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BBenenne

YaebHo-MeToandeckoe ocobre OCHOBAHO Ha Kypce JIeKIuil (OCeHHnil cemMecTp) mjist CTy-
JICHTOB aCTPOHOMUYECKOTO OTAeaeHus nepBoro kKypca @uszndeckoro dpakysiabrera MI'Y nm.
JlomonocoBa, ynrtaemoro apropoMm ¢ 2015-ro roya. Ilocodue MoxkeT OBITH HCIIOJIB30BAHO CTY-
JIGHTAMH aCTPOHOMHYECKHX CIlelHaJIbHOCTed dusmdecKux (hakyJIbTeTOB YHHBEPCUTETOB, a
TakzKe HAayIHBIMH COTPYAHUKAMU MUHCTUTYTOB, 3aHUMAIOIIUXCS UCCICIOBAHUIMH B 00JIaCTH
acTpoOHOMUM U (DU3UKA KOCMOCA.

[Tocobue comepKuUT CBEIEHUS U3 MATEMATHIECKONH CTATUCTUKH, HEOOXOIUMBbIE JIJIsi mMep-
BUYHON 00pabOTKM HADIIOMATEIBHBIX U IKCIEPUMEHTAJIBHBIX JAHHBIX PA3IUIHON TPUPOIHI,
B TOM 4YHUCJI€, IPUBEJIEHDBI CIOCODBI MpeICTaBIeHUs JaHHBIX JJIs UX IHOCJIeAyIolnei odpaboT-
KH, METOIbI BBIYUCJIEHUSI OCHOBHBIX XapAKTEPUCTHK JAHHBIX € YKAa3aHHEM IOTPEITHOCTEH
91uX BbhraucaeHuit. Ocoboe BHUMAHME yAeJAeTCs JUHEHHOR U MOJMHOMHAJBHOI perpeccun
JUTST AITPOKCUMATTIH JAHHBIX HenpepbiBHBIME (hyHKusMu. O6CyKIaeTCs BOMPOC TPOBEPKH
JTAHHBIX HA COOTBETCTBUE OTPEIEJIEHHOMY THITY PACIIPEIETeHNUs], & TaKKe PsiJi HelrapaMeTpu-
YeCKHUX METOJIOB.

[Tocobue cuHabXKeHO OOJIBIIMM KOJUYECTBOM HMPHMEPOB, IPEUMYIIECTBEHHO U3 acTPOHO-
MHUH, & TAKZKE JIOMOJHEHO IJIABAMH U3 CMEXKHBIX obJsiacTeil: Teopun BEpPOSITHOCTEH, KOMOM-
HATOPUKH, JIMTHEHHOI a/rebpbl, KOTOPbIE JeIA0T TMOCO0Ne CaMOMOCTATOYHBIM JIJIsi PEITeHUsT
MTIPOKOTO KPyTa MPHUKIATHBIX CTATUCTHYECKUX 337349 0e3 O0palleHuns K JOTOJTHUTE/THHOMN
JILTEpaType.

Jluteparypa, HCIOIb30BaHHASA IIPU HAKMCAHUU ITocobus, YKa3aHna B oudsmorpaduu. s
6oJee yruIyOJIeHHOTO M3YUEeHHS M3JI0KEHHBIX B MOCOOHU BOMPOCOB, PEKOMEHIYETCST CJIeIyIO-
mast JONOJTHUTEIbHAS JuTeparypa. [1o Teopun BeposiTHOCTEH 1 MaTeMATHIECKON CTATHCTH-
ke: B.C. Tlyraués “Teopust BeposgTHOCTEH 1 MaTemarndeckas crarucruka’, M., Hayka, 1979
r.; B.C. Ilyraués “Bpenenune B Teopuito Bepostaocreir”’, M., Hayka, 1968 r.; b.B. I'nenenko
“Kypc Teopun BepostHocteit”’, M., Hayka, 1988 r.; FO.B. JIunnuk “MeTon HauMeHbIINX KBaJI-
PATOB U OCHOBBI Teopuu 0b6paboTku Hadmomennit”’, M., Pusmarrus, 1962 r.; A.H. Koimoropos
“Ocnosubie nonsitus Teopun BepoarHocreir”, M., Hayka, 1974 r.; E.C. Benruens “Teopus Be-
postrocreii”, M., Hayka, 1969 r.; I'. Kpamep “Maremarudeckue Meroanl craructuku’, M.,
Hayxka, 1975 1.; B. ®enep “Brenenne B Teopuio BeposiTHOCTEH U ee NMPUIOKEHU. B 2-X T.”
M., Mup, 1984 r.; M. Jloss “Teopust BeposgraocTeir”, M., N3/1-B0 HHOCTpAaHHO# JIATEPATYPHI,
1962 r.; H. Ipeitnep, [. Cymut “IIpuknagnoit perpeccuonnniit anaaus”, Inanekruka, 2016 .
[To ysmmneiinoit anredpe: A.U. Kocrpukun “Beenenue B asredpy. Yacts 1. Jluneitnas anred-
pa”, M., Hayka, 2000 r.; I.M. Tennpang “Jleknun no nuneitnoit aaredpe”, M., Hayka, 1971
r.; @.P. lantmaxep “Teopus marpui’, M., @uzmariut, 2010 r. [lo gucienabM MeTOIAM:
H.C. baxsagos, H.II. 2Kuyikos, I"M. Kobenbkos ““Yuciennsie merogsr’, M., Bunom, 2020 r.;
H.H. Kanurkun ““Yucnennsie Mmetoan’ CII6, BXB-Ilerepbypr, 2011 1.

Casicuna O.C.
2020 e.



1 Ilorpemspoctu m omuOKN n3MepeHnii

B pasaene obcyxkaarorcsi 0COOEHHOCTH METOJ/I0B M Hpo0JeM MaTeMaru4deckoit obpaboT-
KW JAHHBIX W HaOJTIOfEHUIl, B TOM 4HCIe JaeTcs MOHsITHe TorpernHocTn (psMas u obpat-
Had 3aja4a, TOUHad OMMUOKa NPUOIUZKEHHOT'O YUCIa, IIpeJieibHasg adCOTIOTHAA TOI'PEITHOCTD,
Ipe/iesibHAst OTHOCUTEIbHAS IIOIPENTHOCTD, IIOIPENTHOCTH MPOCTEHIINX JJIeMEHTAPHBIX (DYHK-
muit). Jlaercs onucanue qedcTBUi ¢ NPUOTHKEHHBIMA TUCTIAMU (CI0KEHUe, BhIIuTaHue 6.1u3-
KHUX 4HCeJ, YMHOXKEHHUe, JeIeHne, OleHKa OmuOKu DYHKIUA TPUOINKEHHBIX apryMeHTOB).
BromuTcd noustue onmdOKu u3MepeHuii.

1.1 O mpuHNUIax, mmpobdjemMax m 0COOEHHOCTAX cOOpa M MaTeMaTH-
9eCcKoil 00paboTK! JaHHBIX

OKpy2KalOMui MUP MOJOH HHMOPMAIUUA BCEBO3MOXKHOI'O poja. KadecTBo cbopa u 00-
paboTKN MHMOPMAINKA COCTOUT HE TOJIBKO B TOYHOCTH TPHOOPOB M B HAJEYKHOCTH IKCIIE-
PUMEHTAJIbHBIX YCTaHOBOK, HO M B IIOHMMaHHH TOI'O, 4TO BCd I/IHCI)OpMaL[I/IH XpaHUT B CeGe
9JIEMEHTHI CIydaiiHocTH. HeBO3MOXKHO TPOBECTH HECKOIBKO pa3 adCOJTIOTHO OANHAKOBBIE 9K -
[MEePUMEHTHI MJIM OCYIIEeCTBUTH aDCOTIOTHO OINHAKOBBIE HAOIIOIEHHS U IOJIYINTh aOCOTIOTHO
OJIMHAKOBBIN pe3yabraT. CaydaifHOCTh — 9TO HEOTHEeMJIEMOe CBONCTBO IPUPOIALI U N30ABUTH-
¢S OT Hee HeBO3MOKHO, a IMOTOMY HAJI0 YMeTh OOHAPYZKWBATH €€ U KOHTPOJUPOBATH — KaK
Ka4eCTBEHHO, TaK U KOJIUYCCTBEHHO.

[Ipu nab/iroieHu X, N3MEPEHUAX, SKCIEPUMEHTAX PAa3/INYaloT HECKOJIHKO BUJIOB BO3MOK-
HBIX OIIHOOK.

e Cucremarndeckue (MU MHCTPYMEHTaIbHbIE) OMUOKH, OmuOKH KaTagaoros. Cucremaru-
qecKue OMMMOKY SABIAIOTCS CJAEJICTBUEM BIUMIONINX Ha n3Mepenue 3pdekTon, geiicTpue
KOTODBIX HE DACIMO3HAHO M He yCTpaHeHO (ujau He yureno). Hampumep, BeaemcTue
pedpakun u3MepsieMasd BbICOTA CBETHJIA HAJ[ FTOPH30HTOM OKa3bIBAeTCd OOJIbIINE HC-
THHHO# BBICOTHI. Ecau pedpakiinio He YIUTHIBATb, TO B H3MEPEHUS BBICOTHI CBETUIA
HaJ| TOPU30HTOM BHOCHUTCH cUcTeMarudeckas onrnbka. Ha nmpakTuke mojiHOCTHIO UC-
KJIIOYUTH CHCTEMaTHYECKHe OITUOKH HEJIb34.

o CyObekTuBHBIE OMUOKKA HAOJIIOAATEIST M IKCIEPUMEHTATOPA, B TOM 4HCJE I'DyObIie
OMMOKH U ONeYaTKH.

e OuOkM, cBst3aHHble ¢ (HUIMIECKUME OCOOCHHOCTSIME HCCIeyeMoro mporecca (husu-
geckne ommbkn). Hanpumep, coracHo KBaHTOBO-MEXaHHYIECKOMY HPUHIUITY HEOIpe-
JACJIEHHOCTH, HEBO3MOZKHO OAHOBPEMEHHO U3MEPUTH TOYHO UMITYJIBC U KOOPDANHATY Ya-
CTHUIIHI.

o Cuyuaitabie OMmuOKM, KOTOPBIE MOTYT OBITH KaK CBOWCTBaMH TpHOOpa, TaK W CBOIi-
CTBAMU CaMOTO HCCJIEIYEMOTO MPOIECCa. DTU ONTUOKN MCCIETYIOTCS CTATUCTHIECKUMI
MEeTOJIaMHU, U OHH OYIyT JaJbIle 00CYKIAThCS.

1.2 IlorpemHocTn BBIYHMCJEHUN W JAeficTBUA C NPUOJIM>KEHHBIMU
HeCJIyJYalHbIMU 4YUCJIaMU
N3-3a orpannyeHHONl TOYHOCTH U3MEPUTEIbHBIX ITPUOOPOB PE3y/IbTaThl U3MEPEHUil Bce-

raa mpubsimkenabie. KpoMe TOro, pesy/ibTarbl H3MEpPEeHHil CoAepKaT U CAydaiiHylo cOCTaB-
JIIONILYI0, OT KOTOPO# HeMb3s M30aBUTHCH HUKAKUM IMOBBINNIEHUEM TOYHOCTU. Paccmorpum



CHavaJIa, KaK OIepPUPOBATH ¢ pe3yabTaTaMM, JUIIeHHBIMI CJIy4aifHoi cocTapiagomeil. [Ipen-
[OJIOZKUM, YTO CYIIECTBYET TOUHOE YUCIOBOE 3HAYEHHE U3MePSeMOil BEJIMUNHbI (KAK He3aBHU-
cstiast o1 Iprbopa OO BEKTUBHAS PEAIbHOCT). II3Mepenue ke jgaer Kakoe-To JApyroe 3Hade-
uHue. Takum 00pa3oM, ONPEne/IseTCs KOHeYHAA 0UUOKA USMEPEHUA.

[Ipeamonoum, TPOIEIAH PsiT N3MEPEHUIN U KayK0€e U3MEPEeHHe COAEPKUT CBOKO OMIHO-
Ky. Jlasree ¢ STHME H3MEPEHUSIMHU HCCJIEI0BATEb XOUeT IPOU3BOINTH, K IIPUMEPY, IPOCTeii-
e apudmMeTniIecKue AeficTBUS: CKIaIbIBaTh, BBIYUTATh, YMHOXKATh, JeauTh. Oupeie/enne
omubOK pe3yJbTAaTOB, MOJYUEHHBIX NMPH 00pabOTKe MPUOJIHKEHHBIX YHCE]T C U3BECTHBIMU
omuOKaMu (¢ U3BECTHBIMU HHTEPBAJIAMHU U3MEHEHHs1) — NPAMaA 3a0a4a 00pabOTK TpHOIH-
JKEHHBIX Jucesi. Beanm yKe TOYHOCTh KOHEYHOTO Pe3ysIbTaTa 3aaeTcs u Tpedyercs ompee-
JINTh, ¢ KAKO# TOYHOCTHIO JOJI2KHBI OBITH H3MEPEHBI MCXOIHbIE BEJTUIUHBI, TO HMEET MECTO
obpamnan 3adava.

1.2.1 Tounasa ommbka MPUOIUKEHHOTO UUCTIA

[Iycth A — TOUHOE HeM3BECTHOE 3HAUEHUE U3MepsieMOil BeIMIUHbI, 4 — U3MepeHHOe 3Ha-
qeHue, TOrJaa

A, =a—A

€CTb MoYHaAA 0WUbKa ’flpU6./l,U9fC€HH020 wucaa.

1.2.2 TIlpenesbHasa abCOJIIOTHAA MOTPENIHOCTD

Haumenbinee mosozKuTeabHOe YHCIO €,, TAKOE, YTO
a—¢, <A<a+e¢,

HA3BIBACTCS NPedeivhots abcomommoti no2pewHocmsio.
IITIPUMEP IllpuBeseM mpumep BBIUHCICHUS MOPeIeIbHON aOCOMIOTHONR MOTPEITHOCTH.
Paccrosuue S or 3emu o maanerst Diuse 581c! pasno a = 6.2 napcexa (1 nk = 3 - 103
M). OKpyrimMm J0 [esioro gucia napcekon, S & 6 nk. [IpuHATO cauTaTh, 9T0 MpeaeTbHAsI
abCOIIOTHASI OTPENTHOCTD (€,) OKPYIVIEHHOIO TpUOIHKEHHOIO 3HAYEHHs] DABHA MOJIOBUHE
eINHUTIB TOCJIETHEr0 3HAKA OKPYIJIeHUs, T.e. €, = 1 mk /2 = 0.5 K.

1.2.3 llpeaeabHas OTHOCUTEJbHASA MOTPEITHOCTD

Mana mim Beauka IpeaenabHas abCOJIOTHAs TOTPENIHOCTH B NPEABIAYIIEM mpuMepe?
Baxkna He TOJIBKO MaJOCTh IMPeJAebHONR adCOJIOTHON MOrPEITHOCTH caMa 110 cebe, HO U ee
MAaJIOCTh B CPAaBHEHHH C W3MEPeHHOI BeJnunHOl (Tak, Aas pajuyca mianers [umse 581c¢
€, = 1 KM — 3TO 0YeHb XOPOIIO, HO Ta K€ BEJUYUHA JIJIT U3MEpPeHud JIUHBl KepuaeHCKOro
MOCTa MpeJcTaBiseT coboit 0ueHb rpyOyI0 TOTPEIHOCTD). BBOAUTCS TOHSITHE npedeabvHol
OMHOCUMEALHOT, NOZPEUHOCTNU:

€
00 = — 1
al (1)
nJIn
a(l—10,) < A< a(l+46,),a>0
a(l+6,) < A< a(l —d,),a<0.

namera [nuse 581c¢ — 3K30IIaHeTa B IIAHETHOH cucTeMe 3Be3ap1 Limmse 581, KoTopas Oblia 06HapyZKeHa
B ampesie 2007 1. obcepsaropueit EBponeiickoro acTpoHOMu4Yeckoro coobiectsa B Unim.



ITIPUMERP llpupenem npuMep BLIYHCACHHUS IPeIeJbHON OTHOCHTEIbHON IMOrPEeIIHOCTH.
JJ1s1 mpuBeIeHHOTO BhINIe TpuMepa npo mwianery Linse 581c dbopmyna (1) gaer d, = 0.5 nx
/6.2 uk = 0.08 ujin, Kak 0OBIYHO HPEJACTABJIAETCS IPEJIE/IbHASE OTHOCUTE/IbHASI IO PELIHOCTD,

8%.

1.2.4 Cuaoxenne npubJ/IN2KE€HHBIX YHCEJ

[Iycth @ = ay +as+az+- - -+ ay,, vae a; — npubINKeHHbIe Yucaa. 1IycTh TakKe H3BECTHBI
€; — IIpeeabHble ADCOMIOTHBIE MOIPEITHOCTH KaxK a0 3 a;. CtaBuTcs 3a1a4a (HpHMaH 3a/1a-
qa) OIIPEeNTh MPeeTbHYI0 a0COMIOTHYIO MOTPEITHOCTE A/ BeIUYnHbl . OHa eCTh CyMMa,
npeaeabHbIX aDCOTIOTHBIX MOTPEINTHOCTEH KayKI0T0 CaaraeMoro:

n
€q — E €;.
i=1

W3 s1oit mpocToit (popMyJIBbl CJIeAyeT BayKHBIH BBIBOJ, YTO HE HYXKHO CTPEMHUTLCS IOJY-
YaTh NPHUOJIMKEHHBIE CJIaraeMble ¢ Pa3HbIM KOJHYECTBOM 3HAKOB IOCJIE 3aIATOMH.

1.2.5 Bseruntaame npubIn>KeHHBIX YUCEJ

Borauranue — 310 ajaredbpandeckoe CJI0KEHUE, MOITOMY JJIs JIBYX HPUOIUZKEHHBIX YHCeT,
a1 U Gy C 33JAHHBIMH HPEICJIbHBIMH a0COTIOTHBIME IIONPEHTHOCTSIMHU €] U €3 UX PA3HOCTH
a = a; — as obJIaTaeT IpeaebHOM abCOMIOTHON TOTPEITHOCTBIO €, = €] + €9, a TpeJeabHasd
OTHOCUTEJIbHAS MOTPEITHOCTH, COOTBETCTBEHHO,

5, = o — ate (2)
la| a1 — as
[TockobKy B 3HAMEHATE e CTOUT PA3HOCTDH JABYX BEJIMYNH, TO BOZHUKAET IIPO0IeMa pocTa
peeTbHO OTHOCUTEIHHON TIOTPEITHOCTH, KOT/IA 4 U (g MaJIO OTJIAYAIOTCS JAPYT OT JIPyTa.
[IpoGiema MOKeT OBITH yeTpaHeHa JIHOO yBeTUIeHueM YUC/1a 3HAYAIIUX IUQP MOCTe 3ausToi
00, ecju IepBOe HEBO3MOXKHO, CBEJIEHUEM PA3HOCTH (1 — U K PA3HOCTH (v — (vg, TJIE
a; = m—+ o, g = M + Qa.
ITPUMERP IlpuBesem npumep BbIYUCACHUS MPEICABLHON OTHOCUTE/IHHON TOTPENTHOCTH
JUTsT PA3HOCTHU ABYX Ou3KWX 4nces. 1lycTh HEeoOXOAMMO BBIYHC/IUTEH NPEAeThbHYI0 OTHOCH-
TEeJIbHYIO TOTPEIIHOCTD J1eBoil Yactu dopmyJsl, [1]:

N

(7"1+7"2+S>%—(7"1+7"2—8) =1U. (3)

910 hopmya Ditaepa, BEIPAXKAIONAsT CBI3b MEXK/Iy IBYMS PaIuyCaMU-BEKTOPAMHU Mapa-
60,11, JIUHON XOp/Ibl U BpemeHeM. OOBITHO S €CTh MaJjiasi BeJIMINHA 110 CPABHEHUIO C 71 + T'g,
U MO3TOMY MPSIMO€e BhIIHCIeHHe 110 (popMmyste (2) mpuBoAuT K morepe TouHoct. OT pasHOCTH
OIM3KAX THCE] MOKHO U30aBUTHCsI, YMHOKUB U Da3J/e/uB JIEBYIO 4acTh ypaBHeHus (3) Ha
CYMMY

(SIS

(7“1+7"2+s)% + (ri+r—s)2.
Torna mosygaercs \
2(ry +72) % (30 + 0°)

3 3
2

(14+0)*+(1-0)

Njw

rae
S
o= —— << 1.
1+ 7o
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Mo2KHO BOCIOJIB30BAThCd OoJiee OOIIMM IPHEMOM, Pa3/IOXKUTh IPeodpa30BaHHOE BHIpa-
xkenwe (3) B psizi 10 0.

ITPUMERP llpusejiem 1npumMep BbIYUC/JCHUS ILJIOMAAEH MaJIbIX lepeceKaronmuxces odJia-
creit Ha HebecHOI chepe. CTaBUTCS 331298 BRIYUC/IUTD ILIOIIA/Ib HEKOTOPO MaJjioil obractu
Ha HeOeCHOI cdepe, 33 JaHHON TeTHIPHMS TTAPAMU KOODINHAT CBOUX YIJIOB, a TaKKe ILIOMIAIh
nepeceveHns JABYX TaKUX OOJacTeil.

