunuent [ HyJI0, T.e. HY2KHO ITPOBEPUTH 3HA-
YUMOCTH €r0 OTKJIOHEHUs OT HyJisl (B IIPOTUBHOM CJIyYae pa-
BEHCTBO HYJIIO KO3(DpuUIilmeHTa 1pu & 03Ha4aer, 4To MOJEJIb
JUHEHHON perpeccun He HO,ZLXO,ZLI/IT).

J11s1 TpoBepKM 3HAYMMOCTH OTKJIOHEHHSI [ OT HYJIs WC-
MOJIB3YeTCs CTATUCTUKA t-pactpelenenns CTbioleHTa. 3HA-
JeHue [ dBJIAeTCS 3HAYUMBIM C JOBEPUTETbHON BePOSTHO-
cThio ¥ (MpoleHTHO# Toukoit av = 1 — ), ecan

1
bl > tnoy s =T"" (n - ’%) " 5B

JloBepurenbHbI WHTEPBAJI C JIOBEPUTEIBHON BEPOSITHO-
CTBIO 7 JIJII HCTUHHOTO Kodddunuenta [ ompeneasdercs Kak
(em. Tabaumy (15))

1 1
b—sg-1T" (n 2, —;7><ﬁ<b+35-Tl<n— ,%),

rjie

”ZL% ZxZZy,

=1

3ech ducao creneneit CBO60;LBI l-pacupesesleHusl ecTh
n — 2, TMOCKOJIbKY OIEHUBAIOTCS JIBA HEU3BECTHBLIX KO3 Du-

nuenTa. HaJtee,
S

Sg= ————,
g Sy-vn—1
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2
5= ——:85
(5" = —-9)
3mech S — cymMMa KBaJpaTOB HEBS30K.

n

1 _
Si:n_lz(xi_w)Q’

i=1

n
_ 1
n -
=1

AHaJIOTUYIHO TIPEIBITYIIEMY, TOBEPUTEIBHBI HHTEPBAJ C
JTOBEPUTEIBHON BEPOITHOCTHIO Y /IS HCTHHHOTO KO3 dHUIu-
enta « (He myraiiTe obo3HaueHue KodpduimenTa n 0603HA-
YCcHUe HpOHeHTHOIU/I TO"IKI/I) olpejgesidercd Kak

1 1
a—sa~T’1<n— ,%) <a<a+sa-T1<n—2,¥),
rjie

1 z?
Sq =5

ﬁ+(n—1)~5§'

J10BOJIBHO TPOMO3IKHUIT BHIBOJ, BBIDAYKEHUH I S, W Sg
OCHOBaH Ha TpeDOBAHUU, ITOOBI
b—p a— «

~ T(t,_
55 ( 2#) n 5

~ T<tn72,'y)

U TPOBOJUTCS C TMOMOIIBIO TPEJICTABIEHUS PacCTpe eTeHnsd
CThro/tleHTa KAK OTHOIIEHUS] HOPMAJTHLHOTO PACIIPE/IETCHUST K
KBaIPATHOMY KOPHIO 13 Y 2-paciupeieneHus. JpyruMm cJao-
BaMU, IIyTeM JeJieHrusl Ha CpeJIHEKBaJIPpaTUIecKoe OTKJIOHEe-
HUE OIleHKM ITapaMeTpa JIMHEHHOU perpeccuu B HUCJIUTETE
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Tabanma 25:
IIpedcmasaenue 3akona pacnpedesenus cayuatinoli

BEAUNUHDL 6 8Ude MADAUYBL — CMAMUCTNUYECK020 PAIG
pacnpedenerus

X

12124128142 |591]6.8[81/9.2]10.1/11.0

yi | T | 12|17 | 24 | 20| 38 | 46 | 45 | 54 | 68

dopMmupyercsa BelwdmHA, 00J1a1aI0IIass HOPMAIbHBIM 3aKO-
HOM paclpeeneHus, a B 3HaMeHaTesae GpOPMUPYETCs BeIU-
qmuHa, obIaaomas pacupeenenuenm 4/ x2(n — 2), [12].

ITPUMEP Ilycrb 3ajaHa COBOKYIHOCTD jaHubIX (Tas-
mura (25)). Tpebyercss oneHuTh TapaMerpbl JUHEHHON pe-
IPECCHH.

Jl 11 9TMX JAHHBIX HY2KHO HAHTH TOUYEUHYIO I HHTEPBAIb-
HYIO OIeHKH KOXPPUIMEHTOB o U 3 perpeccun y = a+ (- x.
[IpuaaTs goBepuTenbHYIO0 BeposaTHOCTh v = (0.95. Obo3Ha-
YUM /U1 KOMIAKTHOCTU BbIYUC/ICHUid Y ;. | = Zilgl =>.

Crava/ia BBIYUCJIUM TOYEUYHBIE OeHKN [ u «v. Jst

b nzxiyi_zxi 21%‘

BbIYHUCJIUM HGO6XOILHMBI€ CyMMbIl4Z

S = 61,7, (Zz)z — 3806.89:;

14TIpu o6paboTke peasbHBIX JAHHBIX [€pe] HAYajOM BbIMHACJICHHIT
PEKOMEHIYeTCsT HAMUCATH COOTBETCTBYIOIIME MPOCTHIE MPOTPAMMBI.
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D a? =486.99; > y; =340, xiy; = 2695.1.

Torna

10-2695.1 — 61.7 - 340
= =5.61
10 - 486.99 — 3806.89 50189,

> yi—b> w340 —5.6189-61.7
_ _ — —0.669.
n 10

[TocTpoum noBepuTesbHbIE HHTEDPBAIH Ast v 1 (3. [Ipe-
BAPUTETbHO BBIYUCIHM:

a

1

T=61Ts0 = —— 3 (1) = 1181125, = 3.4367.

. ) Op

Jlasee BBIYUCTIAM JTUCIIEPCHIO

9 1

§ :n_QZ(yi—Qi)2,

e
Ui =a+0b-x.

g nameii 3ama49n

y; = {6.074,12.816, 15.064, 22.930, 32.483, 37.540,

44.844,51.025,56.082,61.139}.
Torma

1 .
s? = 3 Z (yi — yi)Q = 13.4755.

= 0.3560,

1 z2
a=5 | =+ ———— = 2.485.
s s \/n+(n—1)-s§ 85
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st noBepurenbhoit BepositaocT 0.95 umeem (cm. Tab-
amy (15))
1+0.95
2

Eciin uckomoe Jinneitnoe npubsinkeHne BEPHO, TO KOIP-
dunuenTt b g0KeH ObITh, OYEBUIHO, 3HAYUMO OTJIHYEH OT
HYJIsA. DTO MPOBEPSETCS TaKyKe [-CTaTHCTHKOIA:

|b] = 5.6189 > T'(8,0.975) - s5 = 2.306 - 0.356 = 0.821.

to200 =T (102, ) =T(8.0.975) = 2306,

Mo>KHO TpOBEPHUTD, €CTh JIH OCHOBAHUS OKPYTJIATH KO-
duruent [ 10 5.

5.619 — 5.0| = 0.619 < T'(8,0.975) - s5 = 0.821.

[ToCcKOIbKY MO/LY/Ib PA3HOCTH MEHBIIE COOTBETCTBY IOIIE
t—CTaTI/ICTI/IKI/I7 TO Pa3HOCTb ABYX 3HAYEHUN HeoTaeJInuMa OT
uyas. Ciie10BaTeIbHO, MOXKHO IPUHSTH [ = 5.

Teneppb HaiiaeMm T0BEPHUTENbHBIA WHTEPBAI 1 :

5.619—2.306-0.356 = 4.800 < 5 < 6.462 = 5.619+2.306-0.356.

AHaJIOrmYHO HCcaenyeM OIMEHKH 171 KodppuImenTa o.
Cuauaja mpoBepuM, MOYKHO JIH ¢ XOPOIIeil TOYHOCThIO CUH-
TaTh 3TOT KOIPMOUIIMEHT PaBHBIM HYJIIO:

la] = 0.669 < T71(8,0.975) - 5, = 2.306 - 2.485 = 5.73.

HepaserncTBo BBINOTHSETCA, CAeA0BaTETbHO, Ha 3aJIaH-
HOM YPOBHE TOYHOCTH (¢ HEOTJIHYUMa OT HyJIA. /[BycTOpOH-
HUII JOBEPUTEJIbHBIN UHTEPBAI JJI (U

—0.669—-2.306-2.485 = —6.399 < a < 5.062 = —0.669+-2.306-2.485.

OxoHYaTeIBHO MOJIydaeM, 9TO C JI0BEPUTETHHON BEPOSIT-
HOCTRIO ¥ = (.95 ypaBHEHUE perpeccuu ecTh

y=25-1.
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13.3 KosaddunueHr nerepMuHaIIn

[Ipu mepBHYHOM aHaIW3e JAHHBIX OJHON W3 TMOJIE3HBIX
XapaKTePUCTHK TOYHOCTH H0A00pa perpeccuu sapidercd R2-
CTATUCTHUKA, B KOTOPOI BBIYUCAETCA Koadpuruenm demep-
MUHAUUL

Z(?Ji —5)?
i=1

DT0T KO3 PUIMEHT MOKA3BIBAECT MePY BKJIa A Perpeccun
B 00ITIee OTKJIOHEHHE OT CPEJIHETO M BHIPAXKaeT KOPPEIAIUIO
MexKy Y u ero perpeccueit Y. s smHeitHOI perpeccuu Be-
smanna (R?-100%) nokasbiBaer, CKOJILKO IPOLEHTOB 0611ero
OTKJIOHEHHUsI OT CPEIHEr0 OObSCHSIETCS CAMUM ypPaBHEHUEM
perpeccun y = a + bx. @opmysia s pacyera Kodhdurmen-
Ta JIeTepMUHAIMHA €CTh

2 <Zl‘zyz_%lezyz>2 .
(S (X)) (X2 - ()

Kpowme Toro, 31oT K03hGHUIMmUenT MOKHO BEIYUCUTD CJle-
JIVIOIIHM 00Pa30M:

R2 _ VlF
VlF + 1/27
rie vy = L,y = n — 1 (I — 9ucao mapamerpos, T.e. Jisl

JuHelHo# perpeccuu | = 2), a F' — pacueTHasi CTATHCTHKA
pacupenenenuss Puinepa, KOTopasd BBIYHCISIETCS 10 (hopMy-

F= <Zx1yl—%zxzzyz> '(”—2)'
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(et () (= (Zw)) = (-
sy

u cpaBHEHBaeTcs ¢ tabamunoit F(vy,1n) = F(l,n — 2) =
(tn_2)%. Tak, ecim

F>4-F(1,n—-2),

TO JIMHEWHAas Perpeccusi MOxKeT ONUCHIBATH JaHHblie. /lajiee,
BRIUHCTSAS R2, ompesenseM KOIMIECTBO MPOINEHTOB ODINero
OTKJIOHEHHsI OT CPeIHEr0, KOTOpoe OObACHSIETCS perpeccueii.
Tak, JJisi JgaHHBIX, OpejcTaBieHHBIX B Tabmuue (24):
R? = 90.6%, naa ganaeix u3 Tabmansr (25): R? = 96.8%.

13.4 AmHaJju3 OoCTAaTKOB

Kparko paccMoTpuM BOIpoc 00 aHAJINA3€ OCTATKOB, IOJIY-
JaeMBbIX 110 PeTPECCUOHHOMY YPaBHEHUIO

€ = Yi — Ui Zeizo-

OcraTku cogep:xKaT HHGOPMAIUIO O TOM, TOYEMY OCTPO-
eHHad MOJEIb MOZKET IPOTUBOPEUYUTDH HAOIOICHHUM.
OcTaToK MOXKHO TpPeICTABUTH B BUIE CYMMBI CJIydaii-
HOM KOMIOHEHTBHI OCTATKOB W CUCTEMATUYICCKON KOMIOHEHTHI
OCTAaTKOB:
e = q + By,

opryeM
¢ = (i — 9;) — (M[Y;] — M[Y7])
B; = M[Y;] — M[Y;].
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Perpeccmonnast monens xoppexkmmua, ecmu B; = 0. Ina
KOPPEKTHON MOJIe/IM OCTATKH €CTh HaDJI0JaeMbie OInh-
KU, KOTOPBIE SIBJITIOTCS HE3ABUCUMBIMU, 00,18 aI0T HYJIEBBIM
CPeJIHUM, OJJMHAKOBBIMU JIUCIIEPCUSIMHU U IOTUUHAIOTCS HOD-
MaJbHOMY pacipejesienunio. Boobie ropops, npu odpaboTke
peaTbHBIX JTAHHBIX, MEXKIY OCTATKAMHU CYIIECTBYET 3aBUCHU-
MOCTB. YKaKeM JaIbHeHIIe Iy T UCC/Ie0BAHUS OCTATKOB:

e JCCJIeIOBAHNE HA HOPMAJbHOCTH DACIIPE/IeIeHNUS;

® UCCJIeJOBAHNE HA TMOCTOSHCTBO JUCIHEPCUU U B CIyYae
obHapY KEeHUs HEIIOCTOSTHCTBA, NCIIOJIb30BaHIE B MOJIe-
Ju B3Bemennoro MHK;

® JCCJieJOBaHUEe BJINAHUA BPEMEHH;

® UCCJIeJIOBAHIE 3aBUCHMOCTH OT CTEIeHN PerPeCCHOHHO-
ro TOJMHOMA (B CJIydae MOJHHOMHUAJIBHON Perpeccun).

13.5 OmeHKa OCTATOYHOI JAUCIEPCUU U
CpaBHEHUE JIByX JIMHEMHBIX perpeccui

PaccmorpuM mpumep cpaBHEHHS IBYX JIMHEHHBIX perpec-
CUi, B KOTOPBIA BKJIOYEH aHAJN3 OCTATOYHBIX JUCIEPCHUN.

[IycTs B pe3ysbrare ABYX HE3ABUCHMBIX JKCIEPUMEHTOB
nostydensl pesyabrarsl (n; = 10,ny = 6), ykasanubie B Ta0-
matax (26)-(27). IlposepuM, FBASIOTCS JH CTATHCTHICCKH
HEpa3JIMIUMbIMU JTHHEHHBIE PErPECCHOHHBIE MOJE/H, MOJTY-
yeHnble 110 0benM BuiGOpKaM. /loBepure/ibHas BEPOATHOCTD
v = 0.95.

[lepBoe, 9TO HY>KHO C/IeJIaTh, 3TO BBIIIUCATH PEIPECCHOH-
HBIe MOJIE/IH /i 00enX BoIOOpOK. Kak u pamnbiie, 11 yaob-
cTBa 0003HAYNM /I MePBOil BRIOOPKH

ni 10
=1 =1 1
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Tabaunmna 26:
Cmamucmuueckut pad pacnpedeserus 1z, Yi;

L1

214169 11]l16]17]20]25] 31

yii 9119 122]41({49 |61 |69 |83 |98 | 128
a JIj1s BTOPOil BIOOPKU

no 6

=1 i=1 2

Tornma g nepBoit BHIOOPKM:

D wy =141 3y, = 141
1

(th)z = 19881 Y a3, = 2789;
1

1
S g =579 i =57.9; > wuyi = 11361,

1 1
Kosddunuents perpeccun s 1mepBoii BBIOOPKH:

nlzﬂiz‘yi—zxizyi
. 1 1 1 _
nlzx?— (ZJ?Z)Q
1

1

by

1011361 — 141 - 579

= 3.992;
10 - 2789 — 19881 3-992;
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Tabanma 27:
Cmamucmuuveckut pad pacnpedeserus To;, Yo;

T2

12116121123 28 | 31

Yo | 04 | 68 | 87| 93 | 112 | 130

D ui—b)
1 1 579 — 3.992 - 141
a; = = = 1.613.
nq 10
Kpowme Toro, gajee moHa100UTCs BHIOOPOYHAS JTUCIIEPCU

OJIA T4t

1 2
le ny — 1 1 (xl 1'1)

S5, = 9.433.

AHaJlornYHbBIe BBIYMC/IEHUS IIPOBEIEM i BTOPOH BBI-
OOpKu:
E To; = 131; T9; = 21.83;
2

(Zx%)Q = 17161; Y a3, = 3115;
2

2

3 s = 5445 Gai = 90.667; Y waiys; = 12868.
2 2

Koadpdbunuenrsl perpeccun jijisi BTopoil BbIOOPKU:

nzzxzyz ZﬂcZy
(T

by =
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612868 — 131 - 544
 6-3115— 17161

i —b i
;y QEQ:x :544—3.888-131

%) 6

= 3.888;

= 5.78.

a9 =

Borbopounas aucnepcus s To;:

1 2
2 _ = _
Sz, = p— 52 (Zl'gl m2> = 50.967,

Szq = 7.139.

Tenepb BEIYUCIUM JUCTEPCUN PACCEHUS 3HAYCHUH 11; U
1J2; BOKPYT' CBOUX JIMHUNA perpecCcuu.