[Iycts moBepxXHOCTH S ompeesiercs ypaBuenueM z = f(z,y) U IpemoaaraeTes TIaaKoi
BO BCEX TOYKaX, YTO O3HAYAET CYIIECTBOBAHUE B KaXKIOH TOUKE BEKTOPA, IMEPIEHIUKYIIP-
HOTO 3T0i mopepxHOCTH. [IycTh D — obmacth oupenenenns: HyHKIUA 2 Ha miaockoctu Oxy
(obmacTb D ecTh mpoekIus moBepxHocTH S Ha miockocTh Ozy). Tliomaas moBepxHocTn S,
orpaHHYeHHON 00/1acTbio [, BEIUHCIAETCA 10 (bopMmyJie:

2 2
S = ff \/1 + (g—f) + (g—f) dzdy.
(D) ’ Y

V1o v MexkIy HepueHIuKyaapoM i ockbio Oz onpejesieTcs BhlpazkeHueM

1

e (6) - (8

[TocTponm mpoexnmio equHIYHOI 006gacTn Ao;; Ha KOODAMHATHYIO TJI0CKOCThL Oy:

Az - Ay;
COS 7ij

cosy ==+

AO};J’ =

TA€ 7;; BbIYHACJIACTCA B TOYKE Cjj . ITonnasa IO db S ecTb npeaeJjr CyMMbI:

Of\> [of\*
;Aaij:; 1+(0_xi) +(5_y]) Ax;Ay;.

2 2
S = ff \/1 + (g—f) + (g—f) dzdy.
(D) ‘ Y

[Iycts Temeps 2 ecTh HesiBHAsT QYHKITHS TepeMeHubX © u y: F(z,y, z) = 0. B sToMm cayuae

Takum obpaszowm,

OF OF 0z
9z Tz ar
or or 0:
oy 0z Oy '
n
oF
oz or
or  OF’
9z
oF
0z 6_y
8y_ oF”
9z

11



OxoHYaTeILHO,

g:(g) \/(%) " <8_y) " (E)

dzdy.
OF ey
0z
Kazk10e mosie onpenesserca Ha cdepe 22 + y? + 22 = 1. Jlng HeaBHO 331aHHOM HOBEpX-
Hoet OF OF oF
) IS A Wy}
ar Doy~ Y,
41
Va?+y?+ 22
S = dxdy.

BBoss nonsipabie KoopauHaThl Ha cdepe eIMHIIHOrO PaJInyca

T =cosa,y = sinq,

MBI [IEPEXOUM OT JIEKAPTOBBIX KOOP/MHAT K MOJAPHBIM ¢ SKOOMAHOM HEpexoja 7

T2 Q2

1
S://ﬁrdadr.

T Qa1

BribepeM B KauecTBe KOOpAUHATHON 1L10cKOCTH Oy ILIOCKOCTH HeOecHOro sKBaTopa. B
ToM caydae yroa a € (0,27) ects mpsimoe Bocxoxaenue, a 0 € (0,7/2) — ckaounenue. Ochb

Oz nanpanjieHa Ha CEeBEPHBIH 1OJIIOC.
CBsa3b MeXKIy MOJIAPHON KOOPANHATON 7 M YIJIOM HAKJIOHA 0 €CTh

71 = COS 03, 'y = COS 01

(01 < 9).

s xaxkaoro noaist (aq, 01), (a, 92), (a3, 93), (a4, d4) Oymem TpHOINKEHHO CAUTATH (O

a3,y = ay u &1 = g, 03 = d4. Hampumep (B rpajycax):
a1 = 170.56404, §; = 18.3216;
g = 169.51245, 6, = 18.32824;
(s = 170.5539, 65 — 17.32329;
oy = 169.50818, 6, = 17.3299.
ITiromann

cosd1 a2

S = ———rdadr = (ag — aq) - (sindy —sindy ) ~

V1—1r2

cosdy a1

)
z(ag—al)-(ég—él)-cosal—; 2

12



31ech u Jlajiee Mbl HCIOJIb3YeM TPUTOHOMETPUUIECKYIO (hOPMYILY I yCTpaHeHUs Pa3Ho-
CTH CHHYCOB OJM3KHUX YIJIOB. [10CKOJIBKY MBI XOTUM pacCMaTpPUBATH JBa IEPECEKAIONUXC
MO8, TO JIjIsl MOACYETa MOJAHON IJIOMA/M HYKHO UCKJAIOUUTH IJIOMIAIb UX IIE€PECEICHUSI:

51,2 = Sl +SQ — SU

D10 JIErKO CAeJaTh B TEPMUHAX HPOCKIMU: HEOOXOAUMO YIIOPAL0UUTHL KOOPAUHATHL YIJIOB
JIBYX TIepeceKalonuxcs nojeit af, as, i, 55 u 01,03, 6%, 62.

[Monydaem ynopsiiodeHHbI (BApUAIMOHHBII) Pl ] < Ao < A3 < Ay 1 51 < 8y < 03 < 0.
Hautee,

Sy = (d — dy) - (sindg — sin dy) & (dis — d) - (65 — d3) - cos 03 + 52.

PaCCMOTpI/IM JBa II0JId ¢ KOOpJAHHaTaMM, COOTBETCTBCHHO.
ot = 170.56404, 5 = 18.3216;

o = 169.51245, 5; = 18.32824;
o = 170.5539, 63 = 17.32329;
ay = 169.50818, §; = 17.3299.

oF = 170.37474, 67 = 18.66864;
a2 = 169.32095, 62 = 18.67431;
a3 = 170.36562, 63 = 17.67029;
af = 169.31784, 57 = 17.67593.

JIns onipeie IeHHOCTH BbIOEpEM
o) = 170.56404, 5] = 18.3216, ay = 169.50818, 6, = 17.3299;

oy = 170.37474, 55 = 18.66864, a5 = 169.31784, 55 = 17.67593.

yHOpH,ZLO‘II/IM BEJIMYIUHBI YIVIOB II0 BO3PACTaHHUIO:
(d1, o, 3, dy) = (169.31784, 169.50818, 170.37474, 170.56404);

(81,02, 03, 04) = (17.3299,17.67593, 18.3216, 18.66864).

[ToHas MWIOMATL ITUX JBYX IEPECEKAIONINXCS MOl ecTh (B KB. TPAIycax):

S1e = 51+ Sy — Sy = 0.99683 + 0.99686 — 0.53213 = 1.46156.

13



1.2.6 YMHOXKeHHE NPubIINKEHHBIX YHCEJ

[IycTh a = aq - as 1 330aHBI €] €9 — IpeaeabHbIe A0COTIOTHBIE TOTPEITHOCTA BEJIUYUNH (1 U
ay coorBercTBeHHO. OUpeaenuM IpeaeabHbie a0COMIOTHYIO I OTHOCHTENBHYIO IIOIPEITHOCTH
€q U Og.

[IpousBejieHre TOYHBIX (HEU3BECTHBIX) BEJIUYUH

A= Al . AQ = (a1 - Al) : (GQ - Az) = a1ag — CllAQ - Ala,g + AlAQ =

=a— a1y — asAy + A A,

e Ap u Ay — Tounble omuOKU TPUOJIMKEHHBIX BEJUYUH G U G COOTBETCTBEHHO. TouHas
ommuOKa MPOU3BEJICHUS €CTh

Aa =ag— A= a/lAQ + ClgAl — AlAQ.

[TocsieiHee ciaraeMoe ecTh BeJIMYWHA BTOPOTO MOPSIIKA MAJIOCTH, TMOITOMY eif MOYKHO
npenebpedb. OKOHYATEIBHO MOTYYIaeM

Ay = a1y + azAy
WIH, /I OpeaeabHoil abCOMI0THON HOTPeITHOCTH,
€a = |ai|ea + |asér.

[IpenenbHast oTHOCHTEIBHAST TOIPEITHOCTL (1) Mpou3BedeHus ABYX MPUOIMKEHHBIX Be-

JINYUH eCThb
€ ail€s + |asle € €
|al |a1as| |az| |ay |

B obmem ciydae gy n coMHOXKUTEIEH ay

3

0g = 0.
k=1

Takum 0Opa3oM, npejenbHasg OTHOCATEIbHAS TOTPENTHOCTD ITPOU3BEJCHUS PABHA CYyMMe
IPEAETbHBIX OTHOCUTEJIBHBIX TOTPENTHOCTER COMHOXKNTENEN.

1.2.7 lenenue mpuOIN>KEHHBIX UHCEJT

[Iyctb a = a1 /as w Tak Ke KaK W B NPEAbIAYIIEM CIydae MMeeT MeCTO MpsiMasi 3a71ada,
T.e. €1 M €9 33JaHbl U TPeOyeTcsd ONpepeuTh MpegeabHbie abCOTIOTHYI0 W OTHOCHTEIHHYIO
HMOTPEITHOCTH €, U O,. AHATOTMIHO BBIBOLY (OPMYJI /I YMHOKEHHS, )11 TOYHOTO 3HAYEHNS

_Al_al—Al

A= T m Ay

Tounas ommbKka npuOINKEHHON BEJTUYUHBI @

a1 a; — A as Ay — a3 Ay
Aa = — — = 5
as Qg — Ao a5 — asAgy

Bsenem Benunny
A — asAy — a1 Ay

a —

2
as

14



U HalijgeM pa3HOCTb 3TOH BBeIEHHON BeJIMYMHBI U TOYHON OIMUOKY MPUOINZKEHHON BeJTMINHEI
a:

Aa ~A, = — (G2A21 - alAQ)A2
az(ag — Ay)

[Mockosbky as # 0, 10 (A, — A,) ecTh Majiasi BTOPOro HOPsijiKa, a 3HAYUT € TOYHOCTBIO

710 MaJioii Broporo nopaika A, = A, = (asA; — a1 Ay)/a. Torna upejenbnas abeosorHas
HOIPEIIHOCTh OTHOIIEHHUS JABYX IPHOJIHKEHHBIX BEJIHYUH €CTh

_ lai|e2 + |az|e

a
a3

[IpenenbHast OTHOCHTEIbHAS TOTPENTHOCTE (1) OTHOIIEHHSI ABYX BEJHYHH €CTh
’CL1’62 + ‘Clg‘ﬁl asg €1 €9
0 = (—2 = = =+ = =01 + 9,
a3 ar| |ai]  fagl
9TO B TOYHOCTU COBIIQIAET C PE3YJbTATOM BBITHCIEHUs TTPEIeIbHON abCOMIOTHON Mmorper-
HOCTH JIJIsi TPOU3BEIeHNA NPUOINZKEHHBIX BEJIMTHH.
1.2.8 Omenka ominbdku pyHkIuu npubdIn>KeHHbIX apryMeHTOB

[Iycrs 3amana menpepoisaO-auddepentupyemas dyukmus f u U = f(A). Ecan Bmecto
TOYHOI'O 3HAYEHHUs apryMeHTa A MoJCcTaBUTh ero MpuOIMKEeHHOE 3SHAYEHUE ¢, TO MOy YeHHOE
snadenne Gyukiun u = f(a) Takxke Oymer TpuOIUKEHHBIM.

[IycTh 3amana npenenabHast aOCOJIOTHAS MOTPEITHOCTD €,. PeruM npsaMyio 3a1a9y u Haii-
JIeM IpeeTbHY 0 abCOTIOTHYIO IMOIPEITHOCTD Pe3yaAbTaTa, €,.

U=f(A) = fla—A,) = fla) — A f'(£),

rae £ — soboe gucsio, Takoe 9to a — A, < & < a (ucmonab3oBana Teopema JlarpaHxa o
KOHeuHOM Tipupartierun). Kpome Ttoro, A, = u — U. Torma

Au = f/(g)Aa-

Ecim B mocnenneit dpopmysne 3amenuts £ Ha a, TO ONIMOKA Takoii 3aMeHbI OymeT OoJee
BbICOKOTO nopsijika, dem Ag: Ay = f(a)Ag, win, .. €, = |Ay|, T0 npepebuas abcoorHast
MOTPEITHOCTH NCKOMON (hYHKITUN

ew = |f(0)]€a,
a 1pejie/ibHasg OTHOCUTEIbHAS MOIPEITHOCTD UCKOMOM (DYHKITUN
f'(a)
0, = 4.,
= | Fa) |0

[Ipesenbuasg abCcOIOTHAS HOTIPEITHOCTD (PYHKIIMU HECKOJbKUX apryMEHTOB MMeeT aHa-
JOTUYHYIO CTPYKTYDY:

€y = ﬁea%— %

ox b 4

rJie JYacTHbIe Tpou3Boaube dyukmun f(z,y) 6epyTes B ToUke x = a,y = b.
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ITPUUMERP Ilpusesiem npumMep OneHKH OMUOKH (DYHKIHH MTPUOJIHKEHHBIX apr'yMEHTOB.
YcKopeHue CUJIbl TSKECTH OIPeIesseTcs ¢ MOMOIIbIO 0DOPOTHOIO MAATHUKA CJIEIYIOIIIM
obpasowm, |1]:

472
= 5
rje | — npuBeeHHAs JJIMHA MagTHHKA, P — mepros KojaedaHus.

Habmonenusa gaiu 3HadeHUs] BEJIMYUH U UX IpeenbHbie rnorperHoctu: [ = 50.02 cwM,
P =1.4196 cex, ¢ = 1072 cm, ep = 107 cexk.

Boraucanm ycKOpeHue CHIIBI TSKECTH ¢ W €0 TPeeIbHY0 HOTPEINTHOCTh (3HAYeHHne T =
3.1416, T.e. €, = 5-1079).

[Tpumensist bopmyary (4), OJydnM BbIpayKeHUE [ TPeIebHON a0COTIOTHON MOrpenTHo-

cTh
&l 472 812l

2
Eg = Eﬁﬂ- + EE[ -+ FEP = 0.37 CM/CeK .

[Tocsie BHIMOJTHEHNS BBIYMCAeHUH ToTyunM g = 979.88 4+ 0.37 cMm/cex?,

Ecimm morpemntHocTs BbIMHC/IEHA C TOYHOCTBHIO J0 OJHON 3Hadvalieit 1udpsl, g = 04

cm/cex?, To g = 979.9 £ 0.4 cm/cex?.
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2 OcCHOBBI TeOpUHU BEPOATHOCTH U KOMOMHATOPHUKN

B pazmesie paccMarpuBaloTCs 3JIEMEHTHI TEOPUU BepodTHOcTe. J[atoTcd OCHOBHBIE IO-
HATHUSA U ONPEJIeJCHUS: ONbIT, COOBITHE, BEPOATHOCTH, He3aBucuMble cobbiTud. [IpuBoasarcs
OCHOBHBIE (POPMYJIbI KOMOMHATOPUKH, CYMMa, BEPOATHOCTEH, YMHOXKEHHE BEPOATHOCTEI, reo-
MeTpuYecKasd BEPOATHOCTD, YCJIOBHASI BEPOATHOCTD, MOJHAS BEPOATHOCTD, (hopmysia Baiieca.

2.1 OmnpiT, COOBITHE 1 BEPOATHOCTDH

OcHoBHBIME 00BEKTAMHU, ¢ KOTOPBIMU OTIEPUPYET TEOPHUsT BEPOATHOCTEH, SIBJIAIOTCA ONbIM,
(mmu ucnwmarue) u pesyavmam onvma (Wn ucxrod, cobvimue). Tak, Gpocanue UrpPaILHOTO
KyOWMKa ¥ BBICTPEJIbI 110 MUIIEHU — 9TO HPHUMEPHI ONBITA, & BBINAJICHHUE OIIPEAeIeHHOTO KO-
JMYECTBA TOYEK Ha UIPAJbHOM KyOuke u nomajanue (WM HENONa aHue) B MHUIIEHb — 9TO
[PUMEPBLI COOTBETCTBYIONIUX JTAHHBIM ONBITAM COOBITHIA.

B mporecce Kakoro-uudy/Ib ONbITa COOBITHE MOSB/ISETCH ¢ ONpejeeHnoit yacroroit. Ya-
CTOTA CJYKUT JIJIS OIIPeieIeHUsl OCHOBHOTO IMOHATHUS TEOPUH BEPOSTHOCTH — COOCTBEHHO 6e-
poamuocmu cobvimus. I1ycTh TPOBEIEHO N OJUHAKOBBIX ONBITOB (<«OJIUHAKOBOCTh» O3HAYAET
O BO3MOYKHOCTH OJIMHAKOBBIE YCJIOBUsI BCeX onbiToB). [Iycrh pesysbraraMu 9THX OLBITOB
CIIYKUT, K TPUMepY, mosiBjieane HekoToporo cobertust A. Torma wacrora mosBieHus coObI-
T A €CTh OTHOIIEHNE YNC/IA TTOSABIEHUI 3TOTO COOBITHS M 4 K ODIIEMY YUCTY UCTBITAHUI M.

Ecim gucso ucneiranui BEJIHKO, TO TaKad 9aCTOTa U Ha3bIBaA€TCA BEPOATHOCTLIO CO6I)ITI/I§FI2

A: ma
p=P(A) = —.
n

['pannynbIe 3HAYEHUS 714 P, 0o4eBUTHO, 0 1 1.

Eciim cobpiTHE HEBO3MOXKHO, TO €r0 BepOITHOCTH paBHa 0, OJHAKO COOBITHE C BEPOSTHO-
cThio p = 0 HeoOA3aTENHHO HEBO3ZMOXKHO: TaK, BEPOATHOCTD IOMACTh, CTPEIsIs U3 MHCTOJIeTa,
B 33/JIlaHHYI0 TOYKY Ha cTeHe (6e3 Kakof-1ub0 MOrPENIHOCTH) paBHA HYJI0, HO 3TO COOBITHE
HE sIBJISIETCS] HeBO3MOKHBIM. HeBo3MozkHOe coObITHE 0003HAUaeTCs &. AHAJIOTHIHO, BEPOSIT-
HOCTB JIOCTOBEPHOIO COOBITHS paBHa 1, 1O0CTOBEpHOE cOOBITHE 0bo3HadaeTcsa ().

JI1oboMy ciiydaitHOMy COOBITHIO MOYKHO OCTABUTH B COOTBETCTBHE €0 BEPOSATHOCTH, YUC-
Jgo ot 0 mo 1.

Maremarudieckue Omepanui Ha/l BEPOATHOCTSIMA BBOJISITCS aHAJOTHYIHO OIEPAIUsIM HAJ
caydaffHbIMu cOObITHsIMA. JIPYTHMH CIOBaME, HCIIOJIb3YeTCs alllapaT TeOPHH MHOKECTB, [2].
Kak koMmOunaTopuka, Tak ¥ TEOPUS BEPOSATHOCTEH MPEACTABIAIOT cO00# OOIMUpHBIE caMO-
CTOSATE/IbHBIE JUCHUILIMHBL, TO9TOMY B paMKaX JAaHHOI'O IIOCOOUs BBEJIEM TOJBKO OCHOBHbBIE
HOHATHS ¥ OOCYIUM BarkKHeMIne MpreMbl U IPaBHUIa, HEOOXOAUMBIE JJIs PeIleHus MpaKTH-
YECKHUX 3a/1a4.

2.2 Teomerpuyieckass BEpOITHOCTH

YacTo ObIBaeT Tak, YTO MHOXKECTBO HCXOJ0B KAKOTO-THOO0 OIbITa OECKOHEYHO — HAIIPUMED,
LONA/JIAHME TOUKH HA 3a/IaHHBIH 0TPe30K. B 10100HbIX ciryuasx (/s PABHOMEPHOIO PACipe-
,ZLGJ'IGHI/IH) BEPOATHOCTb CO6BITI/IH A €CThb OTHOIIeHHEe COOTBETCTBYIOIIUX I'eOMETPUYIECKUX MEP
(mmH, mIoAel, 06beMOB):

P(A) = &@X
mes(Q)

2Crporoe omnpe/iesiente BePOATHOCTH MOYKHO HalTH B KHHUTE [2].
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rjie mes 0003HAYaeT Mepy COOTBETCTBYIONIEHl pa3MepHOCTH, ¢ — 00JACTh JAOMYCTUMBIX HCXO-
noB 1 (G — 0071aCTh BCEX BO3MOXKHBIX HCXOIOB.

ITPUMEP Ilpuejem npumep Ha BblYHMC/IEHUE I'€OMETPUYUECKON BeposiTHOCTU. B Jiro-
Oble MOMEHTHI MPOMEXkKYTKa BpeMeHH 1 PaBHOBO3MOYKHBI MOCTYILIEHUsI B NMPUEMHHK JIBYX
curnajos, |4|. Tlpuemunk Gyaer 3a0uT, ecan MPOMEKYTOK BPEMEHH MKy MOMEHTAMH I0-
CTYIJIEHUS CUTHAJIOB MeHbIe 7. OIpeieuTh BEPOATHOCTb TOTO, YTO MPUEMHUK 3a0UT.

[lycTs o m y — MOMEHTBHI MOCTYILUIEHHS CHTHAJIOB B NMpHeMHHUK. OTMeTHM 00JacTh WX
JIOMYCTUMBIX 3HAUYCHWH HA JeKapTOBOH ILIOCKOCTH. B Xo/e OmbITa BeJMYWHBI & W Y MOTYT
npuHuMaTh JI00bie 3uadenus ot 0 10 T, 3HAYUT, 00/1ACTH WX JOMYCTUMBIX 3HAYEHUIl TTPeI-
crapjsieT coboit kBajpar co croponoit 1. O6,1acTh, COOTBETCTBYIONASA TOMY, 9TO MTPUEMHUK
3a0uT (T.e., HIPOMEXKYTOK BPEMEHH MKy MOMEHTAMHU IOCTYILIEHUsI CUTHAJTIOB OKAKETCS
MeHbIIE T), ONMPeJeIseTCs] HePABEHCTBOM:

lz —y| <T.
Mepa obacT 1OHyCTEMBIX 3HAYeHHA G eCTh IIIOMa/ b TOH 06IacTH
S(G) =17,

a Mepa MCKOMOI 06JIacTH ¢ €CTh TJIOMA b (DUIYPHI HA IJIOCKOCTH, JIEYKAIlel B MepBOil 4er-
BEPTH W OTPAHUYEHHON OCAMHU KOOPJAWHAT U OPAMBIMU: §y — X =T, x —y =71,y =1, ="T"

S(g) =T (T — 1)’
BepogTHoCTh TOTO, YTO TPUEMHHUK 3a0UT:

:%:1—(1—%)2.

2.3 YcjgoBHasg BEPOATHOCTD

Yenoenan eepoamuocmo nias aByx cobbitnii A u B (BeposiTHOCTL TOTO, 9TO cobbITHE A
HOSIBIJIOCH MPH YCJIOBUU MOSBJIEHUS COOBITHA B) eCTh OTHOIIEHHE YUCJIA OIBITOB, B KOTOPBIX
cobbiTust A u B nosiBuinck BMectTe (mag), K 9UCAY OMBITOB, B KOTOPBIX MOSIBIJIOCH TOJBKO
cobbitre B (mp):

2.3.1 Heszasucumeble coObITUY

JIBa cobbiTuss A u B Ha3bIBAIOTCHA HE3ABUCUMBLMU, €CJTH OTHOBPEMEHHO A He 3aBHCHUT OT
B
P(A|B) = P(A)
u B ue 3aBucur or A
P(B|A) = P(B).
3 sT0oro onpeneseHus CaeayeT BayKHOE CBOMCTBO HE3ABHCHMBIX COOBITHI, YaCTO IPUHH-
MaeMmoe 3a CaMoO OTpe/IeIeHNe He3aBUCHMOCTH

P(A-B)

P(AIB) = 5

= P(4)

nin

P(A- B) = P(A)P(B).
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2.3.2 YMHOXKeHHIEe BepodaTHOCTel

HNcnomb3ys MOHATHE YCJIOBHON BEPOSITHOCTH, BBOJUTCS OMEPAIUS YMHOHCEHUA GEPOAM-
Hocmet:

P(A-B) = P(A) - P(B|A) = P(B) - P(A|B).

2.3.3 CioxkeHue BepOATHOCTEM

Eciu cobuitust A; u Aj necosmecmmwie, 1.e. A;-A; = @ ns i # j, 1o P(A;+A;) = P(A:)+
P(A;). Ecn cobertus A; n A; cosemecmmuie, To P(A; + A;) = P(A;) + P(Aj) — P(A; - A)).
Hpyrumu ciosamu, coBmecTHOCTb A; 1 Aj o3nadaer, uto A; - A; # @.

BakHO oTiIm9aTh HECOBMECTHOCTH OT He3zaBHcuMocTu: ecan A; u A; — He3aBUCHMBL, TO
P(A; - Aj) = P(A) - P(4;).

JI719 HE3ABUCHMBIX W COBMECTHBIX coObITHIF A n B jierko mokasatk, uto 1 — P(A+ B) =
P(A-B), rae A — cobrite, nporusononokuoe A: P(A) =1 — P(A).

ITPUUMERP llpuBeneM mpuMep BBIYUCICHHS BEPOATHOCTU CYMMBI coObITHi. [lo MHOTrO-
JIETHUM HAOJI0JEHUIM U3BECTHA BEPOSTHOCTH TOTO, UTO B paiioHe 0OcepBaTOpUN HOYL OYyIeT
acHoii, [4]: B despase sra BepoaTHocTh paBaa 0.18, B mapre 0.24 u B anpese 0.36. HaGuio-
jarens Oyger UMeTh B CBOEM PACIOPSAYKEHNN WHCTPYMEHT B HOYBL C D-TO Ha 6-€ 9ucjo u ¢
20-To Ha 21-e YMCJIO KaxKJI0TO U3 ITUX MecdrneB. HallTu BepodaTHOCTH TOTO, 9TO MporpaMMa
HabJroleHuit Oy/1eT BBIIOJIHEHA, €CJIU JJIsd €€ BBIIOJHEHUs TpedyeTcs:

® OJHA siCHAS HOYb (P1);
e JiBe siCHBIE HOUHU (P3).
st perienust 3a/a9a cHavgana chOpMyIPYeM TTPOHCXOJIAIINE COOBITHS:

e A, — gcHast HOYb ¢ H-T0 Ha 6-e uncaa deBpals,

e Ay — gcuasg Houb ¢ 20-T0 Ha 21-e uncia deBpaid,
e B — gcHag HOYB C H-T0 Ha 6-e Yncia MapTa,

e By — gcHad HOUb ¢ 20-To Ha 21-e 9Ymcaa MapTa,

e (| — sicHas HOYB C 5-TO Ha 6-e Jmc/Ia ampesd,

e ()5 — gacuas HOYB ¢ 20-ro Ha 21-e YKCJIa ampesd.

[TocKOMIBKY TIPEAOCTaBACHHBIE ACTPOHOMY HOYHM JIjI HAOJIIOAEHUST OTAEJICHbI IPYT OT JPYy-
ra GOJIBIINM TTeprooM Bpemenn (15 aHeii), To MOKHO paccMarpuBaTh COOBITHS (T.€., B JaH-
HOM CJIydae HaDJIOJeHNs) He3aBUCUMBIMU. BeposSTHOCTh TOrO, 94To ObLIA OJIHA SCHAS HOYb
03HAYaeT BEPOSATHOCTh TOTO, UYTO ICHOU ObLIa xoms Ov, 00Ha HOUb:

plzp(A1+A2+Bl+Bg+Cl+Cg)

s BBIYUCIEHASA BEPOATHOCTH CYMMBI TAKHX COOBITHUI HCIOJB3YEeM MOJIE3HBIH MpHeM
epexoia K MPOTHBOTOIOKHOMY (JOMOJHUTENLHOMY ) COOBITHIO. TaK, OUeBUIHO, IS JTHO0O0M
BEPOSITHOCTH P BepHO: p + p = 1. B Hamem ciydae 310 03Ha4vaer, 4T0

m = PAi+Ay+ B+ B+ C1+Cy) =

1- P(Zl)P(z2)P(El)P(§2>P(Ul>P<62) =

1—(1-0.18)(1 —0.24)(1 — 0.36)(1 — 0.18)(1 — 0.24)(1 — 0.36) ~
1—0.16 = 0.84.
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31ech MBI YUJIH, 9TO BCe COOBITHS HE3ABUCUMBI, & BEPOSITHOCTD MPOU3BEICHIS HE3ABUCH-
MBIX COOBITHII paBHA IPOU3BEIEHUIO BEPOITHOCTEIH.

BepositHOCTH TOTO, 4T0 OYAyT JBE SICHbIE HOYM, BBHIYMC/JIMM C HOMOIILIO AHAJIOIMYHOIO
upuema: po = 1 — P(Hu omHa HOYbL He scHasg) — P(poBHO onHa HOUYBb sicHas). JIpyramm
cJI0BaMM,

pr ~ 1-016-2-0.18-(1—0.18)- (1 —0.24)*- (1 — 0.36)* —
2-(1—-0.18)2-0.24- (1 —0.24) - (1 — 0.36)? —
— 2-(1-0.18)*- (1 —0.24)*-0.36 - (1 — 0.36) =~ 0.49.

2.4 IlostHast BEpPOATHOCTH

ChencTBueM MpaBHI CJOYKEHUS U YMHOXKEHUS BEPOATHOCTEH ABISIETCS IMPABUIO N0AHOU
sepoamrocmu. OCcTaHOBUMCS Ha 9TOM 0oJiee TOIApOOHO.

[Iycts mHyxkHO HafiTH BeposTHOCTH cobbiTust A, P(A), mpuwdueMm H3BECTHO, YTO COOBI-
tie A 3apucur or yeaoBuit ombiTa. OO0 STHX YCAOBHSX MEpeJ HAJaJOM pEIIeHns 3a-
Jaun HYKHO CHOPMYIHPOBATH N B3AHMOUCK/IIOUYAIONINX TPEANOI0KeHui (HIn runores):
H,, Hy, Hs, ..., H,. IaTepecHo, 9TO rUOTE3bI MOT'YT OBITH C(HOPMYTUPOBAHBI PA3HBIME CIIO-
cobaMu, BazKHO MOMHUTB, 9TO OHH JOJZKHBI ObITh B3ANMOUCKJIIOUYAIONIMME (T.€. HECOBMECT-

HBIMH ):

YTO O3Ha4daeT

P(H;-H;) =0,
1 B COBOKYIIHOCTH HCYEPIIbBIBATL BCE€ BO3MO2KHbBIE CUTYyallUH:
H UH,UH;U---UH, =9,
YTO, OY€BUJIHO, O3HAYAET
P(HHUH,UH;U---UH,) =1

Kaxxmgag runoreza H; — 3T0 ciaydaiiHoe cOOBITHE, BEPOATHOCTbL KOTOPOTO J0 IIpOBe-
JeHUsT OTBITa (T.e. AnPuopHas eeposammuocmsv) onenuBaercsa Kak P(H;). Io eeibopy H;:

Z?:1 P(Hz> =1

HyCTb TaK2Ke U3BECTHbI YCJIOBHbLIE BEPOATHOCTHU IMOABJICHUA CO6bITI/IH A 1Ipu Ka)K,ZLOI'?'I I'-
norese H;: P(A|Hy), P(A|Hs), P(A|Hs), ..., P(A|H,).

Torza

i=1
IIOTOMY 4YTO CcOOBITHE A MOZKET ITOABUTCA TOJILKO C O,[[HOﬁ n3 ruioTes

Kpome Toro,
P(H; - A) = P(H;)P(A|H;).

OxoHYaTeIbHO (POPMYIA NOAHOT GEPOAMHOCTI:
P(A) =) P(H;)- P(A|H,). (5)
i=1
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ITPUMEP IlpuBenem npumep Ha BbIYUCICHHE MMOJHON BepogTHOCTH. Cpeau HAb/II01a-
eMBIX CHUPAILHBIX TaJakTuk 23% npumamiexar noxrumy Sa, 31% — nogrumy Sb u 46% —
nogruny Sc, [4]. BepogTHOCTD BCUBIIKK B TedeHUE MO/Ia CBEPXHOBOM 3BE3/1bl B raJIAKTHKE Sa
cocrapiaster 0.0020, B rasaktuke Sb — 0.0035, B ranakTuke Sc — 0.0055. Haiitu BeposTHOCTH
(P) BCHBINIKA CBEPXHOBOII B JaJI€KOil CIUPAJILHOl rajakThKe, MOATHI KOTOPOil OMPeIeTnTh
He yraeTcs.

[Io ycnoBuiO, BEPOATHOCTH NPWHAAIEKHOCTH TAJTaKTHKH K OINpeJIeJeHHOMY TOITHITY:

P(S,) = 0.23, P(Sy) = 0.31, P(S.) = 0.46. Torua, mo dpopmye (5),

P= ) P(S)P(H|S),

i=a,b,c

rae H — cobbiTre BenbimKu ¢BepxHOBON 1 P(H|S;) BepOSATHOCTD BCHBIIKE CBEPXHOBOI, MpH
YCJIOBUH, UTO OHA MPOM3OILIA B TaJakKTHKaX Sg, Sy u S, coorBercTBeHHO. [lomcraBissa duc-
JIEHHbBIE BeJIMYUHBI U3 YCJIOBUS, Oy IaeM:

P =0.23-0.0020 4+ 0.31 - 0.0035 + 0.46 - 0.0055 = 0.0041.

2.5 ®opwmyaa Bbaiieca

Kak ciencreue popMysbl TOMHON BEPOSITHOCTH U (POPMY/IbI YMHOKEHUS BEPOSITHOCTEI,
pacemotpuM gopmynay Baitieca.

@opwmyra Baiteca mosBossier mepecunTHBATH anmpuopubie Bepostaoctd P(H;) ¢ yaerom
pe3yabTaTa ONnbITa. ApyruMu cIoBaMu, ecan coObTHe A yiKe IIPOU30ILIO, TO MOXKHO OIpeIe-
JINTH HanboJiee 3HAYUMBINA (DAKTOP, HOBJIUABIINN HA ITO cOObITHE. TakuM 00pa3zoM, MOXKHO
onpenesuth P(Hy|A) — T.H. anocmepuophyio eepoamuocmao.

[IycTh, KaK u npu BbIBOJE (POPMYJIBI MOJHOW BEPOATHOCTHU, BCE (PaKTOPBI, BIULIONINE
Ha coObITHe A KakKmM-TO 00pa3oM ObLIH cOPMYIMpPOBaHbEl B Buae runore3 Hi, Hs, ..., H,,
TaKHX 4TO oba3aTenpno H; - H; = @ u Z? H;, = Q. U nycts u3BecTHBI alpUOPHBIE, T.€.,
oneHeHHble 110 onbita Bepositnoctu P(Hy), P(Hs), ..., P(H,).

[Iycts, maxower, cobbiTme A mpom3omnuio. Torma MOKHO 3aHOBO MEPECUYUTATH BEPO-
arnoctn P(Hy), P(Hs),...,P(H,) ¢ y1eTrom TOro, 4ro cobpitne A TPOU3OMILIO: Haiimem
P(H|A), P(H3|A), ..., P(H,|A).

Ussectno, uro P(HRA) = P(Hy)P(A|Hy) = P(A)P(Hy|A). Torna gopmysa Batieca:

P(Hy) P(AHy)
pA)

P(Hk‘A) =

rjie
n

P(A) = ZP(Hi)P(A|Hi)-
i=1

ITPUMERP Ilpusejem npumep Ha BIYHCICHUS BEPOATHOCTE, HCIIO/IB3Y 4 (hopMmyny Baii-
eca. B mpomo/Kenne 3aa9n W3 TIpUMepa Ha BBIYHMCJIEHHE MOJTHON BepositHOCcTH, [4]. Tlycrh
OIIPE/IeJIIIOCH, YTO B TeUEHHe Yaca HaOJII0MeHUi 1a1eK0il ClInpaabHO raJakKTHKU B Hell ObLIA
obHapyKeHa BCIIBIIIKA CBePXHOBOU. HaliTu BepOATHOCTH TOr0, YTO TaJJaKTUKH IPUHAIJICKHT
moaTunam S,, S, 1 S, COOTBETCTBEHHO.

BepositHOCTH TOrO, 9TO raJlakTHKN TPUHAIIECIKAT TOATHIAM Sy, Sy 1 S,

0.23 - 0.0020

P(SalH) = —3 o

=0.11,
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0.31-0.0035

0.46 - 0.0055

2.6 DaeMeHTHI KOMOMHATOPUKM

HanomuuMm ocHOBHBIe KOMOHHATOPHBIE (bopMyibl (Tabuuia 1), HO3BOJISOIINe BBIYHCIITh
KOJIMIECTBO CIIOCOOOB BBIOOPA U3 IPYIIBI 9JIEMEHTOB ONpeeIeHHY IO MOATPYIILY JeMEeHTOB,
co0TI0/Tast ONpeeIeHHbBIe OTPDAHUYCHHUS.

B koMmbunaTopuke CyIecTByOT JiBe NPUHINANHAAIHLHO PA3JIUIHBIE CXEeMbl TAKOI'O BBIOODA.
B nepBoit cxeme KazKJibiil BHIOPAHHBIH 3JIEMEHT MCK/II0YAETCA U3 MCXOIHOTO MHOXKecTBa. Bo
BTOPOII cXeMe ITPOUCXO/IUT MOIJIEMEHTHBIH BBIOOD ¢ 00g3aTeIbHBIM BO3BpAIeHHeM BHIODAHHO-
ro JeMeHTa Ha KaxKJIOM Iare u nepemernrmuBanueM. [lociie ocyrecTsirennst BeIOopa corsiacHo
OJTHOM M3 ABYX CX€M, 3JEMEHTHI MOTYT OBITH YHOPSIOYEHbI WJIH He YIOPSIOYEHBI.

Boutee 1101pobHO paccMOTpuUM BbIIIIECKA3aHHOE HA IIPUMEpPax.

Tax, pa3Meniennd 6e3 MOBTOPEHUIT® BO3HUKAIOT B 3aJa4aX Ha COCTABICHHE 9HCe,
npudeM Kakjas mudpa MozKeT ObITh HCII0/I30BaHa TOJILKO ojuH pa3. Hanpumep, u3 mudp
{1,2,3,4,5} moxno cocraputh Al = 120 deTbipex3HAYHBIX UHCIA (€CTH 3ANPETHTH MOBTO-
penwue mudp).

B ciyuae pa3MereHnsd ¢ IIOBTOPEHUIMMI

, Korja nosropenue mudp pasperieHo, 1o-
JIydaeM Z;‘ = 5%. Bjech ke npusejem npumep u3 craructudeckoit dusuxu, [5]. Tycrs Mexa-
HIUYIeCKash CHCTeMA COCTOUT W3 7 YaCTUIl B PACCMATPUBAETCS B (pA30BOM MPOCTPAHCTBE, Pas3-
outoMm Ha M g9eeK. CKOTBKIMH PABHOBO3MOYKHBIMU COCTOSHUSIME XapaKTepu3yeTcsd TaHHasd
cuctemMa? OTBeT 3aBUCHT OT TOTO, PA3JHYHMbBl JACTHUIIBI WU HeT. Tak, 7 KJaccumaecKoit
cratuctukn MakcBesna-BoabiMana, B KOTOPOH YAaCTHUIIBI PA3JIAYUMBI, KayKJIasd U3 YacCTHUIL
MOZKET IOMACTH B JIOOYIO U3 M s9€eK He3aBUCMO OT OCTAJbHBIX YACTUIl. 1OrIa 9uc/io BCeX
BO3MOKHBIX COCTOSHUI TaKOH CHCTEMBI €CTh EZL =m'".

3ajauy Ha TepEeCTAHOBKU 0€3 MOBTOPEHMIT MOKHO PACCMATPUBATH KAK YACTHBIH CJIy-
Jaif 3aJ]a9n Ha pa3MelleHnsl 6e3 MOBTOPEeHUil, KOT/Ia KOJUIeCTBO Pa3MelaeMblX 9JIeMEeHTOB
PaBHO KOJMYeCTBY HO3MIMIA, Ha KOTOpble UX pasMmemtaior (npu n = k, A¥ = n!/(n — k)! =
n! = P,). Hanpumep, koaugecTBo crocoboB paccraBuTh 4 pasHble KHUI'M HA IOJKE eCThb
Py =4l

Tunuuasrit npuMep Ha MEPECTAHOBKU C MOBTOPEHUAMU — (DOPMUPOBAHUE PASHBIX
CJI0B U3 OYKB KaKOTo-1ub0 33/ JaHHOTO cyoBa. HampruMep, CKOJBKO pa3IWIHBIX CeMUOYKBEH-
HBIX CJIOB MOXKHO COCTABUTH U3 GYKB, 00pa3yonmx ¢oso "asuanus" (o1 cIOBAME MO/IPA3Y-
MEBAIOTCst JIIO0bIE, JlazKe JHUIIeHHbIe CMbIC/Ia, Habopbl OykB)? CHavdasa nepecanraeM KOJIude-
CTBO THNOB OYKB M KOJMYECTBO OYKB B KazKaoM tume: n; = 2 (6yksa A), ny = 2 (6yksa I1),
ns3 = ny = ns = 1 (6yksst B,IT u ). Beero 6yks n = 7. Toraa, yanTeiBast, 4T0 IepecTaHOBKH
OIMHAKOBLIX OYKB He JAalOT HOBBIX CJI0B, mosrydaeM P(2,2,1,1,1) = 7!/(212111111!1) = 1260.

Couetanus 6e3 moBTOpeHMit® — 370 Haubo/Iee YaCTO UCIIOAb3yeMasl B CTATHCTHKE KOM-
6unaropuas dopmyiaa (cxema ucnbitanuii Bepuysuim). Tunuunoit 3amaueil Ha TpuMeHeHTe
310l (bopMyJibl dBJIsIeTCS BHIOOD 1IApOB U3 ypubl. Hanpumep, u3 ypubi, cojepzaiieit n = 10
1apoB, MOYKHO HayTa | BbIOpaTh k = 4 mapa kosdecrsoM ciiocobos: CF = Cf, = 101/41/6! =

3 Ipyrue Ha3BaHUSA: YHOPAZOYCHHAS BbIOOPKA 6€3 HOBTOpeHuil, ynops/i0ueHHas BbIOOPKaA 6€3 BO3BpAalIe-
HUM.

4 Ipyrie Ha3BAHUA: YHOPATOUEHHAS BEIOOPKA C IIOBTOPEHUAMI, YIOPAIOIeHHAS BEIOOPKA ¢ BO3BPAIICHH-
SIMH.

5 Ipyrue Ha3BaHHUA: HEYIOPsI04eHHAA BEIOOPKA 6e3 MOBTOPeHuil, HeyHopsAI09eHHas BLIOOPKa 6e3 BO3Bpa-
IeHuii.
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Tabanma 1:

OcHosrvie GopMYAbL KOMOUHAMOPUKL

pa3MenIeHusI HepeCTAHOBKH COYETAHUSI
| |
oe3 Ak = T P, =n! Ch = T
= (n—k) n " kl(n — k)]
HOBTOPECHUNA
—k —m n+m-—1)!
¢ IIOBTOPEHUSIMU A, =nF P(ny,ng,....,ng) = | C, = (n+ )

_ n!
nl!ng! c. nk'

210. CuoBa HCIIONB3Ys NMPUMED U3 CTATHCTUYECKOH (DU3UKU, PACCMOTPUM yrKe KBAHTOBYIO
craructuky @epmu-/lupaka (cupaBeiuBa 1Jisl 37eKTPOHOB, HETPOHOB, TPOTOHOB), TIPH KO-
TOPOI M YACTHI] HEPABJIMYUMbI, UX YUCJO MEHbIIE Yucaa sdeek (n < m) u Kaxjas sdeiika
MOKET CO/IepzKaTh He 0oJjiee 0JIHON YacTuilhl. Torna Takas KBAHTOBO-MEXaHUYEeCKast CUCTeMa
XapaKTepu3yeTcsl YNCJIOM PABHOBO3MOXKHBIX cocTostuuii C)) .