1 2
3%:n1_22<y1i_a1_b1'$1i> =

1

1 2
_ . — 1.613 — 3.992 - i):l. .
10_221:@1 613 — 3.992 - 1, 0.056
]_ 2
8§:n2_2;<y2i_a2_b2‘$2i) =
]_ 2
=5 (yzi—5.78—3.888'x22-> — 7.027.
2

Jlng Toro 4To0bl TPOBEPUTDH, HEPA3JIUYUMBI JIH PErPEc-
CHU, HAJIO TPOBEPUTH BHITIOJHEHHE TPeX YCAOBHi (npu 3a-
JTAHHON JOBEPUTEIHHON BEPOSITHOCTH):

1. 8% = 5% (paBEHCTBO OCTATOYHBIX JHCIEPCHii),
2. a; = aay,

3. by = bs.
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Cuavasia poBepsIeTcsl PABEHCTBO OCTATOYHBIX JTHCIIED-
cuit ¢ momonipio Kpurepus Pumiepa. Ecan

51
) < Fv(nl - 2,”2 - 2),

Sa

TO OCTaTO4YHbIC JUCIIEPCUU IIPU3HAIOTCA OJMHAKOBbIMU. ,ZLJIH

HAITel 3a1a9u
s;  10.056

s2 7.027
F,y(’l’l,l - 2,’]7,2 - 2) = F0.95(8, 4) = 6.04.

= 1.431,

[Ipu pabore ¢ Tabsmiei yaurbiBaem, 4910 ki = 8 coOT-
BeTcTBYeT Gosbmiedi muctepenn (s3 = 10.056), a ko = 4 co-
orBeTcTByeT MenbIeil aucnepcnu (s5 = 7.027). TTocKoIbKy
1.431 < 6.04, To ocTaTOYHbIC JUCHEPCUH S5 U S5 IPU3HAIOTCS
CTATUCTHYCCKU HEPA3TUIUMBIMU H, CJIEJIOBATEIHHO, MOMKHO
IePEeXOIUTh K CPpABHEHUIO KO MUIIHEHTOB PEerpecCHii.

Jlns cpaBHenus by u by MCIOJIB3YETCSA CTATUCTUKA tp:

by — by
tb = )
1 1

-1 & (-1 %

rIe

1 2
2 -
8%, = ﬁ g («le 171) )

1
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Ecan

I+~
~1
ty] <tpy =T (n1+n2— 5 )
TO CpaBHHBaeMble YIVIOBBIE KOI(DPHUIIMEHTH perpeccuii by u
by cUMTAIOTCS PABHBIMU M Jajee HY:KHO IepeXOoIuTh K CPaB-
HEHUIO KO3DDUIUEHTOB a1 U As.
Jlns narmeit 3aga4qu

o \/8 +10.056 +4-7.0271 _ 3,008,
12
3.992 — 3.888
t, = = 0.485.

3008 \/ gioms + 5o5towT

[To Tabsune (15) t-pacupenesnennst CThIOJEHTA HAXOJAUM
tio46-1095 = T~ '(12,0.975) = 2.179.

[Tockoabky 0.485 < 2.179, To k03 pummentsr by u by
NMPU3HAOTCA CTATUCTUYICCKU PaBHBIMU C ,ZLOBepI/ITeJIbHOI;‘I Be-
podatHOCThIO ¥ = (0.95.

Temeps mpoBepuM CTATHCTAYECKOE PABEHCTBO KO du-
[IIEHTOB (1 U do. IS MX CpaBHEHHSI UCIOJIb3YETCS CTATHU-
CTUKa

S
S

t, = ~
S
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rIe

j_ (nl—l)-s§1b1+(n2—1) 52262
(nl—l).s%—{—(nQ—l) 322 7
E:?Jl—%
$1—(i'2’
S =

. 1 N 1 < 1 N 1 )
=3 — — N T
(ni—1)-s2 +(na—1)-s2  (T1—T2)? \m1 1y
Bee ocTanbHbIE BETMIHHBI OBLIN ONMPEETCHBI BBIIIE.

g paccMaTpuBaeMoil 3a/1a47:

9-88.989 - 3.992 4 5 - 50.967 - 3.888

b= = 3.967;
9-88.989 + 5 - 50.967 ’
~ 57.9—-90.667
= ———— =42
b 14.1 — 21.83 39,
-
= 3.008 ! + ! ! + L)
- 9-88.989 +5-50.967  (14.1 — 21.83)* 10 6/
= 0.2212.
Crarucruxa t,:
b= 3.967 — 4.239 _ _193
0.2212

13 Tabmumsr (15) t-pacupeesenns, Kak yzxe ObLIO Haifi-
eHo, tia005 = 11 (12,0.975) = 2.179.

[Tockosbky | — 1.23] < 2.179, To KoahDUIUEHTH! a1 U ay
TaK:Ke TMPU3HAIOTCS CTATHCTHICCKH PABHBIMU C TOBEPHTE b~
HOIt BepodTHOCTHIO ¥ = (.95.

OxonuareibHO, 00€ perpeccun

y= fi(r) =1.613+3.992-x u y= fo(x)=>5.784+3.888z

NMPpU3HAIOTCA CTAaTUCTUYICCKH UICHTUYIHBIMU.
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13.6 IlosmmHOMMaJIbHAA perpeccus

ECJH/I JIMHENHBIE YpaBHEHUd perpecCuu 1njaoxo OIMuChbiBarOT
CTATUCTUYECKHUE JIAHHBIE, TO HEOOXOIUMO IIPUMEHATD JApPYyTHe,
OoJ1ee cJI0KHBIE MOJIesIH. B mepByIo odepeib, U3 0OIIEro BU-
J1a TIpeIIoaaraeMoil 3aBUCUMOCTH, JIeJIAeTCs MTONBITKA OTHIC-
KaTh JMHEeapu3yIee npeobpasoBanne (aHAJIOTHYHO TOMY,
KaK OBLIO MOKA33aHO HA TPUMEpPe MPHU PACCMOTPEHUHU YCIOB-
HBIX W HOPMAJIbHBIX ypaBHEHHWi). DTO ymaercs Hajeko He
BCerja — U KpoMe TOro, JiJid IIPUMEHEHHsST MEeTO0B perpeccu-
OHHOT'O aHAJIN3a, HEOOXOIUMO, YTOOBI (DYHKIIMST OT HOPMAJIhb-
HO pacupejeaeHtoi cjry4ailHol BeJIMYUHBl TAKXKE 0Ka3aJ/1aCh
HOPMAJIbHO PACIpeieseHHoil, [7].

Paccmorpum yHuUBepcaibHBIH MeTOJ MOCTPOEHUsT HEJIN-
HeliHO# perpeccur. BOABIIMHCTBO HEJIUHEHHBIX PEerpeccuoH-
HBIX Mojiesielf MOryT ObITh IpeJICTaBJIeHbl KaK JUHEHHbIe 110
HEU3BECTHBIM llapaMeTpaM:

y =y(r,{0:}) = O fo(r) + O1fi(z) + - + O, fr().

Baecr © = {x1,29,..., 20}, y = {Y1,Y2,...,Yn} — De-
3yJbTAThl HAOJIOJEHUN, JiJIsi KOTOPBIX WINETCd B 00IeM
caydae HeJWHEHHash PerpeccruoHHasi CBsa3b, Og, O1,...,0,
— HEeW3BeCTHBIE W TpeOYIoIe ONEHKH MapaMeTpPhl MOJIEH,
fo(x), fi(z),..., fr(z) — 3amanuble dyHkuun HAOTIOACHUIH
{xi}.

B gasbneiimem OyaeM paccMaTpuBarTbh pPa3/i0KeHUs
byukmun f(x) Toapko no nosmnomam®™® (B pan Teitiopa):

folx) =1, fi(z) =, fo(z) =2%,..., fr(z) = 2"

15Cymecrsyer MuOro BuIoB pasioxenuit dbynkmun f(x), mid Ko-
TOPBIX MPUMEHWM HUXKECJIEIYIOUMi (hOpPMATU3M, HATIPUMED, DPAa3JIO-
xkenue B pag @ypee, xorma fo(z) = 1/2, fi(x) = sinz, fo(z) =
COSZT, ..., for_1(x) = sinrz, fo.(x) = cosrz.
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[Ipu aTom
y=0p+ 6017+ Or® + -+ 0,1 (10)

OTMeTum, 4YTO €CJIM OrPaHHYUTHCA MEPBOH CTENEHBIO
no x (re. r = 1), W omeHWBATH UYETHIpe Napamerpa
(00, ©1,02,03), To npugeM K 3ajade, pazobpaHHON paHee
IPY PACCMOTPEHUH JIMHEAPH3AINN CUCTEMBI YCJIOBHBIX YPaB-
HEHHIA W COCTABJIEHHU CHCTEMBl HOPMAJIHHBIX YDABHEHHUIA.
Paziuare TOJIBKO B TOM, 4TO paccMaTpuBaeMast 37€Chb MO-
JIeJIb y7Ke oJMHOMUaIhHasd. B 060uX caydasx 1y HaxXoxK 1e-
HUS HEU3BECTHBIX ITAPAMETPOB MO UCIOJIb3YeTCsa MeTOI
HauMenbIux kKaaparos (MHK).

B obmiem caywae caygaitnas senwanna y;(i = 1,2,...,n)
MOKeT ObITh IPeJICTaB/JIeHa KaK

y; = O + 017, + 022 + -+ + 0,27 + ¢,

riae €; — omubKNu (HeBA3KM), MpecTaBsionme coboii (s
OIPEJIEJIEHHOCTH ) CJIyYaiiHble BeJIMIUHBI ¢ OJMHAKOBOI JIHC-
epcueii, XoTsd paciupeeaenie 3STUX OIMUO0K MOXKeT He OBbITh
HOpPMAJBLHBIM. Kak ¥ panblle, HeM3BECTHLIE INapaMeTpPhI
©p,01,...,0, Momesmnm OyaeM HCKATh MHUHHMHU3AIMER 110

9THUM IIepeMeHHbIM CYMMBI KBaJApPaTOB HGBH3OK161

n

2

S = E €;,
i=1

rIe
n

S:Z(yi—@o—@lxi—--~—@w:)2.

=1

163 nech u majiee, B cpaBHEHMH C paccMmarpuBaeMoil panee MHK-
CXeMO HAaXOXKIEHHs PelleHUs YCJIOBHBIX yPABHEHUM, 3HAKU «-» U «+»
Hepej, HeM3BECTHLIMY IIapaMeTpaMy BBOJATCA i ya00CTBa JajibHel-
IMTAX BBIYUCICHWH, HO BCe ©; TOMKHBI OBITH OJHOTO 3HAKA
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O6o3HaunM, KaK U paHbIIIe,

Heobxoaumoe ycjioBue MUHUMYMa €CTh

(%:_22<yi_@0—@1xi—..._@rx;«) -0
%Sl:_Qin(yi_G)o—@1xi—..._@rx;) —0

OTHu ypaBHEHHS, KaK U3BECTHO, MOYKHO MEPENNCATh B BU-
Jle HOpMAJIbHBIX yPaBHEHUil, KOTOpbIE JJIs JIAHHOTO CJIydasd
OyIyT UMeTb BUJI:

'n@o+@12xi+---+@r2x§:2yi

@oz.IL—F@lZl’?—F—F@TZ.T:—H :szyz

| ©0 D i + Oy a4+ O, =Y aly,;
BanuimeM pelnieHue B MaTpu4HO# opme.

BeesieM MaTpuily cHCTeMBI (KOTOpasi B PA3IMIHON JInTe-
paType HOCHT TaKzKe HA3BAHUS: OCHOBHAA, KOHCMPYKUUOH-
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HaA, CmpyYKmypHaal’):

1z 23 z
1 xo 22 xh
2 2
A= L
1z, 22 ... 2"

@T = (@07617@27 s 7@7”>7

T
€ = (61,62,...,€n).

B marpuunom obo3HaueHUN

n
S = E e?zeT-e:
i=1

— (y—40)" - (y— 46) = yTy — 207 ATy + OT AT AO.

Cornacao MHK nyx)kuo auddepeHIupoBaTh mocenee
PABEHCTBO 110 BCeM napamMerpaM ©; i IPUPABHATH PE3YJIbTAT
K HYJIO:

—2ATy + 247 A6 =0,

9dTO MO2KHO IIepellucaTb B BUIE
(ATA)O = ATy,

Pemmenne IocjgeaHero ypaBHeHnd €CTb.

1

0= (ATA) ATy (11)
"Ecau n = 7, To Takasg MaTPUIA HA3LIBAETCA MaTpulieil BaniepMon-
na
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13.6.1 OproroHajbHbI€ IOJUHOMBI U IIPEUMYIIle-
CTBa WX WCIIOJb30BaAHUS

Termeps paccMOTpUM YaCTHBIH CoTydail:
y =y(2,00,01) = Oy + O17.
Creaem 3aMeHy mepeMeHHO
§ =&z, Py, P1) = Do+ D1 (2 — T),

Ie, KaK W paHbIIe,

Paccmorpum 3HaunTe/IbHBIE TTPENMYIIECTBA TAKOH 3aMe-
Hbl IMepeMEeHHBbIX. AHAJOIHYHO HPEeIBIAYIIAM BBIBOIAM, B
MaTpuuHoit popme ypaBuenus MHK nmeror Bu

y = B+,
rJIe HOBasi KOHCTPYKIIMOHHAS MaTpuina B ecTb
1 x1—=2
B_ 1 x9—12
1l z,—=2

[ToCKOIBbKY TOJIYYeHHAST MOJIEJTh — JIMHEHHAsT (€C/TH TTOJI0-
x®uthb fo(z) =1, fi(xr) = — Z), 10 ee peieHne uMeeT BH/,
MOJTHOCTHIO aHATOTHIHBIH (11):

& = (B"B) ' BTy, (12)
rie
1 T — X
BTB:< 17 17... 1)‘ 1$2—f _
1 —T TX9—T ... Tp—=T : :
1 z,—2
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- (Z Iin_ ni Zz(iizg)g) B (g > (afz-o - w)2> '

Torma

(B7B) =

o 3

O6paTum BauManue, uTo MaTpuna BT B — nuaronaabuas,
M, CJIeJIOBATEIhHO, MOYKeT OBITh JIeTKO oOpalieHa 0e3 orm-
00K, BBI3BAHHBIX OKPYIJIEHHEM. DTO OCOOEHHO BaXKHO, KO-
I/1a HYZKHO TTPOBOJIUTD MOCJIEI0BATETBHYIO AMMTPOKCHMAINIO
dyukuun f(z) nosmHoMaMu Bce 6oJiee BBICOKOIO HOPSIIKA.
OcranoBumMcs Ha 3TOM MOMeHTe GoJiee OApoOHO. OOBITHBIH
oJiMHOM B 00ImeM ciydae umeer B (10):

Yy =00+ 0,7+ 60’ +-- + 0,2

Takas MoIeb IPHBOIAT K MATPUIIE

: 2 A rH
ATA _ Z':EZ Z:xz Z.xz ‘ sz : (13)

)DEIED DD DECALNIND oF

KOTOpas ILI0XO 00ycJ0B/eHa Mmpu OoJbimux r. [L1oxas ody-
CJIOBJIEHHOCTD MOZKET JaKe yXY/IIaThCs ¢ pocToM n. B nro-
re IIpu BBIYHUCJICHUU ATA MOT'YT BO3HHUKaTh 3HaQUUTEJIbHLIC
OmUOKU OKPYTJICHUA. DTO HPOUCXOIUT O CJICAYIOMIEeH IpH-
aune. [Ipeanosoxkum, Bee {x;} 3aKI09€Hbl B HHTEpBaJe oT
no 1. U nycrs MHOKecTBO n{x;} PABHOMEDPHO PACHIHPSIETCS
upu pocre n — oo. Torua

! n
Zx:%n/ x'dr =
0 r+1
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1, CIeJIOBATENbHO,

ATA ~
| 1/2 13 ... 1/r+1)
e 1/3 /4 o1+ |
Vr+1) 1/(r+2) 1/r+3) ... 1/@2r+1)
:nHr-i-b

rie H, — ruapbeproBa MaTpHIA paHTa P, KOTOpAs IJIOXO
obycnoBaena npu 6oabiux p, [11]. Yrober n3bexkarh TakKux
HeycroifunBocTeil perrenns, sMecto mogesnu (10) BBoguTCs
SKBHUBAJIEHTHAs el MO/IeJlb, 3allUCAHHAS B BH/E OPTOIOHAJb-
HbIX TIOJIMHOMOB:

£:£($7¢0,®1,,,.7¢T) =
= (I)o + (I)lGl(I) + @QGQ(QT) + -+ (I)TGT(ZE),
rae noauHoMsl G(z) = k](-o) + k:](-l)x + - F k;j_l)xj’l + 27
(u1st paccMOTPEHHOro BbIlie JimHedHOro caydas Gi(x) =

1,Go(z) = x — z). B obmem ciaygae koabdumneHTs

kj(»o),kj(»l), .. .,k](-jfl) ONPEJIEJISIIOTCA U3 CHCTeMBbI (MEeTo Op-

roronasu3anun ['pama-ITTvMumra)

(Y Golx) - Gy(;) =0,

> Gi(zi) - Gi(x) = 0,

(22 Gialwi) - Gy(i) = 0

3/71eCh, KaK U paHbIie, 0003HAYEHO
n

> =D

i=1
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Go(z) = 1.