B zakjiodenune paccMOTPUM HECKOJBKO IIPUMEPOB 3aJiad Ha COYETAHUS C MOBTOPEHU-
avu®. [IycTh Heo6XomuMo cocTaBuTh Habop n = 10 jeTaseil, UCHOAL3Ys m = 4 THUIIA JeTa-
Jeii. PerruMm 3a1a49y cBeeHneM K IpebIayIneil KoMOMHATOPHON (hbopMyJie: K mepecTaHOBKAM
¢ nmoBTOpeHueM. PaccMOTpUM OJIMH TUNUYHBIA BapuaHT BO3MOXKHOIO HaboOpa, 3alucaB ero
C TIOMOIIbBIO HYJIEH W eJIUHUIL, TJe €JUHUIL OyayT 0003HAYaTh KOJUYECTBO JieTajieil ompe-
JIGJICHHOI'O THIIA, a HyJH OyjayT 0603Ha4YaTh HEpexoj OT OJHOro Habopa K apyromy. Tak,
{1101111011011} osnauaer, uro Gb10 HaGpaHo ki = 2 geraleil mepBoro Tuma, ky = 4
neTtajieil BToporo Tuma, k3 = 2 jgertajeil Tperbero tuna u k, = 2 Aeraseil 4eTBePTOrO THUIIA.
Hysu paszzessgior rpyuibl jgeraieil u KojimaecTBo Hysei ecrb m — 1 = 3. Pazjnuunble Bapu-
aHTBl TAKUX HADOPOB — 3TO MEPECTAHOBKU C MOBTOpeHHAMHU u3 10-TH equHuIl U 3-X HyJIeii:
64110 = P(10,3) = 13!/3!/10! = 286. Bosppamasicb K npuMepy U3 CTATHCTHYECKOH busnkn,
PAcCMOTPUM KBAHTOBYIO CTATHCTHKY Bo3ze-Difnmireiina (cnpaseaiusa st (bOTOHOB, ATOM-
HBIX sIJIEP, ATOMOB € YETHBIM YHCJIOM JEMEHTAPHBIX YACTHIL), TIPH KOTOPOil BCe N YacTHIL
HEPA3JIUINMBI M BCE UX pacIpeeneHus 1Mo m sdeifkaM paBHOBO3MOXKHBI. Takasd KBAHTOBO-
MexaHuYecKas CUCTeMa XapaKTepusyercs ducaom cocrosguuit O . Him, eme onun npu-
Mep, ypaBHeHUne T +Io+- - -+ Ty, = N OPH HATYPAJBHOM N HMEET C’;‘anl HEOTPHULIATE/IbHBIX
IeTOYHCTCHHBIX penIeHnii’.

ITPUUMEP llpuBeneM mpocToii IpuMep UCHOJIb30BAHUS KOMOMHATOPHBIX (hOpMYJ HpH
BBIYHCJICHUN BEPOATHOCTEIA.

B um3znannom B 1784 1. karasiore Mecche, cozepxkaiiieMm HabJtogaembie Ha Hebe 108 sp-
KHAX TyMaHHBIX OOBEKTOB, uMeeTcd 39 rajgakTuk, 29 pacCesaHHBIX CKOILIeHUil, 29 MapoBbIX
ckotennii, 6 auddy3HbIX TyMaHHOCTER U 5 IIaHeTapHbIX TyMmaHHocTell, [4]. Onpemeautsb

BEPOSTHOCTH TOT'O, YTO U3 JIBYyX OOBEKTOB, HAyTaJ BLIOPAHHBIX B KaTaJore,

6 Ipyrue Ha3BaHUA: HEYIOPAIOUEHHAS BEIOOPKA C MOBTOPEHHAMHE, HEYHOPAIOUeHHAS BLIOOPKA C BO3BPa-
IEeHUAMH.

"ObparuTe BHAUMAHKE, YTO B IPUMEPAX MCIOJIb30BAINCH PA3Hble OO03HAYCHUH JId KOMOMHATOPHBIX Ha-
PaMeTpoB, BazKeH UX CMbICJI [IPU IIOCTAaHOBKE KOHKDETHOH 3a/1a4u.
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® KAXKJBbIA OKayKeTCd TaJJaKTUKOM;
® OJUH OKayKeTcd LIAPOBLIM, a JAPYTIof — PACCeAHHBIM CKOILJICHUEM.

B nepBom ciiydae BepOSTHOCTD OIIPE/Ie/IdeTCsl OTHONEHHEM YHUCJ/Ia CII0COO0B BbIOPAThH JiBa
obbekTa u3 uMeromuxces 39 raxakTtuk (T.H. Gagzonpuammoe cobvimue) K GHCIY CIOCOOOB
BBIOpATH JiBA 0OBEKTA M3 MOJTHOTO KATajaora:

C2
_ Y39
o« = N 0.128.
108

Bo Bropom ciydae 61aronpusiTHOe COOBITHE €CTh BBHIOODP OAHOTO 0ObekTa n3 29-Tu ma-
POBBIX CKOILIEHUI U OJTHOBPEMEHHOI'0 BbIOOpA OJIHOIO 00beKTa u3 29-TH pacCesiHHbIX CKOII-
sternit. Ob1Iee BO3MOXKHOE KOJUIECTBO BAPUAHTOB BHIOPATH Ba 00bEKTA W3 BCETO KATAJIOTA
OTIPEJIEITACTCS TaK K€, KaK B TMPEJIBbIAYINEM TTYHKTE:

11
_ CyC.

29
Py = —22729 ~().146.
C'1208

2.7 TIloBTOpeHme ONBITOB (CXe€Ma MCIBITaHUs BepHYJIN) u Mpon3Bo-
adamasg QyHKIA

[IycTh ocyIIecTBIgeTCs MOCIEI0BATEIHLHOCTD 1 HE3aBUCUMBIX ONBITOB, B KayKJIOM U3 KO-
TOPBIX IPOUCXOJUT UJIU HEe MPOUCXOauT cobbiTue A. U mycthb BeposTHOCTH cobbiTust A, P(A),
U3BeCTHA. 3a/a4a 3aKJII0YAeTCA B TOM, YTOOBI ONPEIeTUTh BEPOSTHOCTD OSIBJICHUS COOBITUS
A posao m pa3. O603HATUM UCKOMYIO BePOATHOCTD P, ,, a P(A) = p. O603HaINM TaKKe Be-
POSITHOCTDH TOTO, 9TO coObITHE A He mosBuI0Ch Yepe3 q. OueBnano, ¢ = 1 —p. Torma uckomast
BepOATHOCTD P, , = C)"'p™¢" ™. Ecsn npoBOAATCS He3aBUCUMBIE ONBITHI B H3MEHSIOIINXCS
yeaoBusx, T.e. P(A;) = p; u ¢ = 1 — p;, TO JUid BBIYUCIEHUSA BEPOATHOCTU P, ,, TTOCTPOUM
byurnmo (T.H. npoussodauyro dyrryu0)

n

m=0

=1

Beposrnoctn F,, ,, ecTb Ko3ddunuenTs! Ipu £ B pa3ioKeHIN TPOU3BoAdImell DyHKINN.
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3 Pacupejeisienune ciay4aifHoii BeJnYMHBbI

3.1 OcHOBHbBIE IOHATUA MATEMATUYECKON CTATUCTUKU
3.1.1 Cuayuaiinag BeJIM9InHA

Cayualinas 6eAUuMUHG — ITO BEJIMYNHA, KOTOPAs B PE3YJIbTATe ONWIMG MOXKET MPUHAMATH
TO WU WHOe 3HAa4YeHUe, 3apaHee HEM3BECTHOE, HO MPHHAJJIEYKAIIEee MHOKECTBY BO3MOXKHBIX
3HaveHuil. Jlrobas gynxuua cayvalinot seaununv, TaKXKe ecTh caydaiinas BeanmdunHa. Ciay-
JaiiHble BEJTUNIUHBI MOTYT OBITH KaK HEnpPepuiero20, TAK U JUCKPem1o20 THIIOB.

Ob6paruv BHUMaHNME HA 0003HAYEHUSI: MPOMUCHBIMU JIATHHCKAMEA OyKBaMU

X,Y,Z,...
6y,ZLeM O603Ha‘{aTb caMun Cﬂy‘{af/iHbIe BEJINYUHBI, a CTPOYHBIMHA JJaTHHCKHUMNI 6YKBaMH

L1, X2y -+ -3 Ty Y1,Y25 - - 3 Yny, 21,22, - - -4, R

OyaeM 0003HAYATH BO3MOYKHbBIE 3HAYEHUS, KOTOPBbIE MOT'YT MPUHUMATH 3TH CJIy4aiiHbie Be/IH-
IUHBI.

IIPVUMEP llpuBenem npuMep CJIydaifHON BETUIUHBI IUCKPETHOTO THTA. UUCI0 OYKOB,
BBINABIINX IIPU OJHOKpATHOM Opocanuu KyOmka. MHOXKeCTBO BO3MOXKHBIX 3HAUEHUN €CThb
{x1, 29, 3, 24, x5, 06} = {1,2,3,4,5,6}.

ITPUMERP Tlpuenem npumep CaydaiiHON BeJIMIuHBl HEPepbiBHOTO Tuna. Omubka n3-
MepeHust ckopocTn KomeTbl Av. MHOXKeCTBO BO3MOXKHBIX 3HAYEHU €CTh

[Avmin7 Avmaa:] .

3.1.2 T'enepanbHasgd COBOKYNHOCTbH

T'eneparvroti cosokynrocmvbio Ha3bIBAETCST HADOP BCEX BO3MOYKHBIX 3HAYEHUI CIIydaitHON
BEJIMYUHBL (T.H. noanvill #abop). BaKHO OTMETHTDH, 4TO B MPAKTHIECKUX 3a/1a4aX MOJTHBIH
HabOp 3HAYEHUH, KOTOPBIe MOXKET HPUHUMATD CAydaiiHasd BeJMINHA, HUKOTIA He M3BECTEH.

3.1.3 Bgibopka

Buvibopra — 310 KOHEYHOE YHUC0 3HAYCHUH Cy4YailHON BEJUYUHBI, TOJIMHOZKECTBO I'eHe-
PaJIbHOI COBOKYIHOCTH. BBIOOPKA — 9TO TO, 9TO aHAJIM3UPYETCs B 000 3a/1a9e MaTeMaTh-
YEeCKOH CTaTUCTUKU.

3.1.4 PacunpepeaeHue Ciry4ailHON BeJIMYINHBI

3akon pacnpedeserus CIydaHOR BeIUInHB X — 9T0 DYHKIUA p(x), KOTOpad yCTaHaB-
JUBAET COOTBETCTBUE MEZKJY BO3MOXKHBIMHA 3HAYCHUAMMU CJAYIalHON BEJIMYUHBI U BEPOATHO-
CTIMH 3THUX 3HAYEHUIA.

Tak, aas AUCKPETHOro pachpeaeeHus, KayKJI0My BO3MOYKHOMY 3HAYEHWIO CJIydaiiHoit
BeJITUNHBI {xl, To, ... ,l‘n} CTABUTCA B COOTBETCTBHE CBOA BEPOATHOCTD

{p(21), p(z2), - - p(xn)},

upuuem Y. p(x;) = 1 (HOCKOIBKY CilydaiiHas BelMduHA 00s13aHA NPUHATH OAHO M3 CBOHUX
BO3MOKHBIX 3HAYEHHI W MX HAGOPOM HCUEPIBIBAIOTCS BCe BO3MOKHOCTH JIJIsl €e 3HAYEHNU ).
CymiecTByeT HECKOJIBKO CIIOCOOOB 3a/IaHNUs 3aKOHA PACIIPE/Ie/IeHUST CIY YaifHON BTN IHHBL.
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Tabanma 2:

lIpedcmasaerue sakona pacnpedeserus cayuaiinot ceauunb, 6 sude mabiuyb, —
CMAMUCNUNECKO20 PAJA PACNPEIENCHUA

e Pad pacnpedenenus {x;, p(x;)};
o Dynruyusa pacnpedesenus F () wam MHTErpagbHBI 3aKOH DACIPEIeTeHNS;
o [Irommuocmo pacnpedesenus f(x) win puddepeHuuaibHbil 3aKOH PACIIPEIe/IeHUSI.

Kazkaplil U3 9TUX Coco00B OJHO3HAYHO U HOJHOCTBIO 3a1aeT 3aKOH PACIIPEIeJIeHus CIIy-
JaiiHoii BequunHbl. BaykHo o6paTuTh BHEUMaHUWe, 4TO U hyHKIUA pacupejgenenus F(r), u
IJIOTHOCTH pacupesesenus f(x), u psjg pacupegenennst {x;, p(z;)} — dyHKuum He cayvaino-
ro apryMenTa (T.e. CAMHU He sIBISIIOTCS caydaiabivu). OHu ecTh DyHKIMH 3HAYEHUH, KOTOPbIe
MOKeT IIPUHUMATDL CJIYYailHBIA apryMeHt.

3.1.5 Psan pacupenesienus ciaydailHON BEJIWYNHBI WJIA CTATUCTUYECKUA DA

[Ipocreiimeit bopmoii 3aanus 3aKOHA pacipeaeseHus JUCKPeTHOH ciydailnoit Beimau-
Hbl X IBJIseTCS mabAulya, KOTOPas B JAHHOM CJIydae U Ha3bIBACTCS CMAMUCTNUMECKUM PAJOM
pacnpedenenus, (Tabauna 2). Kaxk oMy 3HaYEHHUIO T; CTABUTCA B COOTBETCTBHE BEPOSITHOCTD
p(;).

ITPUMEP PaccmorpuM npuMep MOCTPOEHUs Ps/ia PacIpe/Ie/IeHus CIyYaiiHOW BeJTMIH-
Hbl. [lycTh TpoM3BOAUTCS ABa HE3aBUCHMBIX OIIBITA,B KazKJI0M U3 KOTOPHIX cOObITHE A mosiB-
Jgstercst ¢ BepoaTHOCThIO p = 0.60. [locTponTh 3aK0H pacnpeneneHust CIyIaiiHOR BeJMIHHbBI
X — gncia nosiByiennit coopirus A.

Ncxong w3 yeaoBus 3aJ/a4u, CjaydaiiHasg BeanduHa X MOXKeT NPHHUMATbh 3HAYEHUS
{CL’(), T, LUQ} = {0, 1, 2}

Haiigem coorsercrBytomniue BepostHoctu {p(xo), p(x1), p(x2)}: p(xg) ecrb BeposTHOCTH
TOrO, 9TO HU B MEPBOM, HU BO BTOPOM cjydae cobbiTue A He MOSBUIOCH, p(X1) eCcTh Be-
POSTHOCTH TOrO, 4TO COObITHE A 1OSIBHIOCH POBHO OJuH pa3 (aubo B HEPBOM ONbBITE, JIU-
60 BO BTOpOM), p(Z2) €CTh BEPOSITHOCTH TOTO, YTO COObITHE A MOSIBHJIOCH B ODOHMX OIBITaX.
STI/IM Ha60pOM JOJIZKHBI UCYEPIIBIBATHCA BCE BOSMOXKHBIE SHaAYCHU A CﬂyqaﬁHOﬁ BEJINYNHBI X,
[IO9TOMY KOHTPOJIbHON HPOBEPKOil BBHIUUCIEHHS BEPOSTHOCTEH ABJISIETCS MPOBEPKa YCJIOBUS
p(zo) + p(x1) + p(z2) = 1. Nrax,

p(xzo) = (1 —p) - (1 —p) = 0.16,

plx1)=(1—-p)-p+p-(1-p) =048,
p(z2) =p-p=0.36.

BoraucmB BeposiTHOCTH, TOCTPOUM psiji pactpesenenus, (Tabuumna 3).
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Tabmuna 3:

Cmamucmumeckut pad pacnpedesenus cayuatinot sesusunsr X, NPUHUMAGOULET 3HAYEHUA
{zo, x1,22} = {0, 1,2} ¢ sepoammocmamu {p(zo), p(z1), p(x2)} = {0.16,0.48,0.36}

x| 0|1 | 2
p(z;) | 0.16 | 0.48 | 0.36

3.1.6 ®PyHKHUA pacrperaeJeHNT

Qynryued pacnpedeserus caydaiinoii Beuaunbl X HasbiBaercsa Gynkuus F(x), ompee-
JICHHAs Ha BCeH JIeHCTBUTEILHONR OCH CJIEAYIONIUM 00Pa30M:

F(z) =P(X < x),

rae X — ciaydaiiHag BeJMYMHA, a T — HECJaydaiinoe (hUKCUPOBAHHOE BO3MOXKHOE 3HAYEHUE
cay4daitnoit Besmuunbl X . Takum oOpa3om, (pyHKIHMS pacupe/ie/ieHus MpeJicTaBasgeT codoi
HecaydaiiHyio (pyHKIHMIO Ha MHOXKECTBE BO3MOXKHBIX 3HAYCHHUN CYYalHON BEJTMIHHBI.

U3 onpenenerns (pyHKINHA pacnupeieseHus CaeyeT, YTO BEPOATHOCTb MOMAJaHUs CJIY-
JaUHOI BEJIMYMHBI HA OTPE30K €CTh

P(X €, p)) = F(P) = F(a).

He smobas pynknusa moxer ObITh dyHKIuMeil pacupesenenns. QyHKIug pacrupe/e/eHus
JIOJIZKHA, YJIOBIETBOPATH CJIEIYIONIAM YCIOBUSM:

® BEPOATHOCTDHL HEBO3MOXKHOT'O COOBLITUSA PpaBHa HYJIO:

F(—00) = P(X < —0) = P(@) =0;

® BEPOSITHOCTDH JOCTOBEPHOTO COOBITHUSI PABHA €UHUIIE:
F(+00) = P(X < +00) = P(?) = 1;
e (QyHKIMs pacupejesieHusi — HeYObIBAIOIAsI, T.€. JJisl To > T Bbinojugercst F(xg) >
F(.f[,'l)

HuckpeTHbiii anagor GyHKIM pacupesenerus (T.e. moHsaTHEe (DYHKIMU PACIIPE/IeTeHUsT
TSl TUCKPETHBIX BEJIMYHH) — 9TO KYMYAAMA.
ITPUMERP Ilocrpoum byHKIHIO pacupe/ie/ieHus JIJisd HPeJIbIAYIIEro npuMepa:

F(0) = P(X < 0) =0,

F(1)=P0< X <1)= P(X = 0) = 0.16,
F(2)=P(0< X <2)=P(X=0)+P(X =1)=0.16 + 0.48 = 0.64,
F246)=PO0<X <246 =P(X=0+P(X=1)+P(X=2)=

0.16 4+ 0.48 4+ 0.36 = 1.

Oyukmug F' onpenenena Ha Beell 1efCTBUTETBHON OCH.
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3.1.7 IlmoTHOCTH BEPOATHOCTHU

Iromnocms eepoamuocmu WIK NAOMHOCMS pacnpedesetis BBOIUTCI U UMEET CMBICI
TOJBKO JIJI HENPEPBIBHON CIIyYaiHON BEJWYUHDI:

fx) = F'(x).

[L1oTHOCTH BEPOSITHOCTH, KaK U (PYHKIUS pacipeeeHns, He MPOu3BO/ibHAsA (DYyHKIMS,
a JOJIZKHA YJIOBJETBOPATH ONPEAEJEHHBIM YCIOBUAM:

o f(z) =0,
+o0
3 _f f(x)dz = 1.

U3 ompenesenust WIOTHOCTH BEPOSITHOCTH CJIEAyeT, 9To (byHKIus pacupenenenus F ()
reOMeTPHYECKH eCTh IJIOMA/lb 10 TpaduKOM IIOTHOCTH BeposiTHOCTH f(X):

X
Flz) = / ()t
—Oo
JIMCKpeTHbIT aHAIOT IJIOTHOCTH BEPOATHOCTH — 2UCTNO2PAMMA.

3.1.8 JIBymepHad NJOTHOCTH BEPOATHOCTU

AnamorngubiM 06pa30M ONpeesIsieTcst IByMepHas MJI0THOCTb BeposiTHOCTH f(x,y) ABYX
caydaitHpiX BesmauH X u Y. 910 Takad GYHKIHU, A1 KOTOPOH

+00 400
o [ [ fz,y)dzdy =1.

—00 —00

JIBymepHast pyHKIUS PacIpe/iesieHust

F(x,y):P(Xga:,ng):/w /y f(t, )dtdr.

JI1g HenmpepbIBHBIX CJOYYAlHBIX BEJUYUH TPU 33JaHHOW COBMECTHON TJIOTHOCTH MOYKHO
OIPEJIEIUTh COOTBETCTBYIOIINE OMHOMEPHbIe (MAPTHHAIBHbIE) MJIOTHOCTH

f(z) = / Fay)dy, Fly) = / £ (. y)d.

JIBe caydaitnbie Benuunbl X Y HE3aBUCHMBI TOTJA U TOJBKO TOT/IA, KOT/IA JJIs JTIOOBIX
3HaYCHUN X U Y

fla,y) = f(x) - f(y).

ITPUMEP PaccmorpuMm c/ie1yIonyio KyCO4HO-3aIaHHyI0 (PYHKIIHIO

z+y,ecmm 0<r<,0<y<1

flr,y) =

0, BO BCEX OCTAJBHBIX CIydaAIX
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1 MIOKaYKeM, 9TO OHA MOZKET CJIYKHUTD MJIOTHOCTHIO BEPOATHOCTH COBMECTHOTO pacIpeieIeHns
IBYX caydaiiHpIX BennawH X u Y. /leiicTBUTEHHO,

1 1 1 1 1 1 ].1 1
/ / (x+y)dxdy:/ (/ xdm)dy—l—/ (/ ydx)dy:/ —dy—l—/ ydy =
o Jo o \Jo o \Jo 0o 2 0

—1+1—1
2 2 7

TTPUMEP Paccmorpum errie onus nipumep, [6]. [Tycrs miorHOCTH pacipe/ieseHust nMeeT
BH/T:

Fz.y) cx?y, ecrn 2 <y <1
z,Y) =
0, BO BCEX OCTAJIBHBIX CJIydasx

OnpejenuM 3HaYeHHE TTapaMeTpa ¢ U3 yCJOBUS TOrO, 4TO JaHHas (DYHKIMS TOJZKHA
OBITH TIJIOTHOCTBIO Paclpeiesienns. 11pu BEIYHCICeHIN HHTerPaIoB 06pATHM BHEMAHHE, UTO
TUIe KasKJI0ro (DUKCHPOBAHHOTO 3HAYCHWA T HYKHO OpATh BEJIMUHHY i, MEHAIOMIYIOCS Ha
orpeske [, 1]. Takum o6paszom,

400 p+oo Lol 1 1
1= / f(z,y)dzdy = c/ / 22ydrdy = c/ z? (/ ydy) dr =
— 00 —00 —1 Jx2 —1 2

1 4
11—z 4c

2
lej 2 T a1

Torma
21
c= 1
Temepn, aas mpuMepa, BHIYUC/IUM BEPOATHOCTH TOTO, YTO CJydaiiHas BeJuduHa X He
MeHbIIe CJIYJaiHOi BeJMIuHb Y :

P(X >Y) 21//:L‘ydxdy——/ (/ ydy)dx—

z? — gt 3
== | 2 —)de=—
4 0 2 20

ITPUMEP PaccmorpuMm npuMep BBIYHCICHUS OJHOMEPHONW TJIOTHOCTH TIO W3BECTHOM
JByMepHO#l miotHOCTH. [lycTh

flay) =e @ zy >0
Torma
flz)=e""- / e Vdy =e".
0

ITPUMEP Ilycrs X u Y — He3aBucuMmbie CaydaiiHbie BeJIUYUHBI C OJUHAKOBBIME ILIOT-
HOCTSIMU pachpejesenus, [6]:

2z, ectm 0 <2< 1

O, BO BCEX OCTaJIbHBIX CJIYYadX

f@) = fly) = f(z) = {

Beraucinm Bepositiocts P(X + Y < 1), ucnonab3yst yeaoBus He3aBUCHMOCTH:

<
dry, eerm 0 < <1, 0<y<1
fla,y) = f(x {

0, BO BCEX OCTAJBHBIX CJIydadX
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Tabauma 4:
IIpedcmasaerue npocmoz0 cmamucmuiecko20 pada

HOMep HabJIIO/IeHusI 1 ‘ 1 ‘ 2 ‘ ‘ n
pe3yabTaT HAOJIIOIeHUS T; \ 1 \ T \ \ Tn

Torna

PIX+Y <1)= H f(:c,y)dﬂcdyzll/olx(/olIydy)dx:

z+y<l1
P-a)t, 1
—4f 2T g
/0 T YT
ITPUMEP Ilycrs nBymepHast IJIOTHOCTD 3aaHa B Buje, [6]:

2@ ecmm x> 0my >0

flz,y) =

0, BO BCEX OCTAJTBHBIX CAYyTAIX

[Tockosibky obJacth u3menenust X u Y npejacrapisier coboii npamoyronbhuk (0, 00) X
(0, 00) u coBMeCTHAsI IUIOTHOCTH BEPOSITHOCTH MOZKET ObITh 3alUCAHA KAK IIPOU3BEICHUE JBYX

dbyHKIIit
flay)=(2¢77) - (),

TO cJaydaiiHble BeJJHIUHBI X W Y He3aBUCHUMBI.

3.2 IlpencraBieHus CTATUCTUIECKUX JAHHBIX

3.2.1 IlIpocToii craTuCTNYECKUil PAL,

ITpocmoti cmamucmuseckutd pad ynobHo npeacraBuTh B Buje tabsuipl (Tabanna 4) kak
COOTBETCTBHE HOMEpPA HAOIIONEHNd | U pe3y/braTa HAOJOACHUT T;.

3.2.2 Bapuanmouublii pan

Ecsin B 1IPOCTOM CTATHCTHIECKOM Dsijie YIOPAJIOYUTh BCE 3JEMEHTHl Z; (Halupumep, 1o
BO3PACTAHUIO ):

*

<y <y <<

TO IIOJIy4eHHbIH psaj OyJer Ha3bBaTbCA 6apUAyUOHHbIM padom. Beanduna x) naspiBaercs
“nopaodkosas cmamucmuka”. Bermanua J,(x) =z} — 2} waseiBaercs “pasmaz ewbopru”.

3.2.3 Dmnupuyeckas PYyHKIHUS pacopegeeHusd

[To BapHAIMOHHOMY Psijly MOKHO HOCTPOUTH IMNUPUMECKYIO PYHKUUIO pacnpedeseru:
n
F*(z) = P*(X <z)=—,

n

rJe N, — 9UCJI0 3HAYEeHWl BeIUYUHBI X, KOTOPbIe MEHbIIEe (PUKCUPOBAHHOTO YUCIA T, & N —
obbeM BBIGOPKH (T.e. 0BIIee KOJIUIECTBO 3JI€MEHTOB BEIOOPKH ).
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Tabmuna 5:

Tabauya das nocmpoenus IMNUPULECKOT YHKUUU PACIPEICCHUA

v, | 3] -2 -1]0]1]
m, | 1] 2]4]6]5]

23
1)1

1
)

Bennunna X MoxkeT TpuHUMATDH U OJIMHAKOBBIE 3HaYeHUs . Toraa nycTh k — 9UC0 pa3HbIX
sHavenuil Besmaunbl X (oueBuiHo, k < n). ycrs ungexc v = {1,2,...,k}. Torna B Kaxk-
J0il TOUKe x, SMImpudeckas (GyHKIWs pacupeaesnenust F*(x) Oyaer mperepreBarbh CKAdoK,

paBHBIIT yacToTe:
* ml/

p__
v n’

IJie m, — YHCJIO OJIMHAKOBBIX 3HadYeHUil Besmduubl X . O4eBUIHO, 25:1 p;, = 1. llpounntio-
CTPUPYEM BBITIIECKA3aHHOE TTPUMEPOM.

ITPUMEP llpuBeneM mpuMep MOCTPOECHUST IMIUPUIECKON (DYHKIUU pacHpeIe/IeHHs.
[ycrs pos @ = {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17, 18,19, 20} coorBercTByIOIIHE
x; ={1,-2,0,1,-3,-1,0,-1,1,3,0,—1,1,2,0,—1,0,—2,0, 1}. 13 ycoBust BUAHO, YTO CJIy-
qJaliHas BeJUYNHA NMPUHAMAET BCErO CEMb PAa3JUYHBbIX 3HAYCHHUN C OIPEICSICHHON 9acTOTON
(Tabuuma 5).

3.2.4 Ilosurou yacror

Hoauzon wacmom — 3TO CrpynIupOBaHHBIE JTaHHBIE BBHIOOPKU. Ecam obbeMm BBIOOpKH
{x1, 29,23, ..., 2,} GosbIoi (N > 50) U YKUCIO OAMHAKOBBIX 3HAYECHUIT CIIydailHONH BeJUUNHBI
Bestuko (m,, > 20), To AJist yUpoIneHus naabHeiineil 06paboTKN JaHHBIX HCIOIB3YIOT CIPYII-
MUPOBAaHHBIE BEIOOPOYHBIE JAHHBIE, CTPOS IOJTUTOH 4acTOT. OUUIIeM aJarOpuTM MOCTPOEHU
MOJIMTOHA YaCTOT, U3 KOTOPOTO CTAHET SICHO er0 OlpejiesIeHue.

AJIFOPUTM HHOCTPOEHUA 1IOJINTTOHA YACTOT

1. TlocTpouTh BapUAINMOHHBINA DA JAHHBIX (T.€. YIOPSJIOYATH BEIOOPKY) U HAWTH Xy =

* k.
T4 U Tmaz = Ty

2. Becoh pasmax [z7, 2] pasbuTh Ha k paBHBIX HHTEPBAJIOB IPYIIUPOBAHULA. 1HUCIO HHTED-
BaJIOB MOKHO BBIOpaTh k ~ log, n + 1. B nmpakTndeckux 3amagax 7 < k < 10. Unorma
yI00HO B3SITh MHTEPBAJIBI PA3HOI JTHHBI, B 3ABUCHMOCTH OT KOJIXYIECTBA HOMIAIAIONIIAX
B HUX TOYEK;

3. OTMeTuTh B HOPSJIKE BO3pACTAHHUS KpailHHEe TOYKH WHTEPBAJIOB:

Loy, L1ye vy Te—1, Tk,
a TaKxKe cepeIuHbl HHTEPBAJOB I1, Lo, . .., Tk}
4. TlogcunTarh KOJWYIECTBA BHIOOPOYHBIX JAHHBIX 71, N9,..., Nk, TOMABIINX B KayKIbIi

unrepsast (Tabmuna 6).

5. 3aMeHUTH BEJMIMHBI 1 HA “ACTNOMbL P = nj/M 1 HOAYYNTH CTATUCTHYECKHH PSIJL.

COBOKYTTHOCTD TOUEK {1, P} } U €CTh N0AUOH HACTOM.
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Tabmuna 6:
Koauuwecmeo nonadanut sHaueHuts cayywatinotl 6EAUMUHBL 6 TOCTMPOEHHBIE UHIMEPEANDL

HHTEPBaJI Jj ‘ [i’o,i1> ‘ ‘ I:'Zf/‘j—17'£%j> ‘ ‘ [Zﬁk_l,lﬁk]
YHUCJIO MO AHNNA ‘ nq ‘ ‘ n; ‘ ‘ Ny,

3.2.5 T'mcrorpamma

Tlucmozpamma — 3T0 TUCKPETHBIN aHaIOr® (DYHKIME IJIOTHOCTH BePOATHOCTH, HA3LIBAC-
Masl TAKZKe SMIHUPUIECKOll IIOTHOCTHIO BepoaTHOCTH f* (7).
* I 7 e o o y p—
[Tycre p} ecTh ma0manb NPAMOYTOIbHAKA ¢ JJIMHON OCHOBAHWS A =25 —2j1,] =
1,..., k. Torga BBICOTA 3TOTO MPSMOYTOJLHUKA W OUPEIEIAeTCHd KaK SMIUPUYECKas TJI0T-
HOCTb BEPOATHOCTH B TOYKE T

_ by
Az;  n- Az

31ech, KaK U IIPU HOCTPOEHUH MOJUTOHA, Tq, L1, . . . , T — KpaliHue TOYKH HHTEPBAJIOB, HA
KOTOPbIe pa3OUBaAeTCsl BAPUAIMOHHBIHA psiji 00padarbiBaeMbIX JHaHHBbIX. COBOKYIIHOCTH TAKAX
PSAMOYTOJBHUKOB IS BCEX Tg,T1,...,Tr W COCTABISIET I'MCTOTPAMMY, KOTOpas Ipu 00Jib-
IITOM KOJIMYEeCTBE TOYEK TEepPexXOJNT B CBOW HENpPEephIBHBII aHaJor, B (OYHKIUIO IJIOTHOCTH
BepogTHOCTH. CyMMa ILIONIA/Iel BceX IPIMOYTOJbHUKOB paBHA €IUHHUIIE.

3.2.6 Kymynsara

Kymyaama — npubanzkennas sMmiupudeckad (pyHkmus paciupenenenus. TodHo Tak ke,
KaK I'HCTOIPAMMa, SBJISETC JUCKPETHBIM aHAJI0IOM (DYHKIUU IJIOTHOCTH BEPOSATHOCTH, TaK
U KyMyJIATa SBJISETCA JIMCKPETHBIM aHAJOrOM (DYHKIMH PACIPE/IC/ICHUS.

v

v
n .
* (A _ -, _ * J
F*(z,)=P(X <z, = E pi=2
Jj=1 Jj=1
3J1eCh, KaK U BBIIIE, Lo, L1, ..., Ly, - - . , L) — KpallHUE TOYKH HHTEPBAJIOB, HA KOTOPHIE Pa3-

buBaeTca BapHAIMOHHBIN psJ 06pabaThiBaeMbIX JaHHBIX, kK ~ log, n + 1 — 00BIYHO peKOMeH-
JyeMoe 9mucyI0 WHTePBAJIOB Pa3Ouenns, 1 — 9NCJI0 3JEMEeHTOB BBIOOPKH, n; — INCJIO0 JAHHBIX
U3MepeHHil, HOMABIINX B HHTEPBAT [T;_1, &;|. Touka &, — oHa U3 TOUEK-KOHI[OB HHTEPBAJIA:
IPU BBIYUCICHUN KYMYJISTBI BCe TPEIbIAYIITHE BEPOATHOCTH, OUEBHIHO, CKIAIBIBAIOTC, KaK
U JIjisi HeIPEPHIBHOW (DYHKIMK PACIIPE/IC/ICHUS .

3.2.7 Koin4ecTBO HHTEPBAJIOB pa30MeHus MIPHU I'PYIINPOBKE JAHHBIX

B npaktuyeckux 3ajadax peKOMEH/yeMOe YUC/I0 HHTEPBAJIOB k pa30ueHus IIpu IPyIIni-
POBKE MAaCcCHBa N JIAHHBIX €CTh
k ~logsn + 1.

8lmade: BLIGOPOIHLIH aHATIOT. B GONBIINHCTEE peabHLIX 33,134 00pabOTKH HAOMIOIATEILHLIX U SKCIIepH-
MEHTAJTbHBIX JAHHBIX PabOTa BCErja BEIETCS MMEHHO C THCTOMPAMMAMU.
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J1s OlleHKM BeJUYHMHBI k& MOYKHO HCIIOJIB30BATH TAKXKE METOJ CKOAb3AULE20 KOHMPONA
[6], 3akm0UarOIIErOCsT B MUHUMU3AIINE OIEHKH CKOJIB3SIIIEr0 KOHTPOJIS J:

min {J(Aij)},

A

2 n
Tai) =3 (£(ad) = 237 f(ad),
Ad; i=1
re f(*_i)(Aij) — THCTOTPaMMa, TTOCTPOEHHAsS TOCIe yVIAIEeHNs (-T0 HAOIIOIeHNsT 13 MacCUBa,
JIaHHBIX. MuHuMusupyeMas (GyHKIHA, OYeBUIHO, TPEOYET IepecdeTa IHCTOIPAMMBL 71 Pas.
s yupoIneHusi pacdeToB OIEHKA CKOJIB3SIIEI0 KOHTPOJISA MOKET OBITH IIpecTaBIeHa B
Buje, [6]:
2 n+1
(n—1)Az; n-—1

J(Ad;) = ()"

1
Ha npakruke yao6no nmocrpouts 3nadenus J(AZ;) mig kaxaoro k € [1,n] u onpeneants

k
Jj=

muanMyM. Econ J(AZ;) Menserca HesHaunTenbHO 11t k € [k, ko|, T m0Goe 3nauenue k u3
3TOT0 WHTePBaIa MOYKHO IPUHUMATH JJIs pAcdeTa HHTEPBaIa Pa3OueHUs.

3.2.8 dnepnag oneHKa IJOTHOCTU

B ominumne 0T KJACCHIECKOil TECTOrPAMMbBI, METO/ S/IePHOI OleHKH 110THOCTH [6] npe-
cTaBager coboll CTIaKeHHY0 OICHKY IIOTHOCTH PACHPEIe/ICHUS.
Anpo — rnagkas Gyukuusa K (x), Takag 4ro

e K >0
o [zK(x)dx=0
o 02 = [2?K(z)dz >0

S nepuast onenka miaoTHocTu st h > 0 ecTh

=130 (7).

AHaJIOru9HO TOMY, KaK MPW TMTOCTPOEHUN TUCTOTPAMMBI BO3HUKAJ BOMPOC 00 OMTHMATh-
HOM BBIOODE TIIara pasdouenus, B 3a/1a4e s/1ePHOi ONMEHKH JIOTHOCTH BO3ZHUKAET 3318494 BbIOO-
pa oNTUMAJILHON Besnuuubl h. Tak, Ipu perreHnn TPaKTUIeCKuX 3a/1a9 00pabOTKH JAHHBIX
caeayeT BoIOMpaTh Takoe h, KOTopoe MUHUMHU3UPYET (PYHKIIUIO

J(h) ~ h_1n2 ZZK*(%;%) n th - K(0),
i J

rme
K*(x) = / Kz — y)K (y)dy — 2K ().

[IpuBeieM jiBa MpuMepa UCIOAb3YEMbBIX Sep.
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Anpo EnmaneyHunkoBa

vt (=8 i<

0, BO BCeX OCTaJIbHBIX CJIYYadX

I'ayccoBo aapo

B sTom ciydae Besmmunaa
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4 XapaKTepPUCTUKHU CJIyYallHbIX BEeJWYUH U MaTeMaThu4de-
CKHe onepanuu HaJ CJIy4YallHbIMU BeJINYUHAMUA

4.1 MaremarundeckKkoe OxKHIaHUE

Mamemamuueckoe osrcudarue — 9T0 XapaKTEPUCTHKA CPEJIHET0 3HAYCHU CaydaiiHoil Be-
JuduHbl (WIH, B 00IIeM caydae, caydaiinoil dyukium).

Maremarndyeckoe OxKUIaHIE CIy9aiinoil Bequanabl X obosnadaercst M[X], my, p, p, win
E[X], a maTemaTuueckoe oxkumanue Gyuxiun caydaiinoil emnaunsr F{g(X)| mwm M[g(X)].
Brorauciennoe 1o BbIOOpKE, MaTeMaTHYeCKOe OKUJIaHne 0ObIYHO 0D03HavYaeTcs [1* Uin .

[To onpenenenuio, Jajid JUCKPETHON ciydaitnoit Bendunbl X, TPUHUMAIONICH 3HAYCHUST
{z1,29,...,2,} € COOTBETCTBYIOIUMI BEPOSITHOCTSAMHE

{p(xl)vp(l?)a s ,p(fEn)},

MaTeMaTHIecKoe OYKHIaHNe eCTh
n
M[X] = E z;ip(z;).
i=1

J11s1 HeIpepBIBHOM coIydaiiHoit BeTu<IuHbI, 00aada0mel 3anannoit dyHKIueil mI0THOCTH
pacupesesenus f(x), MaTeMaTHYECKOE OKHUIAHHE ECTh

+0o0
MI[X] :/ x - f(x)dx.
—00

Takum oOpa3oM, 3HasI IJIOTHOCTD PacIpeIeIeHus CaIyIailHONl BeTUIMHBI, MOYKHO BBIUHC-
JINTH MaTeMaTH4YCCKOEe OXKHNIAaHME 3TOM CJIyLIaIU/IHOfI BEJINYUHBI (a TaKXKe 1 BCE€ OCTaJIbHbIE
XapaKTePUCTHKH CJYUYaflHON BeJIMYINHBI, KaK Oy/IeT TOKa3aHO HUZKe).

IIPMEP He kaxkaoe pacupeesienne 00/1aaeT KOHEIHBIM MaTeMaTHIECKUM OXKHI/1a-
oueM. Hampumep, paccMoTpuM pachpeieenne Koy, IJIOTHOCTE pacipeleeHud KOTOPOTo

3aj1aeTcs (pyHKIuei
1 1
r)=——.
f(@) 71+ 22

BrerancanMm mMareMaTmaeckoe OXKNJaHue 3TOTr0 paclipeae/IeHuA, BOCIIOJIb30BaBIIUCH IIDa-
BUJIOM HMHTEIr'pUpOBaHHd II0 YaCTAM:

2 xdx 1

M[X] = ;/Omm - [ln(x2 + 1)] ):o = 0.

Takum obpaszom, y pacupejenenns Koim He CyNeCTByeT MaTeMaTHYeCKOTO OXKUIaHUS.
Ecan MHOTO pa3 MOfempoBaTh 3TO pacipejiesieHne, TO ero CpeaHee He OyIeT CTPEeMUTHCS
IPUHSITH KAKOEe-TO OllpeeaeHHoe 3Hadenne. [I1oTHocTh pacupenenenns Komun ob1amaeT mm-
POKHMMHU KPBLIbSIMH, He CIIAJAIONUMI K HY/II0 Ha OECKOHETHOCTH, ITO O3HAYAET BO3MOKHOCTD
MOy IUTH B HAOIIOJEHUAX SKCTPEMAJIbHbBIE 3HAUEHHS C JOCTATOYHO OOJIBIITON BEPOSTHOCTHIO.