CBOHCTBO OPTOrOHAJILHOCTH O3HAYALT, YTO

| Gst@Gntariz = o6 #m),

OTKYJIa CJIEJLYeT, YTO BCE HEeJIHArOHAIbHbIE 3JIeMEHThI MATPU-
sl BT B obpamaiorcsa B HOJb:

BTB =
> Go(x) > Go(:)Gi(zi) .. D0 Go(w:)Gr(s)
> Gi(zi)Go(z:) > Gi(x) oo 2 Ga(m) G ()

> Gr(xi)Go(zi) D2 Gr(2)Gi(xs) ... > G(xi)

S G () 0 0
0 0 o Y GA(x)

(r1)(r+1)

Ob6paiienue JuaroHaIbHOW MaTPHUIBI PUBOJUT K MEHb-
M omubkaM OKpyriaeHusi. Kpome Toro, B JuaroHabHOM
IIPeJICTABJICHIE TOPA3/0 Jierde CPaBHUBATDH AIPOKCHMAIIIHA
r 1 r+ 1 mopaaKa, NOCKOJIbKY TPeGYeTCs BBITUCIUTD TOJBKO
onui saeMent y G7 4 (z;).
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13.6.2 OpToronajabHbIle HOPMUPOBaHHbIE (OPTOHOP-
MaJIbHbIEe) MOJWHOMBI U IPEUMYLIECTBA WX
WCIIOJIb30BaHUS

Caenyiomnuii mar B 3ajade YIIPOIIEHUS AllPOKCHMAITN
— HCIOJb30BaHUE HE MPOCTO OPTOTOHAJBHBIX, HO HOPMUPO-
BAHHBIT OPMO20HANOHOLT NOAUHOMOE. JIJIg KPpaTKOCTH OPTO-
T'OHaJIbHBIEC HOPDMHPOBaHHBIE ITOJIMHOMBI HA3bIBAIOT OPMOHOP-
MUPOBAHHHLMY TITH OPMOHOPMAADHOLMU).

Bmecto metoma ['pama-IlIMmara wucmosb3yeTcss MeTON
QopcaiiTa, KOTOPHIH 3aKII09aeTCA B YCTAHOBIEHUH TTPOCTO-
I'0 PEKypPPEHTHOI'O COOTHOLICHUY MEZK/1y OPTOHOPMAJIbHBIMU
ITIOJIMHOMaMM BHJA:

[Tycrb paszsoxkenne dyHKIu f() MO OPTOHOPMATLHBIM
OJTMHOMAM HMEET BHJL:

f(l’) = WOQO<x> + lel(l’) +oo 4+ WTQT(I>‘ (14)

g Q;(x) BBITIOIHSETCS PEKYyPPEHTHOE COOTHOTIEHHE:

AQj(z) = 2Qj-1(7) — aQj1(x) — BQj (),

i€ IOCTOSTHHBIE (v U 3 ONPEeIAI0TCA U3 YPaBHEHU
_ 2
o= wi@j—l(%)a
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B= wQi 1 (2:)Q;s(w:).

[locTossHHAS A ompeienseTcs U3 YCIOBUS

[Mpumensss MHK-meton x Beipakenuto (14), nosydaem
dbopmyity, aHaTOrHYHY IO BbIpazKenuto (12):

-1
o= (BTB> BTy = BTy,

TOCKOJIBKY JIJIsT OPTOHOPMAThHBIX mosimuoMoB: ATA = 1.
Marpuna B ecTb:

Qo(fﬁ) Ql(fﬁ) Qr(fﬁ)
Qo(l’z) Q1($2) QT(I2)

Qo(zn) Qulzn) ... Qr(zn)
Pemenne obsamaeT TeM CBOMCTBOM, 9TO
D[{ZJJ] =D |iz %Q;(%)} = 0'2,
LOCKOJIbKY
D {Z yin(ffi)] = Z Q3 (2;)Dly;] = o” Z Q3 (x;) = 0°.

Bbraucius @;, 10/1y4aeM alnnpOKCHMAITOHHBIH TOJIHHOM
(14):

f(l’) = WOQO(x) =+ WlQl(‘r) + o+ wr@r(m) =
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= WQo(7) + W1Q1(7) + -+ + 0, Qr ().

Ocrarognasa CYMMa KBaApaTOB (HGBHSK& njinm OoCTraro4-
Had HOI‘peH_IHOCTb) Ipu alllpOKCUMaIIUU OPTOHOPMaJIBHBIMU
IIOJIMHOMaMH CTelleHu 7" €CTh

n r n 2
F= 3 -3 (Luew)
i=1 0 Mi=1

J=
a OCTaTOYHad JUCIICPCHUA

2

2 €

n—r—1

13.6.3 IIpaBusa BpIYHNCJIEHUsS OPTOHOPMAJIbHBIX IIO-
anHoMOB YebbiéBa Ha AuCKpeTHOM Habope
TOYEK

Nrak, kKoadppunueHTs pa3ioKeHusd w; Mo OPTOHOPMATb-
HbIM nonmHOMaM (i () ompenensiorest 3nadenusiMu {y;} u
MaTpune#l B, 3apucsineil TOJbLKO OT 3HAYeHHIl OPTOHOPMAJIb-
HBIX TOJMHOMOB Ha Hafope Touek x = {z;}. Takum 00-
pa3oM, 3a/1a4a IMOCTPOEHUd HEJIMHEUHOU perpecCuu CBOIAUT-
CdAd K TOMY, qTO6bI BbIYHUCJ/IUTDH 3HAYEHHUA OPTOHOPMAJIBHOI'O
[OJIMHOMA Ha 3aJaHHOM Habope Touek. CyliecTByeT MHOTO
pasHBIX OPTOHOPMAJIBHBIX HOJTMHOMOB. B KauecTBe npumepa
paceMorpuM oJuHOMBL Yebbimiéna, [13].

Oco0eHHOCThIO UCTOIB30BAHUS MOJTUHOMOB 1eObITIéBa
ABJIsIeTCsT TpebOBaHUE TOrO, YTOOBI BCe TOUKH & = {x; } Oblin
PABHOOMCIMOAULUMU.

CHavajsia pPacCMOTPUM CHCTEMY OPTOIOHAJIBHBIX, HO
HEHOPMHMPOBAHHBIX NMOJUHOMOB YeObiména. Ilycrh naHa cu-
creMa n + 1 paBmoorcTogmmux Touek r = {x;}(i =
0,1,2,...,n). C nomouipto juHeiiHOro npeobpasoBanus t =
(x — x9)/h mepeBemeM 3TH TOYKH COOTBETCTBEHHO B 1 =
0,1,2,...,n.
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Homunomst Py, (t), Pry(t),. .., Pon(t)(m < n) creneneit
0,..., M COOTBETCTBEHHO, OPTOTOHAJbHDIE HA MHOKECTBE TO-
qek {0,1,2,...,n} W OTIMIHBIE OT HYJs HA ITOM MHOKe-
CTBe, Ha3bIBAIOTCA 0PMO20HANLHUMU NoAUHOMAMY Hebbiué-
6a. llepsoiit nuyexc B Py, (t), k — cTenens mogmHoOMa, a BTO-
POt MHIEKC N — YUCJIO TOYEK, YMEHbIIEHHOE Ha eJMHUILY.

[Hosmmuombr Yebbimména 3aat0rcd (hopmyJioit:

k

S veus g
Pk,n(t) = ;(_1) Ck: k+s ° ma (15)
(k=0,1,2,...,m)
rae |
n!
(O —
" kl(n—k)
31ech BBEIEHO MOHSTHE 0000ULeHHOT cmeneHu:
[s] 1 1 t!
tW=¢tt—-1)...(t — =
(t-1). st D)= o
u
n!

n[s}:n(n—l)...(n—s—i—l)zm.

YKaxkeM, KaK MOXKeT ObITh MOJIYUeH YIOOHBIH I pere-

Hus npakTudeckux 3amad sug (15), [13]. ITomunom Yebobimé-
Ba €CTb, 10 OIIPEJIEIEHHIO, TAKOIl MHOTOY/IEH

Pk,n(t> =1+ blt + bgtm + bgtB] + .-+ bkt[k]7 (16)

qTOo
n

D (t+ 9 Pa(t) =0

=0
s s =0,1,2, ...k — 1. Ymuoxasa pasencrso (16) Ha (¢ +
8)[8], MOJLYYAM

(t 4 8)E Py p(t) = (t 4 8) + by (t 4 8)EH bt + 5)EHHL
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CymmupyeM moceHee Beipaykenue mo t ot t = 0 g0 t =

0=> (t+9)P,(t) =
t=0

n

((t + ) by (t + 5) T 4 bt + s)[”’f]) =

t=0
- (t+s[s+2b1t+ss+1]+ Zbkt+s[s+k]—
t=0 t=0
n+s+ 1)+ n+s+1[5+2]
_ | ! L
s+ 1 s+ 2
Ly, (s DR
Y st k+1l

[TocsteHEE PABEHCTBO MOXKHO JT0Ka3aTh 10 MHLYKITUH OT-
HOCUTEJILHO 1 U JIJIsT JIF0OOTO S.
3amMeTumM, 4TO

n n

S =3

t=0 t=0

(n+s+ D (n4s+1)

s+1  onl(s+1)

Hnsa n =0 u 11000r0 $ PAaBEHCTBO BEPHO:

o nl(s+1)

tzn;(HS)! (n+s+1)!

[IycTh mocemHee paBeHCTBO BEPHO JJId HEKOTOPOTO M.
lokazkeM, 9TO OHO BepHO W A4 n + 1:

g‘i(HS)!  (n+s+2)

—~ il (n+D)(s+ 1)
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HeitcTBUTEIBHO,

(s+1)!+(s+2)!+‘”+(s+n)!+(s+n+1)! _

S 2] ! (n+ 1)
C(nt+s+1)! (s+n+1)
nl(s+1) (n+1)!
n+s+1)! /m+1
_((Z+BR'(311+1>_
_(nts+ ) n4+s+2  (n+s+2)!
(n+1)! s+1 n+1)(s+1)

4TO 1 TPeboBaJIOChH I0KA3aTh 'S,

AHaJIOrIIHBEIM 00pa30M MOYKHO T0Ka3aTh, YTO

n

S byt 4 5) 1 = b, Ejb t4 5)tH
1(t+s) S+2 k( +8

(TL+S+ 1)[s+k+1]

=b
b s+k+1

HaJgee, pazneanm

(n+s+ 1)[5“1 (n+s+ 1)[S+2] o (n+s+ 1)[S+k+1}
k- =

st2 7 s+k+1
=0

s+1 !

18B yacrHoM cilydae, Ipu § = 2 HOJIy4aeM HM3BECTHOE BbIPAsKEeHUE
CYMMBI KBaJpaToB (n + 1) mebix aucer:

n(n+1)2n+1)
Z = 6 ’
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ma (n + s+ 1)k

1 bin bgnm bkn[k]

e ———— =0, 17
s+1—i_s+2+s—|—3+ +s+k—|—1 (17)

Broipaxkenue (17) upejcrasisier coboii rpyuily ypasHe-
HU oTHOCHTEeNBHO KO3 dunmenTos b;. I1x pemenns ectsb

_ J vk kg
b = (-1)'C; C; T
[TosyuuTsh 3TH perieHus MOYKHO CJEAYIONIM 00pPa3oM.
Hyzkuo mpusectu (17) x obieMy 3HaMeHATEIO, B Pe3yJib-
TaTe Yero B YUCIUTE/IE IOy IUTCH MHOTOYIEH, KOTOPBIN, HC-
xozs u3 (17), nomxen obpamarbest B0 npu s = 0,1, ..., k—1,
1 CJIe0BATEIBHO, 3TOT MHOTOYJICH JI0JIZKeH HMeTh BUJ, CONSt -
st Tasee, mocstiegoBaTeIbHO MOMAras S PABHBIM PA3IHTHBIM
OTPHUIATETbHBIM TUCTIAM, HAXOAUM Ty OCTOAHHYIO U BCe bj,
nojicTaBstst Koropsie B (16), moaywaem (15).
HecKo/IbKO TEepBLIX OPTOrOHAJBHBIX HOJTHHOMOB 1e6bI-
1IEBA €CTh:

Ponlt) = 1,
pln(t):1—2.%
(n>1)7
t t(t —1)
Pon(t)=1-6-—+6 e
(’I’LZZ),

Lt ) =2
Psn(t)=1-12 n+30 n(n — 1) 20 n— D=2
(n>3)7

190 bagy HE=D) L HE=D(E=2)
Pua(t) = 1220+ 490+ 05 = M0+ vt
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t(t—1)(t—2)(t—3)
n(n—1)(n —2)(n — 3)
(n>4).

+70 -

Bozspaimasich K npezxueil mepeMeHHo# ', MOy YUM CUCTe-
My IIOJIMHOMOB, OPTOrOHAJBHBIX Ha JUCKPETHOM MHOXKeCTBe

z = {m}:
Pk’n<x —hxo)

(k=0,1,...,m;m < n)

Cucrema nonunomoB { Py ()} He gBasercs HOPMHPO-
BaHHOU. [ToCcTPOMM COOTBETCTBYIONIYI0 HOPMUPOBAHHYIO CH-
cTeMy U TIOJIYYUM OPTOHOPMAJbHBIE TOJUHOMBI UeOhiména.
Oupenennm nopmy fiist { P ()} caeayrommm obpasom, [13]:

n ) [k?+l]

) s . (n+k+1
HPk,n(t)H :;Pk,n(l): (2]{:_'_1)'”[/&] :

[TocsiejiHee BhIparkeHue MOzKeT ObITh BBIBEJIEHO U3 yCJIO-
BHSI OPTOTOHAJIBHOCTU TIOJIMHOMOB ebbiméBa:

i Prn(@)Pen(i) =0, m#Ek

Pasznenus muorounenst Py, () Ha ©X HOPMBI, MOJTYYAM
OPTMOHOPMAADHYIO CUCTNEMY NOAUNOMOE Tebviuéea:

> Pkn()
Pen®) = T, 0

(k=0,1,2,3...,m;m < n).

IITIPUMEP PaccmorpuMm Ha KOHKPETHOM IpHMeEpe, KaK
CTPOHUTH OPTOHOPMAJIbHBIE TOJTHHOMBI YeObrmépa. [lycTh 3a-
JTaHa CHCTEMa TOYEK:

xg=1/2;201 = 1509 = 3/2; 03 = 2;04 = 5/2; x5 = 3.
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[TomyunM cucTeMy TOJIMHOMOB [0 TpeTheil CTemneHu
BKJIIOUUTEIbHO, OPTOHODMAJIBHYIO HA JIAHHON CHCTEME TO-
gek. OTMETHM, 9TO 9TO BO3MOXKHO CEIaTh, HOCKOJIBKY TOU-
KU 9KBUJUCTAHTHBI (PACCTOSTHUE MEXKJLY JIBYMsl JIIOOBIME CO-
CeJIHUMHU TOYKaMu ecTb h = 1/2).

J1jist pertienust 3a1a41 BBEJIEM 3aMeHy TlepeMeHHBIX:

r—zx9 x—1/2

t=——= e =2 (z—1/2),

Opu KOTOPOH BCe I; TEPexXomsdaT B IeJOYHCJIeHHBIE [ =
0,1,2,3,4,5. B obmieit bopmyJte

n S res 18]
Pen(t) =D (1) CiCiy
s=0 n
IpuUMeM N = 5, TOrJa
5 18]
Pys(t z; ~1)°CiCys ek

e k= 0,1,2,3, TOCKOJBKY 110 YCJOBHUIO UIIETCS AlIPOKCH-
MuUpyIomuil mojuHoM crerreHu m = 3. IIpoBegem Bwrumciie-
HUd JIJId BCeX YKa3aHHBIX k:

5 t[s]

Pos) =D (= 1)'GiCL - g = 1.

s=0

5
s tlel
P1,5(t>:Z(—1) CY ‘f+s-ﬁ:1—0.4-t,

5
S res 115l
Pys(t) =Y (-1)°Cs 2+S~@:1—1.2-t+0.3~t(t—1),

5 [s]

S s s l
Pis(t)=) (—-1)C; 3+8-@:1—2.4-t+1.5-t(t—1)—



—0.333 - t(t — 1)(t — 2).

Hopwmbr dyukuuit Py 5(t), tae k = 0,1,2,3, Berauciasem
o dopmyJie

O] REUELED)
" (2k—|— 1) nll
HPUE')(t H = \/67

7-6 14
HP1,5(t)H V35~ V5
8:-7-6 2
| Pos (1) || = 5 = g\/ﬁ,

Temeps pasieauM moauHOMBL Py 5(t) Ha UX HOPMBI U Iie-
peiimeM OoT mepeMeHHOM ¢ K HCXOAHOU ImepeMeHHOM x. TakuMm
00pa3oM, MOJIYyIUM UCKOMYIO OPTOHOPMAJIbHYIO CUCTEMY TI0-
JimHOMOB Hebbiénar

~ 1
P075(ZL') = —= = 0408,

V6
P s(z) = % (1 — 0.8 (z— 1/2)) = 0.837 — 0.478 -
Pys(z) = L(1—2.4-(x—1/2)+o.6.(x—1/2>(m—3/2)> _
2v/21
=1.446 — 1.964 - = + 0.327 - 22,
pgj(.’lf) ==

%(1 —48-(r—1/2)+3- (x —1/2)(x — 3/2)—
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—0.666 - (z — 1/2)(z — 3/2)(x — 5/2)) =
= 2571 — 5452 - x +2.235 - 2> — 0.248 - 2.