4.1.1 CsoiicTBa MaTeMaTUYECKOI'0 OXKIIAHUS

[Tycte X,Y — nmpoumsBosibHBIE caydaiinble Beanduubl, a C' — Hec/ydaiiHas MOCTOSHHAS
BestmynHa. Torjga MaTeMaTndeckoe OKUJIaHue YI0B/IeTBOPSET CJIeIYIONIUM CBONCTBAM.

o M[C]=C
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o M[C-X]=C-M[X]
o M[X +Y]=M[X]+ M[Y]

e [lycrs XY — HenpepbiBubie ciyuaitabie Banuunbl u Y = g(X). Torua

iy = [ o) - fla)da

[ee]
Ecmm cayvaitnple Bemnauabl X 1 Y — He3aBUCUMBIE, TO

o M[X-Y]=MI[X]-M[Y].

4.1.2 VYcaoBHOe MaTeMaTHUYeCKOe OXKUIAaHUe

[lycte X u Y — ciydaiiHble BeJIMYUHBL. YCJIOBHOE MaTeMaTUIeCKOe OKU/TaHUEe BEJTUINHbBI
X npu JaHHOM 3HaYeHWH Y = Y olpeJlesdeTcs /s TUCKPETHOrO CIydas:

M[X|)Y =vy| = sz {X; =xY =9y}) = sz (zily) =

_ le {X — :EZ? - y} le SL’“

u OJid HEIIPEPBIBHOT'O CJIYyYad:

MX|Y =y] :/ Oox- f}f;;)dx

Maremarudeckoe oxuganne M[X| caywaitnoit Beananust X — 9T0 HeCIy9IaitHOe THCIIO,
a ycioBHoe maremarmueckoe oxkujganue M[X|Y = y| — sro dbyuknus (B maHHOM Ciydae,
epeMeHHO ¥).

st dynkuun ciyvaiinbix aprymentos g(X,Y)

Mlg(X, Y)Y =] = Zga:z,yz- (o) = 3 glen ) - 2228,

—+00

Mg =5 = [yt }‘fﬁdw

COOTBETCTBEHHO AJidd JUCKPETHOT'O U HEIIPEePLIBHOI'O CJIy4YaeB.
Bepno coorHortenue:

M[Mg(X,Y)|X]] = M[g(X,Y)].

4.2 CpemHekBaJIpaTnIeCcKOe OTKJIOHEHUE

Cpedneksadpamuneckoe omkAoHeHUe — ITO XaPAKTEPUCTUKA PACCESTHUS OTHOCHTEJHHO
MAaTeMATHIECKOTO OKuJAanus. IpyrumMu cjioBaMu, CpeHEKBAIPATHICCKOE OTKJIOHEHHE Xa-
paKTepU3yeT, HACKOJBLKO CHJILHO JIeMEHTHI BHIOOPKHU OTKJIOHSIOTCS OT CBOEIO CPEJIHEro 3Ha-
qeHud.

CpeaekBagpaTiHaeckoe (WM cmandapmuoe) OTKIOHeHHe Caydaiinoil Beamauabl X 0060-
3HAYAETCsl 0, 0,, o[ X]. Beraucaennoe no Beibopke, obo3uaqaercs o*, s win s.d.
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[Io ompenenenuto, cpemHeKBaJpaTHIecKoe OTKJIOHEHHWE JIUCKPETHOH cJIydaifHOW Besu-
quHbl X, OPUHUMAIONIEH 3HaYeHust {1, Ts,...,T,} ¢ COOTBETCTBYIONIUMH BEPOATHOCTSIMU

{p(x1),p(x2),...,p(x,)}, ecrb

olX] = VM(X —m,)? = | Y (w; —ma)? - p(a:),

i=1
rjie

m, = M|[X] = szp(x,)

Jlyist HenpepbIBHOM cJIy4daiiHOM BeJimduHbl, 00J1a/atoei 3aauHoi yHKIueil mI10THOCTH
pacupenesennst f(x), cpeHEKBAIPATHYECKOE OTKJIOHEHHE €CTh

o[ X] = \//_ OO(:L’ —mg)? - f(z)dz,

m, = M[X] = /_m - f(x)de.

o0

rie

4.3 Jlucnepcus

/ucnepcuerti cirydailHON BeJIMYMHBI HA3bIBAETCH KBaJPAT €€ CPeJIHEKBAIPATUIECKOIO OT-
kaoHenus. Jlucnepens cayuvaiinoil Bemananl X obosuavaercs D[X], 02 wiu o2. Beraucsien-
Had 1O BBIGOPKe, 0OLIMHO 0003HAYaeTCH 52,

[Io onpenenenuto, qucnepcus JTUCKPETHOR caydaiiHoit BemndauHbl X, TPUHUMAIOIIEH 3Ha-
qenust {X1, Ty, ..., Ty} € COOTBETCTBYIONMMHA BEPOSITHOCTSIME

{p(xl)rp(xQ)a"'7p(xn)}a

eCTb

rae
me = M[X] =Y zp(x;).
=1

s HelpepBhIBHOM cirydaiinoit BeJTuauHbl, 00J1a/1al01el 3a1aunoit hyHKIueil mI0THOCTH
pacupesenenust f(x), Aucmepcust ecTh

+o00
D[X]| = / (x —my)? - f(z)d,

o0

rIe

my = M[X] = /%o - f(x)de.

o0
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4.3.1 CsoiicTBa gucnepcun

[Iycrs X,Y — mpouwsBoJibHBIE caydaiinble BeanduHbl, a C' — HeclydaiiHas MOCTOSHHAS
BesimyuHa. 1orja Jucnepcus ya0BJIeTBOPIET CAeYIONUM CBOHCTBAM.

e DIC]=0

e D|C-X]|=C? D[X]

e DIX] = M[X?] — (M[X])*

e DIX+Y|=D[X]|+DY]£2M[(X —m,) - (Y —m,)].

Bemmauna M[(X —m,)- (Y —m, )| maseiBaercs xosapuayued. Kosapuarus pasHa HyIIO,
eciu X u Y — He3aBUCHUMBbIE CJIydailHble BEJIUYUHBI.

e DIXY] = D[X] - D[Y]+m2D[Y]+m_D[X], ecntu X u'Y — HesaBucnmbie Ciydaiinpie

BEJINYUHDI.

JTokaxkem mnocsenee cBoiicTBo. [lo onpeeienuio auciepcuu, Ui CaydaiiHoi BeJTmInHbI
Z7=X-Y

D[Z) = M((Z — m.)*] = M[(XY)* = 2XY - M[XY] + (M[XY])?],

rae m, = M[Z] = M[XY] ecth nocrosiiHas BeIMYNHA, MATEMATHYECKOE OXKHIAHWE TTPOH3-
BeJIeHUs JIBYX CJIydaiiHbiX BesinduH. Jlajee, HCIOIB3ysl CBOMCTBO JIMHEHHOCTH MaTeMaTHYe-
CKOIO OXKUJIAHUsI U TOT (DAKT, YTO MATEMATHIECKOE OXKHJIAHUE MOCTOSHHON BEJMYUHBI €CTh
cama 9Ta BeJUUUHA, 110JLyaeM

D[XY] = M[(XY)? — 2M[XY]  M[XY] + (M[XY])2.

[Tockosbky X u Y — mezaBucumble caydaiiabie seauuausbl, To M[XY] = M[X]M]Y],
CJIeI0BATEIBHO,

DIXY] = M[XY)*] —2M[XY]- M[XY]+ (M[XY])? = M[(XY)?] — (M[X] - M[Y])?.
JaJiee, PACIHIIEM HPABYIO YACTh JOKA3BIBAEMOIO COOTHOMICHIIS:
DIX]- D[Y]+m2D[Y]+m]D[X] =
= M[(X —m,)*] - M{(Y = my)*] + mg M[(Y —my)*] + mM[(X —m,)?] =
— (M1x? = (MX])?) - (MIY?) = (M[Y])?) + m2M[Y?) = m2(M[Y])? + m2M[X?] -
—my(M[X])* = M[X?]- M[Y?] + (M[X] - M[Y])? - 2mZm; =
= M[(XY)*] — (M[X]- M[Y])*.

4.3.2 VYcaoBHadg Aucnepcus

Bemuunna, [6]
I f(x,y)

Dix =a)= [ (=) L,

[\

rae 0003HAYEHO

p(x) = MY[X = ],

Ha3bIBACTCA YCJIOBHON AUCIEpPCUEH.
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4.4 Mepbl NOJIOXKEHNA U MEPbI pacCesdHUd
Mepbl TOJIOXKEHUS

[Tycts HekoTopas Bennunua X HAOJIIOAAETCS MW U3MEPSIeTCs HEKOTOPHIM ITPUOOPOM N
pa3. IIpu craructudeckoit ob6paborke BBIGOPKU {T1, L9, ..., T, }, €CIH He OrOBOPEHO 0000,
BCe 3HAYEHHS T; CUMTAIOTCS PABHONPABHLIMU, T.€. PABHOBEPOATHBIMU. Takum oOpa3oM, /s
OIEHKHU cpedrezo 3HaueHust (0603HAUACTCS T) HCKOMOU Benmunabl X mpumensieTcss hopmyia
JUTsl MATEMATHIECKOrO OXKHUJIAHH € y94eTOM TOro, 4to p(z;) = p = 1/n:

[Tocaemusis bopmysia, 0UEBUIHO, €CTh CpeaHee apudMeTHIecKoe BCeX 3IeMEeHTOB BBIOOP-
KH.
Ecnau kaxaoe x; 06/1a7aeT BECOM w;, TO ONPEIEISeTCs 836CULEHHOE CPeJHEE:

n
> wii
=1
—
> wi
i=1

Cpe/iHee 3HAUEHHE MOXKHO ONPEJIETHTh W 110 BAPUAIMOHHOMY DSy (B JAHHOM CJIydae
BBIGODKE, TMPHUBEJIECHHON B YHOPSIOYEHHOE MO BO3PACTAHUIO COCTOSIHHE) — OHO, OYEBH/IHO,
JIOJIZKHO JieXKaTh 1ocepejinae. bojiee TOYHO, B 3aBUCUMOCTU OT YE€THOCTH WJIA HEYETHOCTHU
0bI1Iero KoJIm4IecTBa 3JeMEHTOB BHIOOPKHU N, CpejiHee 3HAYeHNe eCTh:

w

® M = T(n11)/2, €CIH N — HEYETHOE,
_1
¢ m= 5(%/2 + x(n/2)+1); €CJIX 71, — YETHOeE.

Yucno m Has3uiBaeTcss MeduaHoTl.

Hakomner, cpejinee MozKeT OBITH OIEHEHO 110 HauboJIee 4acTO BCTPEUYAIONIEMYCH JIEMEHTY
BBIGODKH, T.e. JIEMEHTY Z;, IPU KOTOPOM ILIOTHOCTH BeposTHOCTH (byHkius f(x)) Makcu-
MasIbHa. Takoe xr; HOCUT Ha3BaHHE MOUa.

SaMeruM, 9To JJIsi UCCAEIO0BAHUS PACIPEICIeHAN, HMEIONUX /IBa WjH 00Jjiee YeTKO BbI-
pazKeHHBIX MakcuMyMa (GHMOJATbHOE W MYJbTHMOIAJBHOE DACTPe/IeJeHNs, COOTBETCTBEH-
HO) MOJIa — JIYUIlas XapaKTePHCTHKA, YeM MATEeMAaTHIeCKOe OXKHUJIaHHe, MOCKOIbKY MOCTeI-
Hee, OYeBH/IHO, He JacT nH(OpMAInH 00 YKa3aHHBIX NHKaX. B IpakTudecKux 3a1adax i
yI0OcTBa JabHelneir o0paboTK TakKue pacipegeaeHuss MOryT ObITh IPeACTaBIeHbI KOMIIO-
3unueil HeCKOJIbKUX paclpelesieHuil.

Kpome Toro, orieHuBaHIEe HE CPEIHETrO 3HAUYCHHS PACIPEIeIeHNsI, & KMEHHO €r0 MOJIbI sIB-
JgeTcd BaKHBIM METOJOM IOJYyYeHUs YCTONYMBBIX OIEHOK MapaMeTpOB pacipeiesieHnil npu
JIOCTATOYHO GOJBIINX BHIOOPKAX. DTO 0OYCJIOBIECHO TE€M, YTO B 3TOM CJAydae MOJIa, T.€. IMOJIO-
JKeHIe MaKCHMyMa paclpeIeeHus], OIpeIe/sgercs ODOIbIINM KOJINIeCTBOM 4JIeHOB BRIOOPKHT
¢ MAJTBIME OTKJOHEHUSIMH OT MOJbI, & KPBLIbsl PACHpeIeeHus (BO3MOXKHO, COMEPKAIIIE
daHOMaJIbHBIE BbI6pOCbI) HC BJAHNLAIOT Ha IIOJOZKEHHE MOIDI.

Takum obpasoMm, cpedhee, 836eweHH0e CpedHee, MeQuaHa U Moda XapaKTePU3yIOT HPH-
MEpHO€e ITOJI0’KeHHe HCTHHHOIO 3HAYeHHs HCKOMOH BeMIuHbI X ¥ II09TOMY HOCAT 00IImee
HA3BAHUE MEPLL NOAOHCEHUSA.
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MepsbI paccegHus

Ba:kHO He TOJIBKO OIEHUTH CpejHee 3HAUYeHHUE JIEMEHTOB BHIOOPKH, HO W yKa3aTh, Ha-
CKOJIBKO CHJIBHO OCTAJbHBIE 3JIEMEHTHI OTKJOHSIIOTCH OT CPEJHET0 3HAYEHUd, T.€., HACKOJIbKO
BEJINKO paccesHue 3jeMeHToB. Mepamu paccesnus NN pacceusanus CayKaT BHIYAC/TICHHBIE
10 BBIOOPKE CJIeIYIONIIE XapaKTePUCTHKY:

n
% > (z; — )% — cpednexsadpamuneckoe omKAOHEHUE,

x; — T| — cpednee omraonenue,

o r = J,(x) =x} —xf — pasmax, vie T = Tyaw, T} = Tpin W BCE T; TPEJTONATAIOTCS C
BecoM 1.

Oco60 0TMeTHM BarKHEHIIyI0 Mepy pacCedHus — CpeJIHeKBaIPaTuIeCKoe OTKJIOHCHUE Bhl-
6opoUHOro cpeHero (pasauyaror 0603HAUCHUs Sz WK S(T), ecu CpejiHee T TOXKe OlEHUBA-
ercs 10 BHIOOPKE, W 0z Win 0(T), eCJIn CpejiHee (i H3BECTHO AIIPHOPH, T.€. 3TO eCTh CPejHee
TeHePATBHON COBOKYITHOCTH ):

i=1

Ux:\ﬁ2<xi‘“>2-

Dta dopmyaa Oyaer BHIBEICHA HUKE.

4.5 Ko3adduiment Koppeadaimn

[ToMmumo omnpe/ie/isieMbiX 110 BBIODOPKE MED MOJIOXKEHUS ¥ MEp pacCesHusd, JJIsd JIBYX CJy-
yaiinerx Besmuna X u Y onpejenuM Ko3puuenT Koppessinum ¢

rIe

&I

n n
1 1
n < n <
i=1 i=1
€CThb BbI60pO‘{HbIe cpegHnue CJIy‘IaI?'IHbIX BEJINYUH

X ={z,29,...,; 2.}, Y ={y1,y2,---,Yn}

Ecau ¢ = 0, 10 X u'Y He KoppesiupoBaHHbie (HO MOTYT GbITh 3aBucuMbiME ). Ecau ¢ = +1,
To Mexka1y X u Y CYIIecTBYeT 3aBUCHMOCTH B BHJE IIPAMON MPOIOPIHOHAILHOCTH.
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4.6 MoMeHTHI CJIyYaliHbIX BeJINYNH

N mateMaTumdeckoe OXKWJTAHWE, W JTUCIHEPCHUS CAYYafHON BeJIWINHB X TpPEeaCTaBISIIOT
coboit JacTHBIN CJydan MOMEHTOB CJIydaiiHOW BesmduHbl. B 001eM ciiydae pasjimdaioT Ha-
YaNbHUT Momenm k-moz2o nopadka:

ayX] = M[X"]
0 UEHMPALLHOIT MoMeRm k-mo20 nopadka:
e[ X] = M[(X — a1 [X])"].

OdeBu,HO,

uolX) = DIX] = 2.

MOMeHTBI BBIYTUCJIIAIOTCA IO OIIPpEeACJICHUIO MaTEeMAaTUYE€CKOT'O O2KU JaHMA. HaqaﬂbeIe MO-
MEHTBI:
no ok
ap[X] = Yoy xf-p(x;)  AIA AUCKPETHOTO PACIpe/eseH s

[7 akf(x)dx  nus nenpepbiBHOTO pacupejiesienus
—0oQ

[enaTpabHBIE MOMEHTHI:

X] = S (x; — ) - p(x;)  ag AECKpeTHOro pacupe/ieJeHus
HRLE= [Z (x— p)kf(z)dz s menpepbIBHOTO pacupee/eHus

C HOMOH_IBIO HeHTpaﬂbHOFO MOMEHTa TpeTbeFO HOpHﬂKa " CpeﬂHeKBaﬂpaTI/IquKOFO oT-
KJIOHEHHST BBOJUTCS MOHATHE CKOWEHHOCMU (MW GCUMMEMPUL):

_ 13X

3
Oz

7

a C IIOMOIIBIO IIEHTPAJILHOIO MOMEHTa YeTBepTOro HOPAIKA U CPEIHEKBAIPATHYECKOTO OT-
KJIOHEHHSI — TIOHSITHE KPYMusHos (N 9KCUECCa):

_ palX]

4
Oy

- 3.

72

4.7 Pacnpenenenue BEpPOATHOCTU A (PYHKIUU CJIIydaNHBIX BeJId-
YUH

4.7.1 JIuckpeTHad cjaydaiiHadg BeJINYINHA

[Iycte X — muckpeTHas caydaitnas Beauduna u mycthb h(X) — dbyHKIms 9T0# caydaitnoit
BesnanHBL. [locTpouM psn pacupeneneHus g GYHKIUH CAy9aiHON BeJTHIHHBL. YHI00HEe
PacCMOTpETh 3Ty 3aJia4y Ha mpuMmepe, |7].

[Tycrs h(X) = cos X, a cayuaiinast Bejiuunna X 3ajaHa PAJIOM PACIPEIE/ICHUs] B BHJIE
rabuunet (Tabanna 7).

Torma 3akon pacnpenesenns h(X) Gymer onpegenarbes Tabureit 8, B KoTopoii
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Tabmuna 7:

Cmamucmuveckut pad cayvwatinot sesuvurs, X

11213
Pils1616
Tabmmna 8:

Cmamucmuneckut pad gynryuy cayuatinot eesuuns h(X) = cos X

wlo| 2]
H| 3 2 |1
Py |61 6 |6

YuaureiBast, uro 7 = 0,29 = w/4,x3 = 7/2 pacnuieM HocJeHee BbIPaKeHHe MO3Je-
MEHTHO:

pH = P(h(z1) = hy) = P(h(0) = cos0 = 1) = P(X = 0) = é
Pl = P(h(zs) = hy) = P(h(%) - cosg _ g) — P(X = g) - %
pil = P(h(z3) = hs) = P<h<g> - Cosg - 0) — P(X = g) _ %

9TO W BHECEM B TabJIMILy, PACIIONOXKUB h; B ITOpsijIKe BO3paCTaHHSI.

OrmernM, 9TO CKa3aHHOE BEPHO eC/iM CaydaiiHas BendnHa X TPUHAMAET TOJHKO OJTHO
3HAUeHHe Ty, npu Kotopom h(X) = h(xy) = hy.

Ecin corygaiinag emmunna X NpUHAMAET HECKOJABKO 3HAYCHUI X)), Tpyy 1, - - ., Th—1, T, TIPH
KoTOpBIX h(X) = hg (T.e. dbyHKIUSA, 0OpaTHas h, He OJHOZHATHAS), TO

[IpontiocTpupyeM CKazaHHOE IPUMEPOM, PACIINPUB BHIOOPKY /s JHCKPETHOf ciryvaii-
HOM BestmauHbl X U3 mpebayero npumepa (cm. Tabauis 9-10) u nepeobosnauus X na Y.

4.7.2 HenpeppiBHag caydaiiHasg BeJIMYNHA

[IycTh Tenepb ecTb HellpepbiBHAS CJIydaiiHas BejndnHa X, Jijid KOTOPOH U3BECTHA ILJ10T-
HOCTB pacnpesesnenns f(z), kotopas B auddepennmanbroil hopme 3amuCHBALTCS Kak, |7]:

f(z)dr = P(x < X < x +dx).
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Tabmuna 9:

Cmamucmuveckuti pad cayvwatinot sesunurv, Y

T T v T
yil—9 |11 0] 71|32
1L | 3 |6 |10 15
pPi| 35 | 35 [ 35135 |35

Tabmuna 10:

Cmamucmuueckud pad gynkyuu caywatinot sesununve h(Y) = cosY

wlo 2]
H| 16 | 13 6
Pi 1351 35 |35

CraBurcsa 3a1a41a HAfTH WIOTHOCTD pacupegenenus ¢(h), Takyro, 9To:
g(h)dh = P(h < H < h +dh),
rjie
h = h(z).

[Tyctb h(z) — omHosnaunas dyHKIws. Toraa, O aHATOTHY € JUCKPETHBIM CJIYYaeM, MOK-
HO HAWTH MaJblil MHTepBaJ 3HadeHuii h(x), COOTBETCTBYOMHUI 33 JAHHOMY MAJIOMY HHTep-
BasTy 3nadennit X ¢ u3BecTHOI BeposTHOCTBIO f(x)dx.

|da(h)
dx = o ’dh,
riae x(h) — obparnas dyHknus, a |...| — Moayab BeamduHbl. Toraa
dx(h
eyt = fla(y] 52 an
dx(h
ot = ria] ||

ITPYIMEP Ilycrs h(x) = cosz. Pacupenenenne BepostHocTH st X
f(z)dzr = a+ bz,

e

0<z<7/2

Haiigem miotaocTh BepositHocT g(h):

dx(h)
dh

dh
ViR

g(h)dh = flz(h)]

‘dh = [a + barccos h] .
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0<h<1.

OKoHuaTeJILHO )

g(h) ﬁ,

ITPUMERP Ilpusenem npumep Bbluncjienus (PyHKIUE pacipe/iesienns. BeposaTHocTb 00-
Hapy»KHUTh 3Be3]1y B o0beMe dv paBHa k - dv. /I Kax10if 3Be3/bl HAlieTCsa Apyras 3Be37a
— ee Gmmkaiimuii cocen, [4]. Haittu dyHkuo pacupenesenns paccrosauii 10 GJuzKaimero
cocejia, a TaK»Ke CpejiHee PaccTossHue J0 OJUKAMIIero coceaa U JUCHEPCUI0 PACCTOAHMI.

Ob6o3naunM 3a X caydailHyIO BeJIMYHHY, PACCTOSTHIE OT 3BE3/IbI /10 ee OJIMKaUIero coce-
ja. Torga BepOsSITHOCTH TOTO, YTO COCEJ HAXOUTCA OJINZKe PACCTOSIHUSI T PABHO, 10 OLpeIe-
nennto, dbyukuun pacnpenenenus, F(x) = P(X < x). BepostHocTsh TOTO, uTo GauzKaiiimmii
cocell HaXOJUTCsl He OJinyKe © paBHO, oveBnHO, 1 — F'(z). BepositHoCTh TOTO, 9TO GinzKaii-
muii coceJl HAXOJUTCSI HA PACCTOSHUHU, 3aKJIIOYEHHOM Mexkjiy  u x + dx, ectb f(z)dzr, u
paBHa mpomsBegennio 1 — F(x) Ha BEpOATHOCTH TOTO, 9TO MKy chepamMu ¢ PATHyCaMu T
u x - dr umeercs 3Be3j1a. Takum odpasom,

0<h <1,

[a + barccos h] .

f(@)de = [1— F(z)] - k- 47 - 2*dz.

Pasgesmm obe gacT nocJennero ypapaenns Ha k- 4m - 22dx, morom npoanddepennmpyem
no x u, yars, uyro F'(z) = f(x), moayaum

f'x) 2

== —dr-k-2°

flx)

" 1IOoCJa¢e HHTEIrpupOBaHM A

4
f(z) = ca®- exp{ ——7-k- ZES}.
3
[Ipou3sBosibHAs MOCTOSIHHASL € ONPE/IEISETCS U3 YCJIOBHST PABEHCTBA HHTEIPAJIA [IIOTHOCTH

pacupeaesennd eAUHUIE Ha BCell YUCJA0BOI HpAMO.
OxoHYATEIHLHO HAXOIIM

4
p— . . 2' —_— — . . 3
flz)=A4r -k -z exp{ U k-x }

Cpennee paccTosgHue 10 OJMKARIIEro cocea

= e stte = () " 5) mosst o

e
INa) = / to b eTtdt
0

ecTh raMMa-QyHKIUs (MM 3iiepOB HHTErpas BTOPOrO POJIA), 3HAYEHHsI KOTOPOi H3BECTHBI.
Jlucepcns paccTossHAs 10 OanzKaiimero cocena

5 4
r(—) — r2<—) ~ 0.0405 - k=23,
3 3

7 /ooo(x 7 f(e)de = <47r3- k>2/3 |

a CpeJHEKBaApPpaTUu1eCKOe OTKJIOHEHHUE

o~ 0.201 - k173,
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4.8 HepaBeHCTBa JJid BEPOATHOCTEN CJIyYalHBIX BEJUIUH U UX Xa-
PaKTEPUCTUK

HepaBeHCTBa, CBA3bIBaIOIINE XapaKTEPHUCTUKHA C.Hy‘{aﬁHbIX BE€JIMYHUH, UCIIOJIL3YIOTCA B T€X
CJIy4adX, KOI'la pacdeT TeX MJIN UHBIX XapaKTEPUCTHUK CJIO02KEH.

HepasencTtBo Mapkosa

[Iycre X — HeoTpunaresibHasl ciaydaiiHas BeawduHa. [lycrs cymecrsyer M[X]. Torma

st aoboro t > 0
M|X
P(X >1t) < [ ].

HeiicTBUTEIBLHO,

MX| = [ af(@de = [ ofa)de - / of@)da+ [ af(a)do >
>Z1¢ ‘/f P(X > 1).

HepaBenctBo HebOnImena

[Iycrs X — cayuaiinag semwunna u M[X| = pu, D[X] = o2. Torna
o2
P(IX —pl>t) < =
JleficTBUTENBHO, HCIO/IB3YsI HepaBeHCTBO MapKoBa, 1ojydaem
M[(X —p? o?
P(IX —pl >t) = P(IX —uf> > %) g%:t—m

B uacrunoctu, nia Z = (X — p)/o u nonoxkus t = k - 0, MOXKHO OKA3aTh, 4TO
1
P12 2 k) <

HepasencrBa Xedauara n Munia, [6]

[Iycre X3, X, ..., X, — He3aBucuMble caydaiinble Beandnsbl, Takue uro M|[X;] = 0 u
a; < X; < b;. Torna mpns a06bix € > 0ut >0

P(;Xi 26) <6_t€'HeXp{t2~w}.

=1

Ecim X1, X5, ..., X,, — HesaBucumbie cjydaiiHble BeJMYMHbBI, UMEIOIIHUE PaCIpPe/Ie/IeHIe
Bepuyaan ¢ mapamerpom p, TO BBINOJIHAETCS HEPABEHCTBO XedIIMHTa

P(‘:Z’ —p‘ > e) <2- 672”62,

rje T — cpejiHee BLIOOPOUHOE 3HAYEHUE,
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st caydaitHoil BeTMauHBI, WMeoIIeli 3akoH pachpejenenus: Laycca (cm. Pazmgen 5.7)
¢ HYJIEBBIM CPEJHUM H equHHIHON mucrepcueit (X ~ N(0,1)) BBIIOTHSAETCS HEPABEHCTBO
y pen )

Muiia )
2 —t7/2
p(‘X’ > t) < \/jM
T

HepaBeuncrBo Komnu-I1IBapia

[IycTs jgBe cay4vaiinbie Besiudunbl X ¥ Y UMEIOT KOHEYHbIE JUCIEPCHH, TOTJIA

M[XY] < /M[X?]- M[Y?].
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5 OcHoBHBIE 3aKOHBI pacupeaeJeHnd CJIyvdaiiHoii
BEeJINYNHBI

5.1 PacnpeaeneHne TOYEYHON MaCChI

Cayuaiinas Besmauna X o6JagaeT pacupejieseHneM TOUedHoii Macchl B T. a (X ~ d,),
ectn P(X = a) = 1, re. byHKIus pacupejiesieHus eCTh

Flz) = 0, ecim x < a

1, ectmx > a
[I10THOCTH 3TOTO pacupeie/ieHus eCTh

1, ecsim x = a
fz) =

0, BO BCEX OCTAJBHBIX CJIyYasdX

Baxkno obparnTh BHEMaHUE, 9TO 3TO JUCKPETHOE Paclpejie/ieHue.

5.2 bunHomMuaJjJibHOe pacHpeesjieHue

[Iycts X — caydaiinasi Bejimdnna, KOTOpas €CTh YUCJIO HOsIB/IeHUI coObITUS A B n HE3aBuU-
CHMBIX 9KCIEPHUMEHTaX, IIPON3BeJIeHHBIX [IPU OJMHAKOBBIX YCJAOBHSAX (T.H. ucnuwmanus Bep-
nyaaw). Torga caydaitnas BeamauHa X pacupesiesieHa Mo OuHOMUGAHOMY 3GKOHY

P(X =m)=C"p"¢"™™,

rme q=1—p, m=0,...,n — 9UCJ0 NOABJIEHUI COOBITHA A.

Bunomunaibnoe pacupeenenue oJJHO3HAYHO 33a€TCA IBYMS ITapaMeTpaMu: KOJIHIECTBOM
97IeMEHTOB BBHIOOPKH 7 I BEPOSITHOCTBIO p MOsABIeHHsT coObITUs A. MareMaTmdaeckoe 0:KuIa-
HU€ U JIUCIepCcrust ONHOMUAJIBHOIO pacipe/iejieHusi PaBHbI COOTBETCTBEHHO:

M[X]=n-p,
D X|=n-p-q.

5.3 Pacnpenenenue Ilyaccona

Pacnpedeaenue ITyaccona ecTh NpeneabHBI CIyuali ORHOMAAILHOTO PACIPEICICHNAI IPH
OIpeJIeJICHHBIX YCJIOBUAX. Feau 4uc/io ucnpiTanuii no cxeme BepHy/n cTrpeMuTcs K OeCKo-
HEYHOCTH (N — 00) W IPH 9TOM BEPOATHOCTH YHCJA MOSBJIEHUi coObiTus A cTpeMuTcs K
HYJII0 TaK, YTO IPOU3BEIEHUE N - P OCTAeTCsd KOHEYHBIM M IOCTOSHHBIM, TO OMHOMHAJIBLHOE
pacupejie/ieHie IepexoauT B pacupeaeaenue [lyaccona.

Pacopenenenue IlyaccoHa oueHb BasKHO, B YaCTHOCTH, /IS 34724 ACTPOHOMUE, IIOTOMY
9TO OMHUCHIBAET PACIIPEJIEIEHIE BEPOSITHOCTU Pedxus cobvimudl.

Ecam BepoaTHOCTE ocyInecTBaeHns coobiTusa A B maTeppane’ dx pasra \dx, rie A — ecThb
[OCTOSHHAA BEJIMYMHA, TO BEPOSATHOCTH TOIO, YTO B OpAHHYEHHOM HHTepBaJjie Ar coObITHE
A npousoiizer poBHO k pa3s, gaercsa pacupeneaenueM llyaccona:

(>\ ’ Az)ke—)vAm
k! ‘

9910 MOXKeT GBITH HHTEPBAJ HPOCTPAHCTBA, BPEMEHH, a TaKKe JIHHA, IIOMAalb, 06beM U Ip. B 3aBHCH-
MOCTHU OT YCJIOBUHA 33/1a4U.

Pk =
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MaremaTndeckoe oXKUJaHUE W AUCepcus pacipeenennd llyaccorna paBHBI IpyT IpyTy:
M[X] = D[X] = \- Ax.

Pacnpegenenne [lyaccona MOXKHO HCIOIL30BATL B Ka4eCTBE NPUOJUKEHAS 11 OMHOMH-
aJbHOTO pacnpejesenus (mpu Maibix py < 0.10),

A-Ax=n-p.

IIPUMEPBHBI Yucio pacnagoB paIuoakKTUBHOI'O BeIIeCTBA 33 BpeMd t; YUCJIO0 KOCMUYe-
CKHX 9aCTHI, HOIAIAIONUX Ha HOBEPXHOCTH ILIOMIAAN S 3a BpeMms t.

5.3.1 IloHdaTHE IMyacCOHOBCKOTO MOJIs

CrydaiiHoe mojie TOYeK HA3bIBAGTCHA NYACCOHOBCKUM NOAEM, €CJU BBIMOJTHSIIOTCA CJIEIY-
IOIHE YCIIOBAS:

® TOUYKHU PACHPEEJIAITCI B II0Je CTATUCTUYECKH PABHOMEPHO CO CpelHell ILJIOTHOCTBIO
A (BesmunHA Ha eMHUILY TJIOMIAN UM HA eJIUHUIYY 00bheMa);

® TOYKH IONAJAIT B HellepeceKaronuecs 06J1acTi He3aBUCUMO OJIHA OT JIPYTOi;

® TOYKH MONAJAIT B MAJBIH 3JeMeHT miomaan (uim ofbema) Mo OIHOM, a He mapamu,
TPOUKAMHU U T.JI.

[Ipu BHINOJHEHUH STHX YCJIOBUIH THCIIO TOUYEK, HOMAJAIONMX B T00YI0 00JacTh ¢ (M10c-
KYIO WK 0OObeMHYI0) pacrpeiesieHo Mo 3akoHy Ilyaccona:
k

—a

pk(g) = Ee )

rae a = Sy - A (I pacupeseseHus Ha IUIOCKOCTH) U @ = Vj - A\ (JUIs pacupeje/ieHus B
obbeme).

ITPUMEP Cucrema ICRF (MexayHapoaHas HeOecHast cUCTeMa OTcdera, ¢hopMupo-
BaHHAsI [0 JAJEKUM HCTOYHUKAM, IPEHMYIIECTBEHHO KBA3APaM ).

5.4 T'eomeTpuveckoe pacrpeaejJeHne

Teomempuueckum pacnpedeseruem HaA3BIBACTCA 3aKOH paclpeenenns duciaa X He3aBu-
CHMBIX OIIBITOB ¢ JAByMst ucxogamu { A, A} B onqunakosbix yeaosusx P(A) = p, P(A) = 1—p =
¢ 710 TEPBOrO MOosiBJIeHusa A.

P({Cobwmue A enepevie noasurocy 6 onvime nomep m}) = P(X =m) = ¢™ 'p.

MatemaTnyeckoe OXKMJaHue U JUCIepcud Cﬂy‘{aﬁHOIU/I BeJIMIUHBL X €CThb, COOTBETCTBEHHO,
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5.5 IlokazarejbHOe pacHpeesieHne

Ilokazamenvroe WA SKCNOHEHUUAADHOE PACTIPEIETCHAE CIyIaiiHoli BenanHbl X Xapak-
TePU3yeTCsl IJIOTHOCTHIO pactpe/enaenus f(z):

Ae ™M ecamx >0

fz) =

0 ecn x < 0

MaremaTudeckoe OXKUJIaHUE U JUCHEPCUs CIYyHalHON BeJIMYMHBI, UMEIOIIeil MoKa3aTe b
HOe paclpejeienne, paBHbl, COOTBETCTBEHHO,

5.6 PaBHOMepHOe pacnpeejieHue

Pasromeproe pacupenesienue CaydaiiHoil BequduHbl X XapaKTEPU3YeTCs ILIOTHOCTHIO
pacupenenennst f(z):
L ecemaze a, 0]
fla)=qb-a
0 eciur <anx>b
Maremarntieckoe OxKUIaHUE U JUCIEPCHS CIyIaiHOM BEJINUINHBI, HMEIOIell pABHOMEPHOE

pacipejieieHle, paBHBI, COOTBETCTBEHHO,

mix) = 20
DIX] = %

5.7 HopwmaJjibHOe pacIiipeaeieHne

Hopmasbroe pacipeesenne (uiu 3akon [aycca) urpaet dbyHIaMEHTATbHYIO POJIb B TO-
pun omubOK, ITOTOMY UTO

® HOPMAJLHOE PACIIpPE/IeJICHIE ONMUCHIBAET paclpejie/ieHue OIMMO0K, BOSHUKAIONIUX MPU
MHOYKECTBE MaJIbIX HE3aBUCHUMBIX BKJIAJIOB, HOCIIIUX CJAYYaWHBIX XapaKTep;

e MHOrHe (BYHKIUU CAYYAHHONH BEJIMYMHBI — HAIPUMED, CpejHee 3HAYCHHE WU CPejl-
HEKBaJPaTUYeCKOe OTKJIOHEHUE — PACHPEeJIeHbl aCUMITOTHYECKU HOPMAJILHO JlazKe
TOT/Ia, KOT/Ia UCXOJHAsd CaydaiiHas BeJIUIUHA He 007a/IaeT HOPMAJbHBIM Paclpesese-
HUEM.

5.7.1 OcHOBHbBIE IIOHATHS
[L1oTHOCTH BEPOSTHOCTH IS CIyIaillHON BeJIMIuHbl X , HMEOIIEH HOpMasbHoe pacnpede-

f<x>—#-exp{‘(f—"”‘>2},

C oV2r 202

ACHUE!
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a (bYHKIUS PacIpe/ieeHus

F(z) :/_;f(t)dt: ﬁ/_ﬁoexp{_(%ﬁ}dt.

Hopmasnbaoe pacrpejiesienne MOJTHOCTBIO ONpEIe/deTcd JByMs IlapamMeTpaMu: [ U O,
KOTOPBIE €CTh MaTeMaTHYeCKOe OKUJIAHWE W CPeIHEKBaIpaTHIecKoe OTKJIOHEHWe, COOTBET-
CTBEHHO:

M[X] = p,
D[X] = 0%
Kpyrusnaa (3Kcrece) HOpMaJIbHO pacipeieleHHON BenauHbl X paBeH HyJlIo:
pa| X
T2 = # —-3= Oa
o

rae 4| X| — HEeHTPATbHBII MOMEHT YeTBEPTOrO MOPSJKA, & 0 — CPETHEeKBAIPATHIECKOe OT-
KJIOHEHHE.
Benmnuuny X, pacnpeesieHHYIO 110 HOPMAJIbHOMY 3aKOHY, 0003HAYAIOT

X ~ N(p,0%).

s ynobcTBa paboThl ¢ HOPMAJIBHO pacIpeaeJeHHbIMH BeJIUIMHAMEU U JIJIS TOJICYeTa,
HEOOXOMMMBIX BEPOSITHOCTEH ¢ TOMOIIBIO CTATHCTUIECKUX TaOJIUIL (,JJIH TOTO, 4TOOBI HE BBI-
YUCJIATD KaXKblil pa3 uHTerpasibl PyHKIIUI paCHpe,ZLeJIeHI/IH), BBOJAT 3aMeHy IepeMeHHON
X —p

—.

U =
Torga cayuaiinas Beqmuauna U umeer T.H. cmaHOGPMHOE HOPMAALHOE pacnpedenerie
U~ N(0,1).

QyHKIMA pacupeieeHus i caydaitnoi Bessmdunbl U 3anuIeTcs caeayonuM 00pa3oM:

Flu) = — /ue S
u-a = _Ooxp B

MTOCKOJIbKY
U= x—u)
o
r=ou-+ u,
dt = o - du,
L(t—p)?
2 o2 2

DyHKIMs pactpe/ieJenns sl CTAHAAPTHOH HOPMaJIbHOI BemarHbl 0003Hadaercsa P(u):

1 v t2
(I)(U) = \/_Q_Tr/ 677dt,

Ota dbyskuug 3agana Tabamuno. Eme 0osee yao0HO WCIOTB30BAaTh T.H. GyHEUUIO
Jlanaaca-Iaycca, TakzKe 3aaHHYI0 TAOJMYHO, KOTOPasi €CTh:

1 Y2
®U(U) = E/{; e 2dt.

Hoa dynkrmit $(u) n $p(u) BHIMOTHAIOTCS IPOCTBIE CBOXCTBA, CJICAYIONINE U3 BHIA CO-
OTBETCTBYIOIIUX HHTEIDAJIOB:
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5.7.2 llenTpanbHad npeaejibHasg TeopeMa

Ecin B OmHOMHAIBEHOM pacipeIeeHud BePOSITHOCTD p (PUKCHPOBaHA, YUCIO 3JTEMEHTOB
BBIOODKH CTPEMUTCSI K OECKOHEYHOCTH, . — 0O, TO paclipejeieHre TaKoi CJydaiiHoil Besiu-

YUHBI CTPEMUTCH K HOPMAJBbHOMY pacIpeledeHulO.

HEHTPAJIBHAA [IPE/IEJIBHAS TEOPEMA llyctb caydaiinas Bequduna X uMeeT
cpejiHee 3HadeHue [ U Jucnepcuto o2. Ecim gucnepcus o? KoHedHa, TO IIPH CTPeMJIEHHU
obbeMa BBIOOPKH K O€CKOHETHOCTH, N — 00, PACIpeIeIeHIe 8u00p0uH020 cpednezo T OyaeT
CTPEMUTBCA K HOPMAJILHOMY PaclpejlesIeHuio CO CpeJHuM g u auctepcueit o2 /n. JIpyrumu

CJI0OBaMH,

M(z] = p,
Diz] = %2

VYuTBIBag, YTO /s 000 TUCKPETHON cIydaiiHoil BeJMYUHbBI, B JAHHOM CJaydae JUId T

ﬁm=i@rMmfﬂm=i@rMmfg

=1 1=

IIOJYy4IUM JJ1d JUCIIEPCHH BbI60pO‘IHOI‘O cpegHero

n? 4
=1

B 3a1auax 06paboTKy JAHHBIX CUUTAETCS, 9TO BeJUINHA X; (i-asi peasn3anus cJiydaiiHoi
BestnanHbl X ) M BeJTHIWHA T; (i-asti peaau3arus BIOOPOTHOrO CPeTHero CJry YaifHOl BeJIMIHHBI
X nnm cpeduee no 6vbopke) €CTh OJHO U TO JKe, MOCKOIBKY KaXKIYI0 ; MOXKHO CIMTATh KaK
HEKoe cpejiHee 3HavYeHue (cpeduee no peasusayusam). OIHA peasn3aIys — 9T0, HAIPUMED,
OJTHA ceprs HAOTIOJIEHUI WU OJUH <«IIPOXOJ» IKCIEPUMEHTATbHOH yecTanoBku. CpeHee O
BbIOOPDKE PAaBHO CPEJHEMY 110 PeAJM3alludM U IOTOMY 3aMEHHMM B lOcjejHell hopmysie T;
Ha r;. Kpome Toro, ormerum erie oauH (akt, 0ObICHEHHE KOTOPOMY OyIeT JIaHO HUZKE,
npu OOCY2KICHUU KAdeCcTBa OICHOK CJOydailHbIX BendnH. Hanbosiee «kadecTBeHHAs» OIEHKA
JIUCIEPCHH TTPOU3BOJIBHON CIIyIailHONW BEJTUYUHBI Y €CTh

)= 3 (- M) L

_ n—1
=1

T.e. N B 3HAMEHaTe e 3aMeHsieTcs Ha n— 1 (xoTs npu 60JIbIoM oGbeMe BHIGOPKE Ta MOIpaBKa
HECYIIECTBEHHA).
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YuuThiBasg BCe BBIMNECKA3aHHOE, TTOIyYaeM BazKHEUNTyIo (hOPMYJIY A ONEHKH CpeJlHe-
KBaIPATHIECKOTO OTKJIOHEHWS BBIOOPOYHOTO CPETHETrO:

Oz = mz (xi—ﬂ>2>

i=1

rjie x; — Pe3yJibTaThl HAOJIOJEHUN WU SKCIHEPUMEHTOB, [ — CpeaHee apudMerndeckoe pe-
3yJAbTATOB HAOJIIOEHNUI, N — KOJMYIeCTBO HADMOAeHuil. DTa HhOpMyIIa ABISIETCS CJIeJICTBUEM
MEHTPAJIBHON TIPEICIbHON TEOPEMBI.