13.6.4 HaxoxxaeHne ypaBHEHUd PErPecCcuu ¢ IIOMO-
OIbI0 OPTOHOPMAJIBHBIX IIOJAMHOMOB 1eObI-
méBa M OIIPeAeJieHNE TMOPAaKa HeJWHEIHO-
CTU C 33JJaHHOU JOBEPUTETHbHOU BEPOATHO-
CTBHIO

Ecan dbyuknus y = f(x) 3agana Ha MHOXKeCTBe y3JI0B
x = {xg,21,...,2,} ¢ Warom h, TO HAMIYIIIHH (IO METOMY
MHK) anmpoKCuMUPYOIIUii TIOJAHOM HITETCST B BUJIE

. T ) r — I
= w Pk:,n( . ),
k=0

ryie KO3 DUIMUeHTh Wy, HA3BIBAIOTCH Koappuyuenmamu Dy-
poe GyHkImn f(2) OTHOCHTENBLHO CHCTEMbI OPTOTOHATBHBIX

nosmHoMoB Hebbimésa Py, ((x — x9)/h) (k=10,1,2,...,m):
Zyi - P
W =
HPM °

B gactHOCTH, ec/iu cucTeMa MOJIUHOMOB HE TOJTBKO OPTO-
roHaJIbHA, HO U OPTOHOPMAaJIbHA, TO

o - ~ xr— X
:Zwk'Pk,n( h 0)7
k=0

rae KOs OUImeHTh Wy, OMpeaesieMble BbIIe KaK 91eMEeHTHI
marpunsl BTy, ecTs:

Wy = Zyz + Prn(i)
i=0
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OcTraeTcst BOIPOC O CTATUCTHIECKOM KPUTEPHH BBHIOODA
CTEMeHH allpPOKCHMUPYIOMIEro MOJIHHOMA 1.

Ocrarounast aucrnepcust MpH AMIPOKCAMAINA OPTOHOD-
MaJIbHBIMH HOJHHOMaME 1eOBIIIéBa CTeIeHn 1M eCTh

v =D D wilinla)
. =0

2

2 j=0 \i=0
" n+1)—m-—1
Tak, ecnn
2
m+1
e b
Em

TO B Ka4eCTBE perpecCun INpuHUMaeTCd ITOJHUHOM CTEIleHn
m. 3HAYMMOCTDb OTJUYUS OCTATOYHBIX JIUCIEPCHH Ha KarK-
JIOM IIIare YBeJIMYCHHd CTEeNeHH HMOJUHOMA, J1AeTC KPUTePH-
eM Qumepa F,(n —m,n —m — 1). Tak, ecin

2
€
1
= >F(n+1)—2,(n+1)—2-1),
€
TO TOJIMHOM BTOPOii crenenu (m = 2) npeanodruresbHee
MOJIMHOMA TepBOil cTermeHn (T.e. KBaApaTHIHAsI DPErPecCHsl
peanovTHTebHee JuHelHHOoiT). Ecin
€
= >F(n+1)=3,(n+1)—3-1),
€3
TO HOJIMHOM TpeTheil cremenu (m = 3) HPeIIOYTHTE/bHEE
IIOJIMHOM& BTOPON CTEIIeHU.
[IpomnmocTpupyeM cKazaHHOE MPUMEPOM.
ITPUMERP llycth B pe3ysibraTe HAOJIIOMCHUIN Oy YCHBI
caeytorme mapsl {z;, y; }, cM. Tabaumy (28).
[lockosibky ;41 — x; = h = 2.1, BBejeM 3aMeHy nepe-
MEHHOIi:

rz—1.1
2.1
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Tabanma 28:

Jannvie nabarodenuti, s KOMOPLLT HYHCHO 8BLOPAMD
NOOTOOAWYI PEPECCUOHHYI MOOEAD

T 1.1‘ 3.2 ‘5‘3‘ 7.4‘ 9.5 ‘ 11.6 ‘ 13.7 ‘ 15.8 ‘ 17.9 ‘ 20.0

6.8 ‘ 1.86 ‘ ~15.6 ‘ —51.1 ‘ ~110.3 ‘ ~198.6 ‘ —321.8 ‘ —485.2

1.3 ‘ 4.75

Yi

HOCKOJIbe BC€ TOYKU OKBHUJAUCTAHTHBI, TTOCTPOUM Ha

muoxkecTBe TodeK {z;}(i = 1,2,...,10) cucremy opToro-
HAJBHBIX MOJUHOMOB YeObiméBa (n = 9, T.K. HyMeparus
IIOJIMHOMOB Ha4YMHACTCA C HYJIEBOI'O I/IH,ZLeKca):

P()’g(t) == 1,

t
P179<t):1—2'§,
t

t (t—1)
Pog(t) =1—6-~+6-
2.0(t) + 9.8 "

9
f tHt—1) tHt —1)(t — 2)
Psog(t)=1—-12- -4 30- —20-

P4,9(t):1—20-%+90-%—140-t<t_9.1;(.t7_2)
(t—1)(t—2)(t—3)
9-8-7-6 '

s mocTpoeHnsi OPTOHOPMAJIBHOM CHCTEMBI BBIYHCIAM

t
+70 -

COOTBETCTBYIOIIIHE HOPMBI:

| Pos(t)]| = V10,

11-10 110
HP1,9(75)H =V 39 ~\ 97
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12-11-10
1Pz (0) “V 598 \/
13-12-11-10
HPMH 2 —\/W

1Paot)]| = \/14-13-12-11-10 _ 75
9.9-8-7-6 81
OKOHYATEJbHO OPTOHOPMAJIbHAA CHCTEMa IOJHHOMOB
(1m0 4-ro mopsizika) UMeeT BHI:

Pyo(t) = 0.3162,

Py o(t) = 0.4954 — 0.1101 - ¢,
Pog(t) = 0.5222 — 0.3917 - t 4 0.0435 - £,
Pso(t) = 0.4534 — 0.8295 - t 4 0.2429 - > — 0.0180 - £3,
Pyo(t) = 0.3366—1.4024-1+0.7869-t> —0.1402->4+-0.0078 - t*.

OTmeTnM, 9TO 711 COOTIOAEHN ST HEOOXOINMON B KOHKPET-
HO#T 3aJ1a4e TOYHOCTH CJIeIYeT BBIINOJIHATD JAefiCTBUS ¢ Hppa-
IIMOHAJIHLHBIME BhIPAXKEHUAMH, OKPYIJIAS 0 HY?KHOT'O 3HAKA
TOJIBKO OKOHYATEJbHBIN pe3ybTaT. BeIaucImM OCcTaTOIHBIE
qucnepcnu st m = 1,2, 3,4 o dpopmyJie:

éyf Z;(Zy i 1)2
"= (n]—l—l)— —1 '

€ = 7511.5068,
€3 = 378.7319,
3 = 0.0007,
€2 = 0.0008.
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C yBeJINYICeHUEM CTEIEHH allllDOKCUMHPYIOIIETO IIOJIUHO-
Ma OCTAaTO4YHad AUCIIEDPCHA B HEJIOM IIadaceT, T.€. allllPOKCH-
Malud CTaHOBHUTCA BCE TOYHEEe. B JaHHOM IIpuMepe OoTMe-
THUM 3HAUYUTEJbHBIN CKA4OK OCTATOYHOM JAUCIIEpCUH IIPpU all-
MMPOKCUMAIMA ITOJUHOMOM BTOPOU M TPETbEN CTENeHH, KOTO-
pBIil 0O3HAYAET, UTO ANIPOKCHMAIINS JAHHBIX Mapabosoi cy-
IEeCTBEHHO XYy2Ke, 4eM allllPOKCUMallud IMOJIUMHOMOM TpeTbeﬁ
CTEIIEeHN.

CpaBHuM, 3HAYUMBI JIT PA3JIHIHSd OCTATOYHBLIX JUCIIED-
CHUH:

2

€1

— =19.833 > Fy05(8,7) = 3.73,

€9

62

=~ 10° > Fyo5(7,6) = 4.21,
€
3

oo
2

€
é = 0.845 <« F0.95<6, 5) = 495,

4TO O3HAYaeT, YTO Pa3JAndre OCTATOYHBIX AHCIEPCHI TpU
A POKCUMAIIAH TTOJTMHOMAMHA 3-T0 B 4-T0 TMOPAIKOB HE3Ha-
qyumo. OTciofa ciieayer, 9To HabJroJgaTrebHble JaHHbIE all-
IPOKCUMUPYIOTCA HEJMHEHHON perpecCuOHHON MOMAEJbIO B
BHU/JIE TIOJIMHOMA, 3-TO TOPSJIKA C JOBEPUTETHHON BEPOATHO-
cteio v = 0.95.

Haiiiem sTror nosmnom o dhopmyie

. 5 _ (11
f(z) :Z@k‘Pk,Q(T)a

k=0

rae Ko3bOPUIneHTs Wy, eCTh:

9
Wy = Z?/z - Pro(7).
i—0
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OxkonvarenbHo momydaeM, cM. Puc. (1).

F(z) = 0.8049 — 0.3067 - = + 0.8010 - 2> — 0.1000 - .

-100 —

-200 —

-300 —

_a00 |

Puc. 1: Pe3ynbraT anmpokcuMaIuu JaHHbix u3 Tabauns (28)
LIOJIMHOMOM 3-i CTEleHH.
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14 HccaenoBaHue BHIJA pacrpejiesie-
HUA

[Iycrs {z;}, tme @ = 1,2,...n, ectb BHIGOPKA HaBIIO-
Jlenuit ciydaitnoit Besimuunbl X. Ilycrb craBurca 3ajiada
IPOBEPUTH (¢ 33 JaHHOI JJOBEPUTEIHHON BEPOSITHOCTHIO ), UTO
byHKIUA pacnpenesenns reHepaJbHOH COBOKYITHOCTH, K KO-
TOPO¥ MPUHAIEKUT JaHHAsh BbIOOpKa, ecth F'(x). B mpu-
KJIAJHBIX 3a/a9aX Yalle BCEro HPOBEPAeTCHd, AB/ISCTCA JIH
reHepaIbHas COBOKYIIHOCTD PACIIPEIETCHHO 10 HOPMAILHO-
My 3aKOHy. Takzke MHOIO 3324 HA HPOBEPKY COOTBETCTBUSA
pacupenenenuto [Iyaccona. Paccmorpum ajaropurm mposep-
Ku Ha coorBercrTBue byHkuuu F(x) obimero Buga, a jaalee,
B IpHMepax, KOHKpeTusupyeMm Buj byHkimn F(x).

14.1 Kpurepnii x* («xu-kKBajapar» )

Kpumeputi x> (wim xpumeputi ITupcona) 103B0JIsIeT KO-
JITYECTBEHHO OICHUTH OTKJOHEHHEe HAOJIIOJATEIbHBIX U IKC-
HEePUMEHTAJIBHBI JAHHBIX OT TEOPETUUIECKOTO PACIIPEICTCHHS
U3BECTHOM CTPYKTYDPbI, HO C HEU3BECTHBIMU IIapAMETPAMHU.
Mepoii OTKJIOHEHUS FBJISCTCA BEIUYMHA, KOTOPAsS HCIIOJb-
3yercs JIs MOCTPOEHUs JOBEPUTETbHON 0OJIaCTH JIIsT HEeUu3-
BECTHOM ILJIOTHOCTH paclpe/esenus. [Ipoussoaurca 3amena
HEU3BECTHBIX UCTUHHBIX 3HAYCHUI BEPOITHOCTEH TMOIa,IaHHS
B MHTEPBAJIbBI BEPOATHOCTSIMU, BHIYUCACHHBIMHU 110 TEOPETHU-
YECKOMY PacIpee/IeHuIO.

AJITOpUTM TTPOBEPKN COOTBETCTBUSA CJIYUYaiiHO BHIOOPKH
3aJIAHHON (DYHKIIUK pacipegeseHuss CTPOUTCS € IIOMOIIBIO
kpuTepus x2, [12].

[To BBIOOpKE HAOIIOAEHNNH HAXOMAT ONMEHKH HEH3BECTHBIX
napaMeTpoB MPeJIoIaraeMoro 3aKOHa pacipeiejeHus CJIy-
qaitnoit Betmunnbl X . Jasee, 06/1acTh BO3MOXKHBIX 3HAYEHUI
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cayuaiinoit Benuunasl X pasOuBaeTcd Ha I MOIMHOMKECTB
A17A27 s 7A7‘7

HaIIpuUMep, I UHTEPBAJIOB B cJIydae, Koraa X — HellpepbiBHAS
caydaiHad BeJIMYWHA, WA 7 TPYMI, COCTOAINX U3 OTHEIb-
HBIX 3HAYEHUH, /I JIUCKPETHOH cirydaiinoft Bemunnabl X .

LlycTb ny — 9ucs1o 371eMeHTOB BBIOOPKH, TPUHAITEZKATIIHX
MHOXKeCTBY A, e k = 1,2,...,r. OCIee 9ucI0 BCEX d1e-
MEHTOB BC€X BBIOOPOK €CTh 1, TIOITOMY

‘s
E N = N.
k=1

Vcnonp3ys npe/inoraraeMblil 3aKOH pacipesieleHus CIy-
JaiiHoit BeJIMYUHBI X, HAXOAAT BEPOATHOCTH Pj TOTO, YTO
3Hadenne X MPUHAIICKAT MHOXKECTBY Ay:

pk:P(XEAk)

(k=1,2,...,r).

.,
Ouesnnno, » ., _, pr = 1. lloaydeHnsle pe3yabraThl MOXK-
HO mpe/icTaBuTh B Tabure (29).
Bri6opounoe 3HaueHne CTATHCTHKH KPUTEPUs Y2 eCTh:

r 2
-9 Z (nk —n- pk)
n .
1 Pk
[IycTh 3amana joBepuTe/ibHasg BEPOATHOCTHL 7. 'Torma
TPeJIJIOYKEHHBIM 3aKOH pacipeie/ieHns COOTBETCTBYET TeHe-
PaJIbHOI COBOKYITHOCTH UCCJIeyeMOil BBIOOPKH, €CJIU BBIIIOJI-
HAeTCAd HePpaBEHCTBO

)22 <X3(T_l_1)v
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Tabanma 29:

Odopmaerue anemenmos 6vlbopKYy 048 NPOBEPKU HA
coomeememeue 3a0anHol PYHKUUU PAcNpedeeH

Warepsan | Ay | Ay | ... | A, | Korrposnbras cymma 371€MeHTOB
T

Yuco n | ne | ... | n, Yo =n

HaOII01eH it
. r _

Ozkumaemoe | npy | npz | ... | np, danpi=n

YUCII0
HaOTIOeHAIT

rae X2 (r —1—1) - y-xkanTiib x*-pacnpeserenns (Tabruma
(16)) ¢  — I — 1 crenensmu cBOOOIBI, | — YHCIO HEH3BECT-
HBIX TTApAMETPOB, KOTOPHIE ONEHHBAIOTCS 1O BHIGOPKe (J1Ba
napameTpa /i U o2 Jijist CDABHEHUS ¢ HOPMAJIbHBIM PaCIpe/1e-
JIEHHEM, OJIHH TTApaMeTp A [IJIsT CDABHEHHUST C PACTIPE I IeHHeM
[Iyaccona u T.1.).

OrmeruM BaxKHBIH MOMeHT. Kpurepmit x? ucmosbsyer
TOT axT, UTO ClIydaiiHasg BeamIuHa (ng — 1 - Pr)/\/7 - Di,
rie k= 1,2,...,r, umeer pacupejejietne, OJIM3KOe K CTaH-
JIAPTHOMY HOpPMaJbHOMY. UTOOBI 3TO yTBEp2K AeHue ObLIO 10~
CTATOYHO TOYHBIM, PEKOMEHYeTCst, YTOObI JJIsl BCEX WHTep-
BAJIOB BBIIIOTHSIOCH YCJIOBUE

n-pg = 5.

Eciu jiy1s1 HEKOTOPBIX MHTEPBAJIOB 9TO YCJOBHE HE BbI-
MTOJTHSIETCSI, TO UX CJAeyeT 00beJIUHUTH C COCEJHUMU JI0 BbI-
MMOJIHEHUS 3TOr0 YCJIOBUA.
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PaccmorpuM mpumep TPOBEpPKH BBIOOPKHU CJIYUARHBIX
9JIEMEHTOB Ha COOTBETCTBHE KOHKPETHBIM PACIIPE/IC/ICHUEM.

ITPUIMEP Ilpumep mnpoBepku BBIOOPKH Ha COOTBET-
crBue pacupejenenuio [Iyaccona. B nepBbix jaByx cTos6max
Tabmuupt (30) mpuBeIeHbl JaHHBIE 00 OTKA3aX AlllapaTy-
pol 3a 10* wacos paborsl. Obmiee 9ucao o6cIeI0BAHHBIX K-
3eMILISIPOB annaparypbl n = 757, npu 3TOM HaDJIIO/AJICH
0-427+1-23542-7243-214+4-14+5-1 = 451 orkaz. [Ipose-
PUTH, PacIpe/ieIeHo JIU YUCJI0 OTKa30B 1o 3aKkoHy llyaccona,
IIPUHSIB JIOBEPUTENBHYIO BeposiTHOCTH (0.99:

pkzP(X:k):Z—]:~exp{—/\}

(k=0,1,2,...)

Ornenka nmapaMerpa A\ paBHA CpeIHeMY YUCIY OTKA30B:

A=l os.
757

g A = 0.6 BeIYUCIsieM BEPOATHOCTH Pp U OKHJIAEMOe
TUCTI0 CIIyuaen ¢ k oTkazaMu (TpeTuif u 4eTBepThId CTOAOIHI
Tabumst (30)).

Hna k = 4,5 u 6 3nauenus n-p < 5, I0O3TOMY 00bEIUHUM
9T CTPOKU €O CTpokoit jis k = 3. B pesyabrare mosyanm
3Havenus, ykasannsie B Tabmume (31).

Tak kak 1o BEIOOPKE OLIEHUBAETCS OAWH IapaMerp A, TO
[ = 1 u gucyio creneneit cBodoabl pasuo 4 — 1 — 1 = 2. ITlo
Tabmune (16) y2-pacupejesenus HaXouUM i o9(2) = 9.21,
CJIeI0BATE/IbHO, MPUHUMAETCS TPEIOI0KEHNEe O PACIpe/Ie-
sgeann llyaccona.

IIPUMEP Ilpumep upoBepk:d BBIOOPKH Ha COOTBET-
CTBUE HOPMaJIbHOMY paclipejiesienuto. /lana BbibOpka u3 HH

nabmonennii (Tabauna (32)).

232



Tabmuna 30:

Odopmaerue snemenmos 6vlbopKU 048 NPOBEPKU HA
coomeememeue Pynkuyuu pacnpedesenus Ilyaccona

Yucso Koanvecto | pp = Ok—,L . CX]’){ - 0.6} OzkumaemMoe IucIo
OTKa30B cJIyvaesn, cIyvaer ¢ k OTKa3aMu, n - P
B KOTOPbIX
HaOJII0IAJIOCH
k oTkazo0B, ny
0 427 0.54881 416
1 235 0.32929 249
2 72 0.09879 75
3 21 0.01976 15
4 1 0.00296 2
5 1 0.00036 0
> 6 0 0.00004 0
Cymma 757
Tabmuna 31:

Odopmaerue snemenmos 6ubopku 0ad4 NPOGEPKU HA
coomsememeue gynryuu pacnpedesenus Ilyaccona nocae
MONOYUCAEHHOIL 006e0UHEHUA UHMEPBAN08

2

P S . W
0 427 | 416 0.291
1 235 | 249 0.787
2 72 75 0.120
>3] 23 17 2.118

2 = 3.316
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Tabanma 32:

Buwibopra, nposepaemas na cOOMBEMEMBUE HOPMAADLHOMY
3axoHy pacnpedeserus n = 55

203 154 172 19.2 233 181 219
15.3 16.8 13.2 204 16.5 19.7 20.5
143 20.1 16.8 14.7 20.8 19.5 15.3
19.3 178 16.2 15.7 22.8 219 125
10.1 21.1 183 14.7 145 181 184
13.9 19.1 185 20.2 238 16.7 204
195 172 196 178 21.3 175 194
178 13,5 178 11.8 18.6 19.1

Pazmax seibopku J,(x) =z} — o = 23.8 — 10.1 = 13.7.
JnuHa wHTepBaia rpynnupoku b = 13.7/7 ~ 2. B kauecrBe
[IEPBOTO MHTEpBaTa YI00HO B3aTh WHTepBa [10,12).

PesybraThl TpyInupoBKU cBejenbl B Tabmuiy (33).

B gerBeprom crosbue Tabaunpr (33) npuBogarcs: Bepo-
SITHOCTH, BBIYUCJIEHHBIE TIO (hopMyIIe:

szP(XeAk):q)<5k_f> _(I)(ozk—:i)

S S
(k=1,2,3,4,5,6,7)

Snech ap M [Py — COOTBETCTBEHHO HHYKHSISI M BEPXHSISI
FPAHUIBI MHTEPBAJIOB, & 3HAYEHHUSA (DYHKIIUU CTAHIAPTHOTO
HOPMAJIBHOI'O pacipejeseHus 6epyTcs U3 COOTBETCTBYIOIIel
craTucTHdeckoit Tabauipl (eM. Tabaumy (13)).

[TockoabKy mociie o0bLeIMHEHNs OCTAIOCh I = 5 HHTEep-
BAJIOB, a 110 BBIGOPKE OIEHEHbI /IBa HapaMerpa (T u §), T.e.
[ = 2, To uncso creneneit ¢cBoboabl paBHo b — 2 — 1 = 2. 3a-
JaBasich JoBepuTeabHON BeposiTHocThio 0.90, Mo cratncTw-
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Tabanma 33:

Buibopra, nposepaemas ma cOOMBEMEMBUE HOPMAADHOMY
3akony pacnpedesenus n = 5b (60 emopom u mpemuvem
cmoabue npusedervl PE3yALMaAmMbvlL 2PYNNUPOsKy no k

UHMEPBAAAM, 8 HEMBEPMOM CIOAOUE Npusederbi

BUHUCAEHHDLE BEPOAMHOCTIY (CM. merem). B namom
CMOoADUE NPUBOOAMCA OHCUOGEMDBLE HACTIOMDBL, G 6 ULECTILOM
— BHAYEHUA 0AHCUIGEMBLT HACNOM NOCAE 00BEOUHEHUA

nepeuT 08YT U NOCACOHUT J8YT UHMEPBAAOE).

Hab6u1. | BeposirHocThb Oxnp.
9acT. | TomajaHus qaCT.
k Ay Nk B MHTEPB. n-pp n-pp ng —n - P W
Ay
(pk)
1| (—o00,12) | 2 0.022958 | 1.262675
2 [12,14) 4 0.070648 3.885617 | 5.148293 0.851707 | 0.140902
3 [14,16) 8 0.166967 9.183185 | 9.183185 | —1.183185 | 0.152445
4 [16,18) 12 0.253672 13.951939 | 13.951939 | —1.951939 | 0.273085
5 (18,20) 15 0.247835 13.630922 | 13.630922 | 1.369078 | 0.137509
6 (20,22) 11 0.155702 8.563618 | 13.085662 | 0.914338 | 0.063888
71 122,400) | 3 0.082219 | 4.522043
Cymma 55 1.0001 55.0 55.0 0.767829
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weckoii Tabune y’-pacnpenenenus (cv. Tabmumy (16)) na-
XOIUM X3 90(2) = 4.61. OKpyriiennoe BHIGOPOTHOE 3HAUEHHE
CTATHCTHKH KPUTePHs ecTh Y- ~ 0.77 < 4.61, cienoBaTen-
HO, IIPEIIOTIOKEHIE 0 HOPMATBHOM PACIPE/ICTICHIN BEPHO.

14.2 Kpurepuit Koamoropona

Kpurepuit x2 — 0quH U3 JIy9Immx, TPIMEeHIEMBIX Ha, MPaK-
tuke. OJIHAKO MOMHMO HEro CYIIECTBYIOT €Ie HEeCKOIbKO
KpHUTEpHeB il IPOBEPKH SMIIMPUYECKUX paclpe/leeHnii Ha
COOTBETCTBHE 3aJIAHHOMY TEOPETHIECKOMY 3aKOHY Dacrpe-
JIeJICHAS.

B kauecrBe npumepa npusegem kpumeputi Koamozoposa
(i Koamozoposa- Cmuptosa).

B kauecTBe Mepbl CpaBHEHUs BHIOUPAETCST PACCTOSHEE

D, = max |F(x) — F(x)|,

|z|<oo

rae Fi(x) = F}(z,0) — smuupudeckas GyHKIUS pacupese-
nenust, a F(x) = F(x,0) — reopernueckast GyHKIHs PACIIpe-
nenenns. Ilapamerpsl 6 — 3TO mapaMeTpbl paclpeIeIeHus,
HEHU3BECTHBIE B ODOIIEM CJIydae U TPeOyIolue OMeHOK 10 dM-
MUPpUICeCKUM AaHHBIM.

A.H. Koamoroposbim ObLIIO JOKA3aHO, YTO 3aKOH PACIIPe-
JIeJICHUS BeJIMYNHBI

A:Dn\/ﬁ:\/ﬁ-|max

z|<oo

Fi(z) - F()| (18)

npu n — 00 omnpejesercd (pyHkiuei

+oo

FO =Y (—1)kexp{ - 2k;2)\2}. (19)

k=—o0
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Tabanma 34:

Kearnmuau A, pacnpedeserus Koamozoposa F(N)

F(A)=~1]080 090 095 098 099 0.999

1.073 1.224 1.358 1.520 1.627 1.950

Ecyn Betmanna A, BBIYHCIEHHAS TI0 TAHHBIM BHIOOPKH 110
dbopmyse (18), okaxKeTcsT MEHBIIe, YeM CTATHCTHKA A, KOTO-
pas ecTh TabJIMYHAasd BEJIUYUHA, OnpejesasieMas cBoeil (pyHk-
nueii pacupenenennss F(A) ((19), em. Tabmuiy (34)), 1o M-
HUPUIECKOe PaCIpeie/ieHHe MPU3HAETCA COOTBETCTBYIOIIIM
TEOPETHICCKOMY.

Hust adderTuBHOr0 mpuMeHeHHsT Kpurepus Kosmoro-
poBa HEOOXOAMMO, 9TOOBI BCe mapaMerpbl § TeOpeTHIecKOi
dbyukun pacnpegesenns F(z, ) Oblin u3BecTHB 3apaHee.
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15 Henapamerpudyeckue KpUTEPUN
CpaBHEHUd pacnpeaeieHnin

15.1 IlongaTme paHTOBBIX KPUTEPUEB

s cpaBHeHHs BYX BBIOOPOK, 3aKOHBI PacHpeesTeHns
KOTOPBIX HEM3BECTHBI WU OHU CHJIBHO OTJIUYAIOTCI OT XOPO-
IO M3BECTHBIX 3aKOHOB pPacCIIpeae/IeHud, a TaKzKe IIpu aHa-
JIA3€ MAJBIX BBIOOPOK (¢ wmesom 3stementos n < 10) wnc-
MOJIB3YIOT HENAPAMEMPUMECKUE CMAMUCTNUYECKUE MEMOJbL.
OcHoBHag ues 3TUX MeTOJO0B — 9TO CpaBHEHHUE ITapaMeTpPOB
MOJIOZKEHUS M ApaMeTPOB MaciITaba JBYX BBIGOPOK (T.e. KO-
JIMYECTBEHHbIN aHaJInu3 TOro, Kak CUJIbHO CMEHICHbI CPpe/JHHUE
JIBYX BBIOOPOK JIPYT OTHOCHTEJIBHO JIPYTa U KaK CUJIBHO Pac-
npejiesIeHnst BEIGOPOK MCKAYKEHbI APYT OTHOCUTEBHO IPYTa).

PaHroBble KpUTepuu — OJHU W3 CaMBIX Y(PHEKTUBHBIX
MeTOJIOB HemapaMeTpuIecKoil ctaTucTuku (3hHeKTUBHOCTS
JYyYIUX M3 HUX cocTaBiasger a0 95% or mommpocrm t-
kpurepusi CTHIOAEHTA U COMOCTABUMA C MOCJIEIHUM JIJI CJTy-
Jast GosbIux BHIGOPOK, [8]; matee sadbdexrTuBHOCTH Be3me
VKa3bIBAETCsI OTHOCUTEJIBHO t-KpuTepus ). OHI OCHOBBIBAIOT-
¢Sl Ha UCMOJIB30BAaHUU PAHTOB, TPUIHCHIBAEMbBIX 3HAYEHUAM
CAYYAMHBIX BEJIUYUH B OOIIEH yHOPSI0YeHHOI o Bo3pacTa-
HUIO BBIOODKE (T.e. B yIOPSIZOUCHHOM DLy 9uCes T < To <
... < T, 3HAYEHHUIO x; MpUNUCchiBaeTcs panr R;). [Ipu srom
O/INHAKOBBIM BeJIMYNHAM IPUCBAUBAeTCS yCPeTHEHHBIN DaHT.
Takum obpasoM, aHAJIUZHPYIOTCS HE caMH 3HAYEHUsl BBHIOO-
POK, HO UX PaHTH.
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15.2 IlocranoBka 3agaym IIOUCKA KOCMHU-
YeCKNX CTPYH C NOMOIINbIO PaHTOBBIX
KpUTepueB

Ha npumepe 06paboTKH peabHBIX JAHHBIX PACCMOTPHM
HECKOJILKO PAHTOBBIX KPUTEPHUEB: OBICTPHIN PAHTOBLIA KpH-
Tepuit, kpurepuii Ban Aep Bapjuena m kpurepuit Manna-
VurHu-BuikokcoHna, 9aCTHBIM CJIY9aeM KOTOPOI'O SIBJISIETCS
annpoxcuManus MMana.

Peayibubie HabmaiogaTe/bHbIE JTaHHble OBLIH MOJyYeHbl B
XOJIe MTOUCKOB KOCMHYECKOH CTPYHBI — FHIIOTETUYIECKOTO O/I-
HOMEPHOTO O0beKTa KOCMOJIOTMYECKHUX MacIITaboB, CyIie-
CTBOBaHHE KOTOPOIO CJEAyeT U3 TeOpUil IBOJIOTUHU PaH-
Heii Bcenennoit. CorsiacHo Teopun, KOCMHYECKHE CTPYHBI
00J1a1al0T PSIOM XOPOIIO OIUCAHHBIX acTPOMU3TICKHUX
CBOMCTB, O/aromaps KOTOPBIM OHHM MOTYT OBITH ODHApYZKe-
ubl. [loCKOIbKY Takume OOBEKTHI JIBUKYTCA C PEASITHBUCT-
CKUMHU CKOPOCTSIMH, TO OHH MOTYT HPOSIBJISATE Ce0sl TIOCpe/I-
cTBOM 3derTa /omiepa B peTMKTOBOM MHUKPOBOJTHOBOM U3~
Jydenun. Kpome Toro, Biuss Ha II00AJIBHYIO CTPYKTYPY
IPOCTPAHCTBA-BPEMEHH, KOCMUYECKHE CTPYHBI JOJKHBI T10-
POXK/IATh XapaKTePHbIE MEIMOYKU IPABATAIMOHHO-/TMH30BBIX
COOBITHUI, CTATHCTUIECKOE PACIIPEIeIeHIe KOTOPBIX U HCC/Ie-
JIyeTCs C MOMOIIBI0 HeapaMeTPpUIecKuX Kpurepues. V3sect-
HO, 9TO OOBIYHBIE COOBITUSA I'PABUTAIMOHHOIO JIMH3UPOBAHUS
00pa3yIoTcs IPU UCKAXKEHUH BOJU3U MACCHBHBIX TeJI JIydeii
CBeTAa OT JaJeKUX HCTOTYHUKOB U, CJI€I0BATE/IHHO, MOT'YT IPHU-
CYTCTBOBaTH MOBCIONY BO Beesrennoit. Oprako cobbitust rpa-
BUTAIMOHHOTO JIMH3UPOBAHUST HA KOCMHYECKUX CTPYHAX 00-
JIAJIAIOT XapaKTePHbIM JIOKAJU30BAHHBIM BJOJIb JIMHUU H3-
OBITOYHBIM pacCHpeie/IeHHeM, 9TO OTJIMYAeT UX OT COOBITHIA
OOBIYHOI'O I'PABUTAIMOHHOTO JTUH3UPOBAHUSI.

Takum ob6pa3om, Ha BCeil TPOTAKEHHOCTH CTPYHBI OXKH-
Jmaercs (GOpPMHUPOBAHUE TEMOYEK T'PABUTAHOHHO-TMH30BBIX
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nap OHOBBIX MO OTHOIEHWI0 K CTPYHE TaJaKTHK, T.H.
“Muyteunblii IyTh T'PABUTAIMOHHBIX JHUH3 ', KOJUYECTBO KO-
TOPBIX WU3OBITOYHO MO CPABHEHWIO C YUCJAOM OOBIYHBIX
PABUTAIIMOHHO-IMH30BBIX COOBITHII U pacupejie/ieHne KOTO-
PBIX OTJIMYHO OT COOTBETCTBYIONIETO PACIIPEIeICHUsT B OOBIU-
HOM CJIyYae.

B kadecTBe 06/1acTH MOUCKA TAKUX MEMNOYEK JIUH3UPOBAH-
HBIX TAJAKTHK W UCCJIEJ0BAHNUS XapPAKTEPUCTHK UX PacIpe-
JIeJIeHUH UCIIOIb30BAIUCH TAHHBIe 00PAOOTKH KAPT PEJTHKTO-
BOTO M3JIy4eHHusi, B KOTOPBIX ObLT HAM/IEH KAH/IUIAT B KOCMU-
qeckyto ctpyHy (CSe-1; nporszkernocTbio ot (o = 11 : 29 :
03,0 =+15:23:37) g0 (« = 10 : 57 : 47,5 = +25: 03 : 51),
[14]). Takum o6pa3om, TPOBOIUIOCH CTATHCTUIECKOE CPAB-
HEHUe KOJIMYECTBA IPABUTAIMOHHO-TMH30BBIX TTap TAJAKTUK
B ITIOJISX, 3aBEJIOMO HE COJIEPIKAIMUX CTPYH, € KOJUIECTBOM
AHAJIOTUYHBIX TIAP B MOJIE, T/ MO JAHHBIM AHU30TPOIHH Pe-
JINKTOBOI'O HU3JIyYEHUsI PACIOIOXKEH KAHIMIAT B KOCMUYE-
CKYIO CTPYHY.

CpaBHUTEIBHBIN aHAJIN3 JIOTHOCTH PACIIPEIETEeHUs Tap
JIMH3UPOBAHHDBIX TAJAKTUK ITPOBOJUJICI MyTEM JIOKA3aTe b
CTBa HEOJHOPOIHOCTH JIBYX HAOOPOB CTATUCTUUIECKUX JIAH-
HBIX.

15.3 Hcxomuble HabJIOJaTEbHBbIE JaHHBIE
1 (popMUpoOBaHME BHIOOPOK AJIsI CTATH-
CTUYEeCKOT0 aHaJIN3a

Kauanaarsl B TpaBUTAIIMOHHO-JIMH30BbIE COOBITHS OBLIN
HafiIeHbl 10 (HOTOMETPUUYECKOMY KaTajory rajgaktuk DR12
SDSS, [14].

Brito chopmuposano e Boibopku (Tabmuma (35)).
Kaxkaplit 371eMeHT 1mepBoil BBIOOPDKH — 3TO KOJHYECTBO Tap
rajJakTUK, PACIOJJIOKEHHBIX B ILIOMAAKe 1 KB. IPaj. B IO-
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Tabmmna 35:

Hexodnme darnnoe

N Ione | Kontpoabnoe | N Hone | Konrpoasnoe
€O CTPYHOI noJie €O CTPYHOIi nosie
1 52.61 20.06 17 23.23 11.01
2 32.92 16.05 18 27.53 14.44
3 37.38 23.10 19 27.64 16.87
4 26.42 30.09 20 14.91 32.72
5 26.48 27.07 21 21.37 13.98
6 24.31 32.23 22 32.19 23.35
7 13.23 31.13 23 30.11 28.89
8 25.09 20.08 24 17.38 14.23
9 30.21 15.05 25 10.87 11.74
10 10.73 10.75 26 26.21 25.88
11 30.13 19.82 27 15.37 18.19
12 36.71 23.22 28 26.50 23.61
13 38.95 30.52 29 51.08 22.85
14 30.41 12.68 30 17.05
15 21.06 25.64 31 17.92
16 29.49 18.85




ne CSc-1. Kaxaplit 371eMeHT BTOPOi BBIGOPKU (KOHTPOJIbHAS
BBIOODKA) — TO KOJIMIECTBO AP TATAKTUK, PACIOI0KEHHBIX
B mIomma ke 1 KB. rpaji. B 1MOJIe, He MPUHAIIeKAIEM CTPYHEe
(T.e. B moJie, TJie TO JAHHBIM MPEIBIIYIIIM UCCTeI0OBAHUIM
AHU30TPOIHH PEJTUKTOBOI'O M3JIYUEHHsS CTPYHBI He oOHapy-
JKeHbl). /IpoOHBbIE 3HAUEHUST KOJUUIECTBA TIap TPOUCXOSIT U3-
32 HOpMUPOBKHU Ha 1 KB. TpaJ.

Takum obpazom, 0b6e BBIOOPKH TPEACTAB/ILAIOT cO0O0it co-
OTBETCTBYIONIUE IJIOTHOCTH Iap I'PaBUTAIMOHHO-THH30BBIX
rajakTukK B 1ojie CSc-1 U B KOHTPOJIBHBIX IOJIAX 0e3 cTpy-
HEI.

C momoIpio HermapaMerpuIecKuX KPUTePUes Mpon3BO/IH-
JIACh TPOBEPKA TOTO, ITO BHE 3aBHCUMOCTH OT CIOCO0A rpyI-
MUPOBKHU JIAHHBIX 3TUX BBHIOOPOK W MPUMEHSIEMBIX METOJIOB,
IIOTHOCTH PacIpejiesieHus JaHHbIX JIBYX BBIOOPOK pa3/ind-
HBI B, TAaKUM o0pa3oM, CSc-1 BEIOOpKa MpeICcTaBIsSIeTCs aHO-
MaJIbHOU 110 CPaBHEHUIO ¢ KOHTPOJIbHON BBIOOPKOIA.

[Ipumep Takoit rpynnupoBKu AaHHbIX: B moje CSc-1 4mc-
JIO TLJIOIIAJIOK, B KOTOPBIX 3HAYEHUE TJIOTHOCTH mMap JIEKUT B
unrepsase (9, 11) paBuo 2, a Jyist KOHTPOJIBHOTO TOJIST TUCITIO
IIOTHOCTH Tap B 9TOM HHTEpPBaJe PaBHO 3. DTH UUCIa MOXK-
HO pAacCMaTPUBATH KaK CJAyYaiiHble BEJTMIWHBI, XapaKTepH-
3YIOIIHE 9aCTOTY, C KOTOPOil B MCC/IEYEMBIX TOJISX BCTPeYa-
IOTCSI TPABUTAITMOHHO-IMH30BbBIE Maphl. Takum 00pa3oM, pac-
Hpe/IeJIeHUsT STUX BEJIUYUH MOYKHO HCIIOJIB30BATD LI JIOKa-
3aTeJIbCTBA HEOAHOPOIHOCTH JABYX HAOOPOB CTATUCTHICCKUX
JaHHbIX. PasOuenne Ha WHTEPBAJIBI IIOTHOCTH AP IIPOBO-
JIAJIOCH JIByMsI ciiocobamu. B mepBom ciydae Ut HOJs CO
CTPYHOIT OBLIO MOJIYyYEeHO PACIPEIETeHNEe TaCTOT, COCTOSIIee
u3 24 caydaiHbIX BEJHYHUH, JIII KOHTPOJIbHBIX IOJIeH — CO-
crosinee u3 13 BeJHYHUH; IMTOCTE HNEPErpYHNIUPOBKH HAOOPHI
YaCTOT BKJIIOYAJN yKe 12 v 7 BeJTMUUH 710 UCCJIeIYyeMOTO |
KOHTPOJIbHBIX 101€eil coorBercrBenno (Tabuauna (36)). Oue-
BUJIHO, 9TO 3TU BBIOOPKHU SBJISIIOTCS MAJIBIMU, TIO9TOMY TIPO-
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BOJISI CPABHUTEIBHBIN aHAJIN3 MapaMeTpPOB paclpeieIeHnil,
HEOOXOUMO PacCMOTPETh HECKOJILKO KPUTEPHUEB.

15.4 CraTucTudeckasa odpaboTKa JaHHBIX

15.4.1 OO6ocHOBaHNE UCIIOJIH30BAHUS HEMApPaMeTpPu-
YeCKuX KPUTEPUEB

s Toro, 94TobBl yTBEPXKIATh, YTO U3OBITOK COOBITHIA
IPAaBUTAIIMOHHOT'O TUH3UPOBAHU B HccreryeMoM noste CSe-1
BBI3BaH HAJTUYIUEM B 9TOM TOJI€ KOCMUYECKOH CTPYHBI, HE0O-
XOJUMO IIPOBECTH aHAJM3 HADJIIOJATEbHBIX JTAHHBIX C I10-
MOTIIBIO0 METO/IOB MATEMATHIECKON CTATHCTUKH. DTO MOYKHO
¢JleJlaTh, CPABHUB MapaMeTphl paclpesesennii, XapakTepu-
3YIOIMNX TJIOTHOCTh YHCJIA Map JUH3UPOBAHHBIX TAJIAKTHK B
UCCJIeTyeMOM U KOHTPOJBHBIX TTOJSX.

OcHoBHAast TPYIHOCTD IIPU PEIICHUH MOM00HDBIX 33124 3a-
KJIIOYAETCS B TOM, 9TO 3aKOHBI PACIIPE/IeIEHUST BEPOATHOCTEH
JUUTST PACCMATPUBAEMBIX CJIyYaiiHBIX BEJUYNH 3apaHee He n3-
BeCcTHBI. Kpome TOro, HeT BO3MOXKHOCTH YBEJTUIUTH OObEMBI
BBIOODOK [IJIsl YIYUIIIeHWs] TOYHOCTH aHAaJIn3a. DTO O3HAYA-
€T, YTO MPUMEHEHUEe CTAHJAAPTHBHIX MapaMeTPUYEeCKUX KPH-
tepues (Crpiogenta, Quiepa u Ip.) MOXKET IPUBECTH K Ma-
JIOTPABIONOI00HBIM BEIBOAAM. [lodTOMY B maHHOM Ciydae
11eJiecooOpa3HO MCII0Ib30BATh CBOOOIHBIE OT PaCIpe/le/IeHns
KPUTEPUH OJTHOPOTHOCTH.

B obmiem ciydae, HemapaMeTpudecKue KPUTEPUH J1eIsIT-
sl Ha KPDUTEPHHU cIBura u mMaciraba (Ja0boe pacupeiesieHne
MOZKEeT OBITH OIMHCAHO C MOMOIIBIO TTAPAMETPOB MOJIOKEHU
u MaciiTaba, Ha COMOCTABJIEHNU KOTOPBIX U OCHOBAHBI yKa-
3aHHbBIE BBIIIE KPUTEPHUH ).

Henb wccaemoBaHus — JAOKA3aTEIbCTBO HECOBIAIEHUS
JIBYX pacupejie/ieHnii cirydaiiubix Bejndand. Takum o0pa3om,
HYKHO OIMPOBEPTHYTH XOTS ObI OJIHO W3 IIPENOIOKEHHI: O
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Tabanma 36:

annvie, nepezpynnuposaHnbvie N0 UHMEPBAAAM
NAOMHOCTIU YUCAA TGP 2PABUMAYUOHHO-AUHS 06T
006eKMO06 8 UCCACOYEMOM U KOHMPONOHULT NOAAL

[epBas neperpynnupoBka Bropas neperpynmupoBka
Wurepsan [Tose } Konrposbsuoe | aTeppan TTose ) Konrposbshoe
€O CTPYHOIt moJie €O CTPYHOIt oJie
(ny = 24) (ne = 13) (my =12) (my=T17)

9 0 0 11 2 3
11 2 3 13 3 5
13 1 2 17 3 5
15 2 3 21 3 7
17 3 2 25 8 3
19 0 3 29 5 4
21 2 2 33 2 2
23 1 5 37 3
25 2 2 41 0
27 6 1 45 0
29 1 1 49 1
31 4 3 53 1
33 2 2
35 0
37 2
39 1
41 0
43 0
45 0
47 0
49 0
51 1
53 1
55 0

244



PABEHCTBE TMAPAMETPOB TOJOYKEHUsT WX O PABEHCTBE Mapa-
MEeTPOB MacCIITada.

Bynem wncciaeoBarh CABHUT, ONPEAEIsieMblii Pa3HOCTHIO
HapaMeTpPOB MOJIOZKEHUS, XapaKTepu3yolux MeHTPbl IPyI-
HUPOBAHUSA CJIYIANHBIX BEJUUUH B UCCJICIYEMbIX PacIpeie-
JeHusx (K KpurepusM Mmaciraba HeoOXoauMo Oyaer obpa-
TUTHCH TOJILKO B TOM CJIy4ae, eCJu IPeJNOJI0KeHHe O Ha-
auaun capura G6yzer oTkiIoHeHo). Vcmoab3yemble Kpurepun
TECTUPYIOTCH HA UCKYCCTBEHHO CI€HEPUPOBAHHBIX BHIOOPKAX
(Tabmuma (40)), pacupeenenus CJIyIaliHbIX BEJIUIHH B KO-
TOPBIX 3aBEIOMO COBIAIAIOT. DTO TO3BOJISIET YIOCTOBEPUTH-
CA B aICKBaTHOCTHU IIPUMEHACMbIX ME€TO/A0B, U, CJIe10BaTe/1b-
HO, B AJOCTOBEPHOCTU CACJIAHHBIX Ha MX OCHOBE BBIBOJIOB.

15.4.2 PaHrosble KpuUTEpUN CABUTA

PanroBele KpuTepum OJHH #3 caMblX 3PHOEKTUBHBIX
MeTOJIOB HemapaMeTpuIecKoil ctaTucTuku (3hHeKTHBHOCTS
JAYUYIIAX W3 HUX cocTaBager g0 95% or mompocTu t-
kpurepusi CTHIOJAEHTA U COMOCTABUMA € MOCJIEIHUM JIJIs CJIy-
qasi OOJIBIIIX BHIOOPOK; gajiee 3POEKTUBHOCTH BE3/e yKa-
3bIBAETCST OTHOCHTENILHO t-KpuTepusi). PaHroBbie Kpurepun
OCHOBBIBAIOTCS HA MCHOJH30BAHUU PAHTOB, IPUMHCHIBAEMBIX
3HAYCHHSIM CJIYVIARHBIX BEJIMIUH B 00IIeil YIIOPSI09eHHON 110
BO3PACTAHUIO BBHIOOPKE (T.€. B YHODPSJIOUYEHHOM Dsijly HCE
r1 < T3 < ... < T, 3HAYEHUIO X; MPHUIHCHIBAETCS paHr R;).
[Ipu 3TOM ONMHAKOBHIM BEJUYMHAM TPUCBAUBACTCH YCPEJl-
mennbiit panr (Tabaunst (37) -(38)).

PaHroBBIX KpUTEPHUEB CIBUTA CYIIECTBYET MHOTO, HO €CTh
TPU YCJIOBUsI, KOTOPBIE CYNIECTBEHHO OIPAHUYUBAIOT BBIOOD:
HAJIMYNE TTOBTOPSIONINXCH 3HAYEHUN B HAOOpaxX CJIydailHbIxX
BEJIMYUH, HEPABEHCTBO OOBHEMOB BBIOOPOK W MaJIbiil 00b-
€M BBIOOPOK. Y UHUTBIBAs BBITIENepedncIeHHbIe OCOOEHHOCTH,
MOZKHO BBIJIEJIATH TOJBKO TPU KPUTEPHs, TPUMeHeHe KOTO-
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Tabanma 37:

UpuceoeHue pPaHc06 IAEMEHITIAM nepem'l epynnot OOHHBLE
(1'11 = 247 Ng = 13)

N | Hacrora | Panr | N | Hacrora | Paur | N | Hacrora | Paur
1 0 5.5 | 14 1 14.5 | 27 2 24
2 0 5.5 | 15 1 14.5 | 28 2 24
3 0 5.5 | 16 1 14.5 | 29 2 24
4 0 5.5 | 17 1 14.5 | 30 3 32
5 0 5.5 | 18 1 14.5 | 31 3 32
[§} 0 5.5 |19 2 24 | 32 3 32
7 0 5.5 |20 2 24 | 33 3 32
8 0 5.5 |21 2 24 | 34 3 32
9 0 5.5 | 22 2 24 135 4 35
10 0 5.5 | 23 2 24 | 36 5 36
11 1 145 | 24 2 24 | 37 6 37
12 1 14.5 | 25 2 24
13 1 14.5 | 26 2 24

Tabanma 38:

HpU660€HU€ para2o6 saemMernmam nepeozi 2pynnavt dannulz
(m1 = 247 mo = 13)

N | Yacrora | Paur | N | Hacrora | Panr
1 0 1.5 |11 3 10.5
2 0 1.5 |12 3 10.5
3 1 3.5 |13 3 10.5
4 1 3.5 | 14 4 14

5 2 6 15 5 16

6 2 6 16 5 16

7 2 6 17 5 16

8 3 10.5 | 18 7 18

9 3 10.5 | 19 8 19

10 3 10.5
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DPBIX B PaMKaX MOCTABICHHON 3aJa9u OyIeT 000CHOBAHHBIM:
ObICTpBIl paHroBLIil KpuTepuil, kpurepuii Ban jaep Bapaena
n kputepuiit Manna-Yurnu-Buikokcona, 4acTHbIM CJIydaeM
KOTOPOTO dBJIsgeTcsd annpokcuMarug vana.

15.4.3 DBroIicTpbIii paHroBbIli KpUTEpMii

Brictpbiii (rpy06biii) paHroBblii Kpurepuii — caMblil Ipo-
CTOM C TOYKHU 3PEHUST BBIYUCANTEIBHON CJI0KHOCTH, ero 3d-
dexrusnocTsb 86%. Kpurepuii ocHOBaH Ha epexoIe K CTaTh-
cTuke d-Kputepus, KOTopas MOKeT ObITh alllPOKCUMHPOBAa-
Ha HOPMAJIbHBIM pPacIpeleeHIeM ¢ HYJeBbIM CpeIHuM. AJ-
FOPUTM Iepexojia K d-craTucruke:

e cocTapjieHre OOINEero paH:KUPOBAHHOIO PsAla U3 JIBYX
BBIOOPOK 00BbEeMaMHU N1 U No;

® IIPHCBOEHWE PAHIOB;

® pacUeT CYMMAapPHBIX YCPETHEHHBIX PAHTOB JIJ1d KaxK 0N
W3 TPYTI, TO €CTh

L

Torna d-kpurepuii umeer Bux: d = Ry — R,y ¢ auciepcueit

(m + ng)(nl + no + 1) 1 1
Sq = —_— 4 —
12 ny Mo

[IpoBepka I'MIOTE3BI O HEOJHOPOIHOCTH JIBYX HabOpOB
CTATHCTUYCCKUX JAHHBIX OCYIIECTBISACTCA IyTeM CPABHEHUS
IIOJIy 9eHHON Besudnubl ¢ U, (Tabmmua (14)). Ecan |d/sq] <
1.96, To runoTesa caBUTa OTKJIOHSETCS C IOBEPUTETBHON Be-
positHocThio 7y = 0.95. Tast nanuerx Tabouisr (36):
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o ad ng =24, ng =13 :

R, 5.5-94+14.5-6+24-6+32+35+37) ~ 16.021,

1
_ﬁ<
— 1

Rpy = —(5.5+14.5-2+24-54 3244 36) = 24.5,

13
d=24.5—-16.021 = 8.48,

CJear13)2a41341) (1 1
Sd_\/ 12 1 T13) =3
4]  [8.48
B 1920 997> 1.96
s 373

o jutt my = 12, my =7

— 1
Ry = 75(15:243.5:-246:2++10.5:4+ 16+ 19) ~ 8.25.

— 1
Rpy = =(6+105-2+ 1441624 18) = 13,

d' =13 —8.25 — 4.75,
12+7)(12+74+1) /1 1
s;:\/< + 702+ +)( +—)z2.68,

12 12 7
d 4.75
Sl 2 177 < 1.96
s ’2.68

[IpeamnosioxKenue o CJIBUIe, MOJIYIEHHOE OBICTPBIM PAHIO-
BBIM KPUTEPHUEM, MTOATBEPKIACTCA TOJIBKO M1 OOTBINOI BbHI-
OOpKH, MOITOMY TPEOYIOTCS JAOMOJHUTEbHBIE HCCJIeI0BAHNS
apyrumu 6osiee 3MMEKTUBHBIMUA METOAMHU.
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15.4.4 Kpurepnuii Ban gep Bapaena

Kpurepuii Ban gep Bapaena paziaumuen Jjisi BBIOOPOK
CPeTHNX W MaJbIX 00beMoB. /ljIs BTOPOil IPYNIIBl TAHHBIX
Tabmuupt (36) cymmapHbiM obbeMoM my + my = 19 craTu-
cTuKa BaH jep Bapaena mmeer Buj

m2
Xy = E Us
Jj=1

TJie U, — ;~KBaHTHJIb CTaHJIapPTHOIO HOPMAJbLHOIO pacipe-
nenennss (CyMMHUPOBAHHE MOYKHO BECTH OTHOCHUTETHHO 1My,
pe3yJjabTaT He MeHHeTCH). BeJH/ILII/IHa U,y BbIYIUC/IAETCA 110 IIPH-
O1mKeHHO hopMmyie

Uy, ~4.91 [7?-14 —(1- %)0.14} 7

rie

L
Y= T 1
mp + mo + 1
(] = 17 m2)'
s Bropoit rpynmsl ganabix Tabaumpr (36)

6

=—— =03

T T+

wy, =4.91[0.3"" — (1 -0.3)""] = —0.52;

10.5

2=yt U ~ 0.06;
14

=55t U ~ 0.52;
16

=550 Un ~ (0.84;

18
V=550 U ~ 1.28;
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X =-05240.06-2+0.52+0.84 -2+ 1.28 = 3.08,

YTO MEHbIIIE KPUTHYECKOI'O 3HAUYEHHSI COOTBETCTBYIONIEH cTa-
tuctuka 3.62 (v = 0.95 u my = 12, me = 7), [8]. Tpeamoo-
JKEHUE O CJIBUTE OTKJIOHSIETCH.

st mepBoit rpynmel ganubix Tabauner (36) n = ny +
ny = 37 cTaTUCTUKa BaH Jep BapjeHa anmpoKcuMupyeTcs
HOPMAJIbHBIM DPACIPE/ICJIECHUEM C HYJIEBBIM CPEJHUM U JIUC-
nepcuen

ni+ng

niny
D(X) = uz
= |G rmm 1) 2

rIe
R,

N ny+n9+1
(p=1,n).
CoOTBEeTCTBYIONINE PACUEThI JAIOT:

Tp

no=13

Xp= Y u, =564,
j=1

n=37

0.5
2413 ,
— 249,
24+ 13)(24 + 13— 1) “iﬂ] !

D(X) =

p=1
Kax u B ciydae OBICTPOrO PAaHTOBOT'O KPHTEPHSI, BEJINTH-
uy | X, /D(X)| tpebyeTcst cpaBHUTH ¢ g g5:

X, 5.64
D(X) 2.49
Takum obpazoM, Jijid IEepBOH I'PyHIbl HAOTIOAATEIbHBIX

naHHbIX Tabuuipl (36) MpeanosoKenne o ¢IBUTe CIPaBe IJIH-
Bo. OHAKO IO OTHOIIEHUIO K MaJbIM BBIOOPKaM TpebyeTcs

‘ ~ 2.26 > 1.96.

JIOTIOJIHUTEJIFHOE UCCIIe0BAHNE, TOCKOJIBKY METOJ 001a/1aeT
BBICOKOI 3 DEKTHBHOCTHIO (€10 MOIHOCTH PABHA MOTTHOCTH
t-kpurepnst CTBIOEHTA) TOJIBKO JJIs1 GOJIBITIAX BHIGOPOK.
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15.4.5 Kpurepnit Manua-Yunrtau-BujikokcoHa

Kpurepunit Manna-Yuruu-Buikokcona ocnoBan ma U-
cratuctuke Manaa-YuTtan u R-ctatmctuke Buiakokcona.
Ero adpdexrusnocrs 95%. U-crarncTuka onpeneaserca Kak

k1 ko

1, ecmm z; <y,
U= > hy tae  hy=q] o
0, ecmu x; > y;.

i=1 j=1

Bnech kq, ko — 00beMbl JIByX BBIOOPOK B paccMaTpuBae-
moit rpymme; i = 1,ky, 5 =1, ky.

g seranciienust U HeoOXOMMMO TTOCIUTATH KOJTHIECTBO
9JIEMEHTOB IEepPBOil BRIOOPKHU, HE IIPEBOCXOJMAIIUX IO CBOEMY
3HAYCHHIO CJyYaiiHble BeJIHUUHBI U3 BTOPOil BhIOOpKH. [Ipu
9TOM He BayKHO, OTHOCHUTEJIHHO KAKOH M3 BBIOOPOK BemETCs
cymMmupoBaH#He. Mbl COIOCTABUIN BEJMIUHBI, COOTBETCTBY-
fore CSc-1 1 KOHTPOABHOMY MOJIIO, M MOIYYIRIA CIeIY0-
mue 3Hadenus U Jiid 1mepBoil U BTOPOI IeperpyrinnpoBOK
nannex: U, = 57,U,, = 15.

B ciaydae MaabIX BRIOOPOK HAJIHUHUE CJIBUTA MPU3HAETCHI,
ec/in HaiijieHHas BesudnHa U He BXOJUT B YUCJIOBON MHTED-
BaJI, onpejessgeMbrit Kputudeckumu 3uadenunsavu Uy u Us,
[8]. st my = 12 u my = 7 nostyuaem Uy = 18, Uy = 63.

s BeIOOPKH 00JIbIIEro oobeMa JIVUIIYIO OIEHKY JTaeT
R-cratuctuka

ng(ng + 1)

R:nlnng B

—U,

KoTOpast arnmpokcumupyercss W-pacupeeaeHnem:

nz(nl + N9 + 1)
w1 2

9
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Bennuuna g B 3HaMeHATETE CTATUCTUKH YIUTHIBACT COB-
najaolime 3/JeMeHThl B BbLIOOpPKax, OJarogaps 4YeMmy Io-
JIVUEHHOE PACIpejieieHue MOXKEeT ObITh AITPOKCUMHPOBAHO
HOPMAJIbHBIM. JHaUeHNE g MOYKHO BBIYUCTIUTH KaK

. \/n1n2<n1 “+ ng + 1)
§= 12

its(tﬁ —1)
s=1

(77,1 + ng)(nl “+ ng + 1)(711 + ng — 1)7
rae S — KOJIMYEeCTBO I'PYIII, 3HAYEHUA 2JIEMEHTOB B KOTOPBIX
OJINHAKOBBI, {5 — KOJIMYECTBO JIEMEHTOB B KazKJIOi IpyIe, ¢
— obiree yncsio rpymin. Ipu 3ToM /1eMeHTBI, YHCJIEHHO paB-
HBIE IPYT APYTY, HO IPUHALIEKAIINe pa3HbIM BRIOOPKaM, He
YUYHUTBIBAIOTCA.
Takum obpazom, aist ny = 24 u ny = 13 moayyaem

13(13 + 1)

R=24-13+ — 57 = 346,

Besmmunna q = 4, cJie10BaTeJIbHO,
tl(O) - 10, t2(1> - 8, t3(2) - 11, t4(3> =95

B ckobkax npu t; yKa3aHbl YHCJIEHHbIE 3HAUEHUS COBIIA-
JTATOTINX 3JIeMeHTOB B HabOpe JTaHHBIX.

2413(n1+n2+1)<1_

9= 12

4
Do ts(ti—1) 05
s=1
— = 30.51;
(24+13).(24+13+1).(24+13—1)>] !
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R 13.(24-513“)

9

Takum ob6pa3oM, THIIOTE3a CABUIA IPUHAMAECTCS KaK I
MePBOii, TaK ¥ JIJIg BTOPOil (MAJIOH) IpyNIUPOBKY HCXOTHBIX

W = ~ 3.25 > 1.96.

JaHHBIX.

15.4.6 Annpokcumanua mana

OpiauM u3 HanboJIee TOYHBIX HAPSIAY C PACCMOTPEHHBIMUI
HelapaMeTPUIeCKIMU METOIAMU SIBJISETCS MeTO I allllPOKCH-
manuu Nmana. Dddexrupnocrs merona 95%. J-crarucruka
TOTO METOIa CTPOUTCI Ha ocHoBe W -crarucTuku Buiakok-
COHA.

w ny + ng — 2

0.5
J=—1
2 +(n1+n2—1—W2)

[lomydeHHOE 3HadYeHHe CPABHUBAETCS C KPUTHYECKUM:
Jy = (uy + ty)/2. Bnech uy u ty — Y'-KBaHTHIIH HOD-
MaJIBHOTO paclpejiejieHus u pactpefenerns CTbIOJEHTa C
r = nj+ny—2 cTemeHsIME cBOOOIBI COOTBETCTBeHHO. [ [puMem
~' = 0.95. Torna KpuTHIECKAsT CTATUCTUKA €CTh

Jor = 2.00.

Pacuernoe 3nauenne JJIe BTOpOﬁ T'PYIIILI JaHHBIX:

J

325 ( 24 +13 — 2

0.5
— 3.53 > 3.44
2 24+13—1—3.252) ’

9TO CBHACTEJILCTBYET O HOATBEPZKACHUU IIPEAITOJIOKEHUA O
CJIBUTE C JIOBEPUTENbHON BeposaTHOCTHIO v = (.95.
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15.4.7 Pe3yabTaThl cTaTUCTUYECKOIi 00paboTKu;
HErPYNNOUPOBAHHBIX MCXOTHBIX JTAHHBIX

[IpuBeseM pe3yJbTaThl CTATHCTUYECKOH 00pabOTKH HC-
XOJIHBIX HAbJII0JATebHBIX JaHHbIX (n; = 31, ng = 29, Tab-
muna (35)). Tak Kak co CTOPOHBI PACCMOTPEHHBIX Hemapa-
METPUYECKAX KPUTEPUEB HUKAKUX TEOPETHIECKHUX OTPAHU-
4YeHUil CBepXy Ha 00beMbl BLIOOPOK HET, TO Mbl MOXKEM IPO-
AHAJIM3UPOBATH WX C MOMOIINBIO 3TUX KpureprueB. OTMmeTnMm,
YTO Telepb paHraMH PacCMATPUBAEMBIX BEJIHYHH OYIYyT UX
HOPSIKOBBIE HOMEpa B O0IEM PaHKUPOBAHHOM PSIIY, IIOTO-
My 9TO COBHAIAIONINX 3HAYEHUN CPEJH 9JIeMEHTOB BBIOOPOK
wer. B Tabaure (39) npuBoggaTcst pe3yabTaThl BbIYHCICHUIT
JITsT ICXOTHBIX JIAHHBIX, & TAKYKe CBOJKA BCEX PACUYETHBHIX Be-
JIMYWH, MTOJYYEeHHBIX MPH IEePBOH M BTOPOH TPYHNIIHPOBKAX
HCXOTHBIX JTAHHDIX.

Tabanma 39:

Hmoeoswie PE3YADBMAINBL ons UCC/L&()y&MT)LZE 6%60]?0%’

Hemapamerpudecknit Ny =31, | ny = 24, | Kpurnueckoe | m; = 12, | Kpuruueckoe
KpuTepuii c/Bura Ny =29 | np =13 3HAYEHUE me =T 3HAYCHUE
OBbICTPBIN PAHTOBBIIT 2.17 2.27 1.96 1.77 1.96
BaH jiep Bapzena 2.12 2.26 1.96 3.02 3.62
Mamnna-Yutau-Buikokcona 2.18 3.25 1.96 15 18 <...< 63
anmpokcuManus vana 2.22% 3.53 2.00 - -
( 1.98%)
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15.4.8 TecTtupoBaHme HCHOJb3yEMBIX METOJOB Ha
CUHTE3WPOBAHHBIX BHIOOpKaX

Y100BI IPOIEMOHCTPUPOBATD CIPABETNBOCTD MOy YeH-
HBIX Pe3YJIbTATOB, OBLIH MPOTECTUPOBAHBI BCE UCIOJIH30BAH-
Hble PAHTOBbIE KPUTEPUU CIBHUTa HA 3aBEJOMO OJHOPOIHBIX
BBIOODKaAX, npencraBienubix B Tabnune (40). Boumm B3sThI
BBIOOPKH TOTO K€ 00bEMa W CTPYKTYPHI, UYTO U PACCMOT-
pennbie panee. Tak, Hanpumep, B OJIHOPOJIHBIX BHIOOPKAX C
ng = 24, mo = 13 nMer0TCd TOBTOPAIONIHECT YUCIA, & THATIa-
30H 3HAUEHU — HeovYncaeHnbli, or 0 10 6. Kak M0o:KHO BH-
nerb u3 Tabaunsr (41), HCHONIB30BAHHBIE JIJI AHAJIN3A KDH-
TepUU OJIHOZHATHO ITOATBEPIKIAIOT OJUHAKOBOCTE PACIPE/ie-
JIGHHUS CJIyYalHBIX BEJIMYUH B TECTOBBIX BHIOOPKAX, 4TO yKa-
3bIBAeT HA YCTOWYHBOCTH PAOOTHI KPUTEPHUEB.

15.4.9 BsiBoapbl

BrLia pemena 3ama49a ¢TATHCTAYICCKOTO CPABHEHUM Pac-
npeaeenusd rpaBUTalUOHHO-JIMH30BbIX IIap I'aJlJaKTHK B 110-
JISX, 3aBEJIOMO He COAEPKAIMX KOCMHYECKUX CTPYH (KOH-
TPOJILHOE TI0JI€), ¢ PACIPE/IEJEHIEM AHAJTOIMIHBIX AP B MO~
ne CSc-1, rie 1o JaHHBIM AHU30TPOIMU PEJTMKTOBOIO H3JIy-
denust, [14|, pacmonoxken KaHIUIAT B KOCMHYECKYIO CTPY-
Hy. B ciydae JeficTBUTE/ILHOIO HPUCYTCTBUS KOCMUYECKOM
CTPYHBI B COOTBETCTBYIOIIEM TOJIE OJKEeH HAOIOAAThCSA He
TOJBKO CTATUCTUYECKU I/I36bITOK I'paBUTallMOHHO-JINH30BbBIX
nap (KoTopbiii 66T moaydeH B [14]), HO U cama MIOTHOCTH
pacupeseIeHus TPABATAIMOHHO-THH30BBIX AP JOJZKHA OT-
JUYATHCA OT COOTBETCTBYIOMICH ILIOTHOCTH pACIpeeeHus
KJIACCUYECKUX TAKUX COOBITUI B HE COJEPKAIIUX CTPYH I10-
JIAX.

CpaBHUTE/IbHBIH aHAJU3 ILJIOTHOCTH PACIPEIEIeHI 1ap
JMMH3APOBAHHBIX TAJAKTHK IIPOBOAMICS IYyTEM JTOKA3ATEIb-
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Tabsmuna 40:

Cunmesuposarvie 00HOPodHbLE 6bLOOPKU

n =31 1m; =29 | no=24 | mo=13 | n3 =12 | mz =7
27.97 24.34 2 5 1 6
27.71 16.17 6 1 6 6
11.37 13.55 2 2 6 5
11.64 24.4 0 4 4 5
23.29 10.46 5 6 1 1
11.56 24.96 5 3 6 2
23.27 29.43 4 2 5
12.14 21.19 5 6 3
27.02 10.05 0 1 6
13.19 17.49 3 4 2
26.14 15.15 4 3 5
15.10 28.85 3 4
10.44 23.89 1
16.89 13.82 6
15.21 26.24 2
27.83 21.86 3
28.90 29.48 2
12.33 20.70 3
24.95 25.91 5
14.05 28.15 5
15.97 9.58 4
23.65 19.46 6
9.53 27.38 1
29.91 28.66
26.87 18.33
20.07 19.43
28.27 25.50
11.59 26.99
24.16
15.57




Tabanma 41:

Pesyﬂbmamm aranAu3a OdHOPOdHT)LLL’ CUHMESUPOBAHHBLT

8u00POK
Hemapamerpuueckmnit ny = 31, | ng = 24, | Kpurnueckoe | ng = 12, | Kpurndeckoe
Kpurepuii cisBura my =29 | my =13 3HaUYeHne msg =17 3HaYeHne
ObICTPBIN PAHIOBBIIT 1.04 0.03 1.96 0.08 1.96
BaH jiep Bapyena 0.97 0.06 1.96 0.02 3.62
Manna-Yutau-Buikokcona 1.04 0.67 1.96 31 18 <...< 63
annpoxcumarus vana 1.04* 0.67 2.00 - -
( 1.98%)
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CTBa HEOJHOPOJHOCTH IBYX HAOOPOB CTATUCTUUCCKUX JTaH-
HbIX. BuiOpanHbie s 3TO# 1Mem MeTo/bl MaTeMaTHIeCKO
CTaTUCTHUKHU, a UMEHHO HeEllapaMETPUYECKUE PaHI'OBbIC KPDH-
TePUU CJIBHUTA MO3BOJUIN PAabOTATH C MAJBIMH BBIOODKAMI,
ITOTHOCTH PaclpeeeHns] KOTOPhIX 3apaHee He H3BECTHHI.
Takzke 00CY:KIaTach TPABUILHOCTE PAOOTHI UCIOIb3YEMBIX
KPUTEPUEB HA OCHOBE CTATHCTHYECKONH 00pPabOTKH CHHTE3U-
POBaAHHBIX BBIOOPOK C 3apaHee W3BECTHLIMU MapaMeTpPaMu.
[losryaeHHbBIE pe3yJIbTATH YKA3BIBAIOT HA CTATHCTHIECKOE
pasjndne pacupeeeHdii IPaBUTAIMOHHO-THH30BBIX IIap B
CSc-1 moje mo cpaBHEHHUIO ¢ KOHTPOJBLHBIM IOJIeM. BBIgB-
JICHHOE€ pa3Jinviue CJAYZ2KHUT JOHOJHUTEJIbHBIM apI'yMEHTOM B
OJIb3Y HAJUYNS B UCCAEAYEMOM I10J1€ KOCMIUYIECKOH CTPYHBI.

3/ech OTMeTUM, UTO ecTu OBl UCCIeTOBAHHBIN C/IBAT OKa-
3aJICS CTATUCTHIECKH HE3HAYUMBIM, TO aHAJOTHIHBIE UCCJIe-
JIOBaHUS CJIeI0BaJIO Obl IIPOJIEIATD JIJIS TapaMeTPOB MaCIITa-
6a cpaBHHBAEMbBIX BHIOOPOK (C HCIOIB30BAHUEM TeX YK€ KDH-
TepueB W UX MOJAu(UKAINA, KOTOPbie TOJAPOOHO OMUCAHDI,
HanpuMep, B [8]). BeiGopku mpusHABATHCH Obl CTATHCTHYE-
CKU HJECHTHYHBIME (T.e. TOJYYEHHBIMH B OJMHAKOBBIX (hU-
3UYECKUX YCJOBUAX, YTO UCKJIOUMIO Obl I'MIIOTE3y KOCMU-
9eCKOil CTPYHBI, BJAUSIONEH HA OJHY W3 BHIOOPOK) TOJIBKO
TOra, KOTJ/Ia U IMapaMeTphl TOJIOXKEHHs, U apaMeTpbl Mac-
mTaba OKa3aJMCh Obl CTATUCTUIECKH DABHBIMH.
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ITpnaoxkenue.
Ilongarue Baiiec-paxTopa

Baitec-pakTop — 9T0 YHCI0, KOTOPOE €CTh AllOCTePHOP-
Hasi BEPOSITHOCTH HYJIEBOH HIIOTE3bl (B IpocTeiiieM ciydae
AIPHOPHAsT BEPOSATHOCTH 3TON HyJ1eBOil rumoressl ectb 0.5).
Baiiec-cbakTop mnpesnaraer crmocod YMCIEHHONW ONEHKHW CBU-
JIETeJILCTB B II0JIB3Y HYyJeBoil runore3nl. Hocut obmuii xa-
pakTep U He TpedyeT JIONOJTHUTEILHBIX HUCCJIeI0BAHMI.

Ectb Heckonbko TexHMK pacdera baitec-bakropa. Ha-
puMep, aCUMIITOTHYECKAsT ANNPOKCUMAIUs, KOTOPas Bbl-
YUC/IAETCH € MOMOIILIO METO/Ia MAaKCUMAJIbHOI'O TTPaBIOMO-
nobusi. Takzke ucnosnb3yercss kpurepuit [Isapna (oxua u3
nHGOPMAIMOHHBIX KpUTepHeB). B ciydae, Koria paccMaTp-
BaeTCs MOJIE/Ib ¢ OIMINOKAMHU, PACHpe e/ IeHHBIMI HOPMAJIHHO
(U1t HOpMaIbHOM JMHeHO# perpeccun) kputepuii [1IBapna
UMeeT BU/I:

a
CS =g+ P

n

rie 62 = € /n ecThb olleHKa JUCIEePCHE OCTATKOB, BHIYUC/IeH-

Has 10 BBIOOpKe, k — 4uc/io napaMeTpoB. OTMETHM, 9TO JIO-
rapudpMuaeckast (pyHKIHS TPaBIOIOI00U 11T HOPMAJILHOM
JuHeHOI perpeccuu ecrb

Inl — —g- <1+ln27r—|—ln62>.

B obmem ciyuae kpurepuii [HIBapia ectb:
CS=k-lnn—2InL.

Kpurepnii [HIBapma maet rpy0byio alnmnpoKCHMAIUIO BeJIU-
quHbl Jorapudgma bBaitec-pbakTopa, JIerkyio B HCIOJIb30Ba-
HAX U He TPeOYIOIIYIO OIEHKH alOCTEPUOPHBIX BEPOSTHO-
CTei.
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PacemorpuM cobbitre A (KOTOpoe ecTh HabOp HEKUX JTaH-
wbix D) u aBe runoresst Hy u Hy. @opmyna Baiieca ects

(k=1,2):
P(Hy) - P(D|Hy)
P(H,) - P(D|Hy) + P(Hs) - P(D|H,)
MozkHO nepenucarb 31y GOPMYJIY CJIEAYIOMIM 00Pa30M:
P(H,|D) _ P(H,)- P(D|H,)

P(H|D) =

P(H,|D)  P(Hs)  P(D|H,)
Baitec-pakTop 10 onpeaeneHuo ecThb
P(D|H,)
P(D|Hy

ViBoeHHBIH JiorapudM OT 9TOH BEJHYUHBI HA3BIBACTCH
sgorapudmuieckuit paxkrop baiieca.

Jpyrumu cjioBaMu, “anocrepuopHasi BepOATHOCTH =
Baiiec-bakrop X ampuopHasg BeposSTHOCTH  (MOCIEONBITHASI
BEPOSITHOCTh, T.€. MOJYUYEHHAs YK€ NMPU HATUYAH JTaHHBIX
D, paBua npoussejiennio baiiec-dpakTopa Ha JJOOIBITHYIO Be-
POSTHOCTB ). Baiiec-(bakTop ecTh OTHOIIIEHUE ATIOCTEPUOPHOI
BEPOSITHOCTH OCYIIECTB/IeHUs THIIOTE3bl H K ee anpuopHOii
BEPOSITHOCTH, HE3aBUCUMO OT BEJIMYWHBI AIIPUOPHON BEPOST-
HOCTH.

Ecan runoresnt H; 1 Hy anpuopHO PaBHOBEPOSTHEI, T.€.
P(H,) = P(H,) = 0.5, To Baitec-daxTop paBen anmoctepuop-
HOl BEPOSATHOCTU B 110J1b3Yy runoresnl Hi. Eciu 0be runore-
3bl HE COJIeprKaT CBODO/HBIX MMapaMeTpoB, TO baiiec-dakTop
€CTh OTHOIIEHUE MPABIOTIOI00MS.

B 6osee caoKHBIX ciydasx, KOTJA IPUCYTCTBYIOT HEU3-
BECTHBIC TApaMeTpbl, Hampumep, (01, 0y) B oxHoit wim obenx
runoresax, baiiec-pakTop ecTh

P(D|Hy) _ [ £(D|6s, Hy) - (61| Hy)db;
P(D|Hy) [ f(D|0a, Hy) - (02| Hz)dby”

B =

B =
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Bnecy w(01|Hy) u w(02|Hy) ectb ampuopHbIe (T.e. JTOOMBIT-
Hbl€) BEPOSITHOCTH 3HAYEHHH HapaMeTpoB B YCJIOBUSX CO-
oreercTBytomux runores Hy, Hy. Bennaunwt f(D|01, Hy) u
f(D|02, Hy) ecthb mioTHOCTH BEpOATHOCTH D B YCJIOBUSAX CO-
OTBETCTBYIONIUX IapameTpoB 61,0, u runore3 Hy, Hy. Hpy-
rumu ciaosamu, sennuunsl f(D|0, Hy) u f(D|0s, Hy) ectb
dyukun npaaononodus mapamerposn 6y, ;.

B e1re 6o1ee ob1eM ciiydae mapamMerphl SIBJISTIOTCA BEKTO-
pavu. B Beipaxkenun jayig Baitec-pakropa dmcinTes b 1 3Ha-
MeHaTe b Ha3bIBAIOTCS “MapruHaTbHbIMU (MK “HHTerpaib-
ubiMu”) byHKIUsIME npaBaonogobus. ITapamerpsr 6y, 65 Mo-
ryT OBbITH MCKJIIOYEHbI U3 Bbipaxkenus s baitec-dpakropa
HE TOJBKO MyTeM MHTErPHPOBAHUS, HO U IIyTEM MPOIELY Phl
MaKCUMU3AIIH [0 HUM.

HuTterpal Bujga

I:/f(D|9,H)~7r(9\H)d9

MOYKET OBITH BBIYUCJICH AHAJUTHYECKH JJIS SKCTIOHCHIINA T b-
HOI'O PaCIpeie/IeHUs U POJICTBEHHBIX €MY, a TAKzKe JIJIst HOp-
MAaJIbHBIX JHHEHHBIX MOIeJIe.

Annporcumanuio 5Toro MHTErpaia MOKHO MOy YUTh, UC-
HOJIb3YS CJIEJYIONIee TPe/ION0KeHne (T.H. AlIPOKCHMAITHSI
Jlamaca). AmocrepropHasi IJIOTHOCTH BEPOSITHOCTH, KOTO-
pas nponopimonanbua f(D]0, H) - w(0|H), obiaamaer Bbipa-
KEHHBIM ITHKOM BOJTH3H HEKOTO 3HadYeHns mapanmeTpa (), Ko-
TOpOE eCTh T.H. alloCTepHoOpHasd Mojaa. Paznarad (byHKITIO
log f(D|0, H) - 7w(0|H) B psin mo napamerpy 6 B OKpECTHOCTH
0 ¥ OTOM CHOBA 3ANUCHIBAS B BU/E SKCIOHEHTH, MOLYIacM
pazioxenust aius f(D|0, H) - w(0|H), koropoe umeer dopmy
HOPMAJIBHOIL IIIIOTHOCTH BEPOSTHOCTH CO CPELHHM 0 H KOBa-
PHUAIIMOHHONU MaTpUIel

> = (=D?log f(D|0, H) - m(0| H)) ™.
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3mecs D?log f(D|0, H)-m(|H) — 1o Marpurta Lecce BTophix
HpOU3BOAHLIX. VHTEerpupoBanne MOJYyYeHHONH AITPOKCHMA-
UH Jaer orneHky marerpana I (d — pasMepHOCTH BEKTODa
IapaMerpoB):

L
(2m)4
I= f(l +0(n™")),n — .

I= S|V2f(DI6, H) - (6| H),

Moaudukanusa annpokcumaryu Jlammaca ecth mHTErpas

[Amod = L
(2m)

[S[V2£(DI6, H) - m(8]H).

Buecs X! — mabmogaemas nadpopmamonnas Marpuia Ou-
mepa, T.e. obparHasa Marpuna lecce st torapudMuIecKoi
dyHKIMN mpasaonoaobus aas oneHku 6. B srom ciayuae

I=1(1+0(n?).
Eciu annpokcuMupoBarh Bennauty 6 peamwaunoit 0 (og-
HOIIIATOBBIM MeTOJIOM HbIOTOHA) U MOACTABUTH B BHIPAsKEHHE

1
(2m)4

I =

[S[V2F(DI6, H) - 7 (0]H),

To Baiiec-pakTop npumer Bu
2log B =

_ 210gP(D|H1) _ 2f10gf(D|91,H1) . 7T(91|H1)d91 -
IOgP(Dng) flng(D’QQ,HQ) . 7T(62’H2)d92
~ A + (El — EQ),

rie
A= 210gf(D](91,H1) - 210gf(D|92,H2),
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E1:

- 210gﬂ(é1\Hl)+{di91logw(ﬁl\Hl)}.<§1l+(D[Z_11])—1>_ .

.{2_ S (5 (D[g_jy}_ (L tog (1) -

—log ’21—1 + (D [%D l‘ + log 2.
1
Ina Es Boipaxkenue aHajorudno. lIpousBognbie GepyTces B
TouKax 61 1 0y COOTBETCTBEHHO.

[Ipu Bbrumciennn baiiec-pakTopa MOXKHO BOCIIOJIB30-
Barbcs Kputepuem [IIBapiia, 00oiiTn HEOOXOAMMOCTH BHIYUHC-
nenust w(601|Hy ), w(02| Ha) BBejist CIeYIONIYIO BeTUUUHY (17151
IPOCTOTHI CYUTAEM, UTO UMEETCH BCEro JIBa IMapaMerpa, OJIMH
CKAJIAPHBI, a JAPYroit pa3MepHOCTHIO HA €IMHHILY OOJIBIIE,
T.H. MOJIJIb “BIIOZKEHHBIX THIOTE3):

. - 1
S =log f(D|61, Hy) —log f(D|02, Hz) — §logn,

S —logB
log B

[TpasaonogodbnocTs baiiec-pakTopa MOKHO I'pydO Olie-
HUTH C HUCIIOJb30BaHUEM KpPUTEPpUA H_[Bapua n C IOMOIIIBIO
kpurepusi CThIOZEHTA, /)T OOJIBIIOTO KOJIUIECTRBA JTAHHBIX.
DTO MOXKHO CJIeJIaTh caeayionuM obpaszoMm. B gactoom ciy-
yae B BBIParKeHWH JIsT A

— 0.

A = 2log (D6, Hy) — 2log f(D|bs, H,)

OTeHKW TIapaMeTpOB WMET HOPMAJbHBIM 3aKOH paclipejie-
Jenust (torga GyHKuus f — 910 HOPMaJbHAs MJIOTHOCTH
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pacmpeenenus ). Torna A TpoNOPIHOHATBLHA KBAJAPATY HOP-
MaJIbHON CTATUCTUKH U, Ucnob3ysa dopmysay [Isapna, mo-
JIydqaem:

2log B ~ u? — logn.

B 6oJiee obiiem ciaydae BeJIMIHHA
él — ég "
s.d./\/n

U TOr/Ia
2log B ~ t* —logn

IpU JOTOJTHUTEIHHOM YCIOBUH, 0 — Oy ~ O(nfl/Q).
Onrako mockoabKy Kpurepuii [1IBapra BepeH s 60/1b-
X BBIOOPOK, TO MOYKHO TOJH30BAaThCs (hOPMYJIOH ¢ HOD-
MaJIbHOH CTaTHCTHKON BMecTO cTaTucTuku CTbIOJEHTA.
BuaunMocThb Jiorapudmudeckoro baiiec-dakTopa Tpaiu-
IIMOHHO OIIPeessIeTcss COTJIACHO HUKecJemayioleil Tadamie
(Tabmuma (42)).

Tabmuna 42:

Snavumocms so2apupmuveckozo Batiec-gaxmopa

2log B \ B BecomocTh mokazarenncTBa
[0, 1] [1,3.2] Cnabast
[1,2] | [3.2,10] [MonoxxuTenbHas
(2,4] | [10,100] CusibHast

Takum obpasom, ucnosb3yst Kpurepuii CThiogeHTa (Ko-
TOpLIl B yeaoBusx n > 30 peKOMeHIyeTcsl 3aMeHSATh Ha
HOpMaﬂbeIIU/I) MOZKHO IHOJIYYUTb KOJIMYECCTBECHHBIC XapaKTe-
PUCTHKH BECOMOCTH JlOKa3arejbcTBa baiiec-pakTopa. Ha-
npumep, aiast n = 45 u 2log B = 0.74 (cnabasi BecoMoCTh
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JOKA3aTeNhCTBA) HA OCHOBE BBINICNPUBEIEHHBIX (hOPMYJT Be-
amanHa 2 ecth 2.39, 9TO COOTBETCTBYET YDPOBHIO JIOCTO-
Beproctn 93.54%. Jlna n = 45 n 2log B = 1.28 (moso-
KUTEIbHAS BECOMOCTD JIOKA3ATeNbCTBa) 12 ecTh 2.93, 4o
cooTBeTcTBYeT ypoBHIO mocroseproctn 95.31%. Haxomer,
st n = 45 u 2log B = 5.4 (cuibHas BECOMOCTBH JIOKA-
zare/iberBa) t2 ecrh 7.05, 4TO COOTBETCTBYET YPOBHIO JIO-
croseproctu 99.45% (Baiiec-dakTop paccaurtaH 1s JaH-

HBIX I'PaBUTAIKOHHO-BOIHOBOrO KciepuMerTa NANOGrav,
2020).
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