5.7.3 Jdoka3aTeJabCTBO MEHTPAJIBHOI NPEeAeabHOI TEOpPEMBI

Jlna noKazaTeIbeTBa IeHTPANILHON Mpe e IbHONR TeopeMbl HaM HOHaI00ATCS IIOHATHE Npo-
ussodaueti pynryuu. poussogsimas bynkuus ¥ (t) (¢ € R) ecrb npeobpaszosanue Jlamiaca

oo
Bt) = x () = M[e™] = / ¢ f () d.
—0o
B uwacrTrocTu, mpounsBojsias QyHKIMS HOPMaJIbHO PACIPee/eHHON cayvaiiHoil Beinan-

uet X ~ N(u,0?) ecrb
o*t?

Ux(t) = exp (lﬂf + T)

[lepBas npousBogHas Npou3BoAdiIeii (DYHKIUKA B HYJIE €CTh

d

" :M[ietXL:O:M[XetX] = M[X].

vi(0) = [ M[etX}] dt t=0

t=0

[IpousBoanas mopsiaka k oT MPOU3BOJLAINEH (PYHKIMHU €CTh, COOTBETCTBEHHO,
P*H(0) = MIX"].

Eciim ciyqaiinas Bemauna Y ecTb JimHeitHad DYHKIUA CIydaiiHON BeJTUIUHBI X ¢ HECIy-
JailHpIMu KO3 dbunuenramu a u b
Y =aX + 0,

a 1x (t) ectb mpousBosias DYHKIM CIyIalHOM BeMuduHbl X, TO MPOU3BOAsIIA (DYHKITH
CIyYaHOU BEJIMIUHBI Y €CTh

Py (t) = e - ¥x(at)

Ecmu X1, Xo, ..., X, — He3aBuCHMBIe CyIydaiiHble BeJu<InHbl 1 Y = » . X;, TO
Uy (t) = [ wald),

rae 1;(t) ecth mpousBosiiye GYHKINHE COyYaiiHbIX BenanH X;.
g moKazaTebCcTBa IEeHTPAIbHON MIpeIe/IbHOI TeOpeMbl BO3bMEM CJIYYaiiHble BeJTHIUHbI
Y, B BUIE
Xi—p .
— (i
o

Y, = =1,2,...,n),

rae X; — He3aBUCHMBIE CJIydajiHble BeJIMUMHLI, 001aJaloliue CPeJHUM /i U JUcHepcueil o2,

O0603HaYNM

1 n
Zn_%;n.
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[Iyctb vy, (t) = ¥(t) — npoussoagmias byHKus caydaiinoil Besmaunbt Y;. Toraa mpous-
BozAmIast byHKIuA 41 » |, Y; ectb ¢(t)", a mpoussoasmas GbYHKIUs 171 Z, eCTb

mszQ%)

Jlajiee, BOCIIOJIB3Yye€MCs BBIYUCJICHHBIMU paHee TPOU3BOAHBIMU B HYyJIe ITPOU3BOJILAIIEH
by (¢(0) = M[Yi] = 0, ¢"(0) = M[Y?] = D[Yi]
BOJIATIYIO (DYHKITUIO B BUJE PAIA:

n

= 1) w mpeacTaBUM 3Ty MPOU3-

+2 3 P
Y(t) = 1(0) + t'(0) + E@D//(O) + awm(o) 4o =140+ 5 n gq/)’”(()) L
TOF;La ) n
&)= v » = |1+ v + v " (0) + —
T vn n-21  p3/2.3
t2 t3 " n
— 1—1—5_{—711/2—-3!7# (0)+...
n

BOCHOJIBSyeMCH U3BECTHBIM M3 KypCa MaTEMaTH4Y€CKOI'O aHaJInu3a IIpeaec/ioM

(1—|—a—n) ] = e,
n

rJe a — TpeJiesl MOCJIeI0BATeIbHOCTH {ay, }.
Torma

lim
n—oo

£(t) = lim &,(t) = /2.

n—oo

Hpyrumu caosamu, £(t) ectb mpousBogsinast DYHKIMs BEJUYNHbBI, PACIPEIEJEHHOI 10
craHgapTHOMY HOpMaabHOMY 3akoHy N (0, 1).
OxoHYaTeILHO,

aniinzii&—“:i”'x—”'ﬂ:ﬁ'(f‘f—m
\/ﬁizl \/ﬁizl

o vn o o ’

rje T — BRIOOPOYHOE CPejiHee, U MOCKONbKY Z, B upejeie umeer pacupesenerue N (0, 1), To

2
wa(M,U—>.
n

5.7.4 IIpaBmao «Tpex curMa»

Borauconm Bepostnocts P(X € [« f)) m/1st 94acTHOTO CIydast, KOT[a TPAHAIBI HHTEPBAIA
CHMMETPHYHBI OTHOCHTEIBHO CPE/IHEr0 3HAUCHHs CIyIaifHOHi BeJUINHBL, T.C.

a=pu—I,

B=pn+l
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Torma, o onpenenenuio (pyHKIun pacipeaetenusd u pyuknuu Jlamnaca-I'aycca, noryda-
eM:

I X- l [ [ [
Plu—t<x <prn=p(~Le X0 gy (L) ay(~ L) amy (L),
o o o o o o
Takum obpazom, AJ1st HOpMAJIBLHO pacIpeaeeHHON caydaiiHoit Beandaunbl X BepOSITHOCTH
ee OTKJIOHEHHS OT CPEIHEro Ha BeIUUHHY | Ompeessercs Kak

[
P<|X ol < z) - 2<I>0<—>.
o
Yucto [, BoobIIe TOBOPs, JA000€ MOJI0KATETbHOE dica0. OTHAKO 0CO0YI0 BasKHOCTD IIPEI-
CTaBALIOT 3Havenus | = 0,20, 30. Tak, npu [ = o:
2
P(|X —p| <o) =20(1) =0.683 ~ 3
JIPYTHMH CJIOBAMHU, MPUMEPHO B JIBYX TPETAX CJIYYAEB BEJIMUYMHA OTKJIOHEHHS HOPMAJIHLHO
pacrpe/ie/IeHHON CIyUYaifHON BeTMIUHBI OT CBOETO CPEHETO 3HAUCHUS HE MPEBBIIAET CBOETO
CpPeHEeKBAAPATHIECKOTO (CTAHIAPTHOrO) OTKJIOHEHUS — 9TO T.H. TPABUJIO «OJHOIO CHI'MAs.
AHaJIOrUYHO ONpeIesIeTCs MPABUIO «JIBYX CHTMay:

P<|X —ul < 20) — 20(2) = 0.954
U TPABUIO «TPEX CHTMAY:
P(|X —ul < 3a> — 23(3) = 0.997.

CorlacHO TOCJIeIHEMY PaBEHCTBY, BCe 3HAYEHUsd CJOyYalHONH BeJHYMHBI X, pacipeie-
JIEHHOH 110 HOPMAJIBHOMY 3aKOHY, ¢ BepodaTHOCThIO 99.7% yKIaIBIBaIOTCA B HMHTEpBAJIE
[:u - 307 Ht 30)10‘

5.7.5 Tabauma cTaHJAPTHOrO HOPMAJbLHOIO pacmpenesienusd. lIpaBusa paboTsl
c Tabaurieit

B MaTemMaTnIecKuX CpaBOYHUKAX U B IPUIOKEHUSTX YIEOHUKOB 110 TEOPUH BEPOATHOCTEI
1 MAaTeMaTHYECKON CTATUCTUKE OOBIYHO NMPHBOAATCS TAOJIMIBI /IS 3HAYECHHI HOPMUPOBAH-
HOM HOpMAaJIbHOI (hyHKIUK pactpeeenns (au HYHKIUA PACTIPE/IeIeHUs JIJIs CTAHIaPTHOM
HOpMaJIbHON Besmunibl) P(u) 1 it HOpMAJIBHOIO HHTErPaJia BeposiTHocTel (Min yHKIn
Jamnaca-Taycca) $o(u):

B(u) = \/%/_ et (6)

Bo () — \/% /0 et (7)

Tabsuna dyaknun $(u) comepkuT BuIauCIeHEbBIH HHTErpan (6) mig Kaxkmaoro u. JIpyravmm
CJIOBAMHM, TabJIUIA COJEPIKUT GEPOAMHOCTY TOTO, UTO CJIydaliHast BeJIMInHA

X —
v==—Ft

g
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Qynryua pacnpedeaenus (u) nopmasvrozo sarxona N(0,1)

Tabauma 11:

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9
3.0
3.1
3.2
3.3
3.4

0.5000
0.5398
0.5793
0.6179
0.6554
0.6915
0.7257
0.7580
0.7881
0.8159
0.8413
0.8643
0.8849
0.9032
0.9192
0.9332
0.9452
0.9554
0.9641
0.9713
0.9772
0.9821
0.9861
0.9893
0.9918
0.9938
0.9953
0.9965
0.9974
0.9981
0.9987
0.9990
0.9993
0.9995
0.9997

0.5040
0.5438
0.5832
0.6217
0.6591
0.6950
0.7291
0.7611
0.7910
0.8186
0.8438
0.8665
0.8869
0.9049
0.9207
0.9345
0.9463
0.9564
0.9649
0.9719
0.9778
0.9826
0.9864
0.9896
0.9920
0.9940
0.9955
0.9966
0.9975
0.9982
0.9987
0.9991
0.9993
0.9995
0.9997

0.5080
0.5478
0.5871
0.6255
0.6628
0.6985
0.7324
0.7642
0.7939
0.8212
0.8461
0.8686
0.8888
0.9066
0.9222
0.9357
0.9474
0.9573
0.9656
0.9726
0.9783
0.9830
0.9868
0.9898
0.9922
0.9941
0.9956
0.9967
0.9976
0.9982
0.9987
0.9991
0.9994
0.9995
0.9997

0.5120
0.5517
0.5910
0.6293
0.6664
0.7019
0.7357
0.7673
0.7967
0.8238
0.8485
0.8708
0.8907
0.9082
0.9236
0.9370
0.9484
0.9582
0.9664
0.9732
0.9788
0.9834
0.9871
0.9901
0.9925
0.9943
0.9957
0.9968
0.9977
0.9983
0.9988
0.9991
0.9994
0.9996
0.9997

0.5160
0.5557
0.5948
0.6331
0.6700
0.7054
0.7389
0.7704
0.7995
0.8264
0.8508
0.8729
0.8925
0.9099
0.9251
0.9382
0.9495
0.9591
0.9671
0.9738
0.9793
0.9838
0.9875
0.9904
0.9927
0.9945
0.9959
0.9969
0.9977
0.9984
0.9988
0.9992
0.9994
0.9996
0.9997

0.5199
0.5596
0.5987
0.6368
0.6736
0.7088
0.7422
0.7734
0.8023
0.8289
0.8531
0.8749
0.8944
0.9115
0.9265
0.9394
0.9505
0.9599
0.9678
0.9744
0.9798
0.9842
0.9878
0.9906
0.9929
0.9946
0.9960
0.9970
0.9978
0.9984
0.9989
0.9992
0.9994
0.9996
0.9997

0.5239
0.5636
0.6026
0.6406
0.6772
0.7123
0.7454
0.7764
0.8051
0.8315
0.8554
0.8770
0.8962
0.9131
0.9279
0.9406
0.9515
0.9608
0.9686
0.9750
0.9803
0.9846
0.9881
0.9909
0.9931
0.9948
0.9961
0.9971
0.9979
0.9985
0.9989
0.9992
0.9994
0.9996
0.9997

0.5279
0.5675
0.6064
0.6443
0.6808
0.7157
0.7486
0.7794
0.8078
0.8340
0.8577
0.8790
0.8980
0.9147
0.9292
0.9418
0.9525
0.9616
0.9693
0.9756
0.9808
0.9850
0.9884
0.9911
0.9932
0.9949
0.9962
0.9972
0.9979
0.9985
0.9989
0.9992
0.9995
0.9996
0.9997

0.5319
0.5714
0.6103
0.6480
0.6844
0.7190
0.7517
0.7823
0.8106
0.8365
0.8599
0.8810
0.8997
0.9162
0.9306
0.9429
0.9535
0.9625
0.9699
0.9761
0.9812
0.9854
0.9887
0.9913
0.9934
0.9951
0.9963
0.9973
0.9980
0.9986
0.9990
0.9993
0.9995
0.9996
0.9997

0.5359
0.5753
0.6141
0.6517
0.6879
0.7224
0.7549
0.7852
0.8133
0.8389
0.8621
0.8830
0.9015
0.9177
0.9319
0.9441
0.9545
0.9633
0.9706
0.9767
0.9817
0.9857
0.9890
0.9916
0.9936
0.9952
0.9964
0.9974
0.9981
0.9986
0.9990
0.9993
0.9995
0.9997
0.9998
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(rae X — cayyvaiinas BeqnanHa, o0 Ia01as HOPMAJIbHBIM 3aKOHOM PACIIPEIETIEHHSI CO CPe/l-
HUM [t U CPEIHEKBAJIPATHICCKUM OTKJIOHEHHEM o) MPUHUMAET 3HAYEHWs, MEHbIIe U (CM.
Tabumna 11).

CoorBeTcTBYIOINE BeJIMYHHBI U 337aHbl ¢ naTepBagoM B 0.1 B Kpaiinem jJieBOM CTOJIOIE
Tabsuupt 11. Ecin Tpebyercst wajitn ®(u) s u, 3aganubix ¢ aydrreii Toanocthio, 10 0.01,
UCTOJIB3YyeTcs mepBasd cTpoka Tabmunel 11, rae ykazansl coTble jgotu w. K mpumepy, mid
u = 0.8 3nauenue ®(u) = 0.7881, must u = 0.86 3madenme P(u) = 0.8051 (Ha mepecedennu
crpoku u = 0.8 u cronbua u = 0.06).

Ob6nacThb onpesieeHnst BEJIHYUHBL U — BCS YUCIOBas 0Ch, {—00, +00}, U CMBICJ HMEIOT
JII00OBbIe 3HAaUYeHUs! B JaHHOM mHTepBasie. OOpamaem BHUMaHue, 9to B Tabaunell Begmdan-
Ha u MeHsgeTcd oT ( 10, mpuMmepHO, 3.4, MOTOMY YTO, BO-IIEPBBIX, JJId OTPUIATEIbHBIX U,
B CHJIy CHMMETPUHU CTAaHIAPTHOTO HOPMAJIBHOTO pAacIpejieseHrsl, MOXKHO BOCHOJIB30BATHCS
dopmyI0ii:

O(—u) =1—0(u),

a BO-BTODBIX, JIJIsT OOJBIINX U BEPOSITHOCTH OJIM3Ka K ejuHuIe: Tak, yxe (3.4) = 0.9998 u
€ POCTOM 1 TOJILKO PACTET B CHJIY CBOEHl MOHOTOHHOCTH.

Tabsuna musa dyuxnun Jlamnaca-Taycca ®g(u) comepKuT BoIYUCTeHHBINH nHTErpa (7)
JUTsT KAYKJIOTO U U YCTPOeHa MOHOCThIO aHaitornduo Tabmure 11 mis dyuknun (u). Bee
BEPOATHOCTH, HalijIeHHbIE 110 ee TabjuIe, MOryT ObiTh nojydenbl u3 Tadauns 11 pyHkinuu
O (u) myrem BhrumTanus 1/2, oTOMy 9TO

u) = d(u) — 5

5
o Op(—u) = —Dg(u);

[Tpusesem npumepbl 3324 Ha HOPMaJIbHOE PACIpeIe/IeHue.

ITPUMEP Usrorosiena nuiansapudeckas getaab auamerpom D, [2|. Ommubku npu ee
U3TOTOBJICHNU TPHBOAAT K TOMY, 9TO Jguamerp [ ecrTh caydaiiHas BeJnduHa, pacipeie-
JIEHHAsI 110 HOPMAJIbHOMY 3aKOHY C IapaMeTpaMu: MaTeMaThdeckKoe okuiauue (= 40 MM,
CpeJiHeKBaIpaTndeckoe oTkJaoHenue o = 0.05 MMm. [leTasib TPOXOAUT TEXHOJIOIHYECKHHA KOH-
TPOJIb, B PE3YJIbTATe KOTOPOr0 MPU3HAHLI OPAKOM BCe JeTald ¢ AHAMeTpOM D) TaKuM, 4TO
D < 39.85 mm mwim D > 40.05 mm.

OupegesnTh BEPOATHOCTH TOrO, 9TO HAyTraJ, BhIOpaHHAasd sl KOHTPOJA JeTaah Oyaer
npusHaHa GpakoBaHHON (coObITHE A), U OMpPEJEeTUTD IPOIEHT 3a0PAKOBAHHBIX JeTaseil.

Bajaua cBOUTCS K OmpejesieHuio BepositHocTH P(A) momaganust ciyvdailHON BeJHYHHBL
D, pacupenenenHoii mo HOpMaJIbHOMY 3aKOHY CO CpeaHHM ji = 40 MM, CpeIHeKBaIpaTHIe-
ckuM oTkJaoHeHHeM o = 0.05 MM, 3a npeesibl orpeska [, 5], a = 39.85 MM u § = 40.05 mwm,
rae cobbitne A = {D < a nnn D > (}.

Pemmy 3a/a4y, HCIOMb3ys IpoTHBONON0KHOe cobbitae A = {D € [a, 8]}. Torna

P(A) = 1— P(A).

103ameTnM, aTo bopManmbHOE — Cemylomiee U3 OIpeaeseHns (DYHKIUH PacIpeieseHns — HeBKIIOUCHIe
TPaBOTO KOHIIA MHTepBaJja He BANAET Ha BHIYUCIIEHNE BEPOATHOCTEH, MOCKOIBKY 115 HETTPEPHIBHOTO pacITpe-
JeJIeHNs BEPOATHOCTh B OJHOI TOYKE eCTh HOJIb.
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BeposTrocts P(A) BeraucanM ¢ nenonbzosanneM Tabmumsr 11 dynkmum O (u):

_ 40.05 — 40.00 39.85 — 40.00
P(A) = P(D € [39.85,40.05] | = & 2D~ 200) 4 (3285 — 2000
(4) ( € 13985, ]) < 0.0 > < 0.0 )

= ®(1) — &(—3) = (1) — 1 + B(3) = 0.8413 — 1 + 0.9987 = 0.8400.

Boraucaum cpejinuii nponenT 3abpakoBaHHBIX JleTaJeil:
P(A) =1-0.8400 = 0.1600 = 16%

IMTPUMEP MakcumasibHas omubka Bbicoromepa AH,,., = 30 m. Haiitu BeposgTHOCTD
TOTO, YTO ONIMOKA W3MEPEeHNs BbICOTHI He MpeBbIcHT 10 M.

Hcrnonib3yeM mMpaBuIo «Tpex CUTMay JIJI HAXOXK/ICHUS BEJIMYUHBI CPeIHEKBAIPATIICCKO-
ro OTKJIOHEHHUs cJydaiiHoit Beauaunabl Ah:

30Ah = AHmazu
oTkyna o = 10 M. lckomMas BepoOdTHOCTH paBHA

P(|Ah — map| < 10) = 28,(1) = 0.683.

5.8 Pacnpenenenus, 6;im3kne K HOPMAJbHOMY

CyimmecTByeT psii pacupepeneHuii, OTANYHBIX OT HOPMAJbHOTO, B CHUIY (PH3HIECKUX
CBOMCTB HADJIIOAEMbIX BEJTUYHH.

Hampumep, cTporo ropops, pacrpeseaeHne mapaIakKcoB 3Be3, TOCKOJIbKY KpUBasd pac-
[PeJIeJIeHNs] ONPAHMYEHA CIIPABA M CJIEBA, B OTJIMYUE OT HOPMAJILHOIO pacupejesenus (Bce
napaJiiakchl O0JIbIe HYJIS W HE CYIIECTBYET O4YeHb OOJIBIINX MapaJjiakCoB; KPOMe TOrO, C
YMEHBITIeHHEM TapaJIaKCa PACTeT YHCIO0 3BE3.).

Emme omua mpuMmep — pacupejiesieHne MOAyIel cKOPOCTedl TPYIIIBI JBUKYTIHXCS aCTEPOU-
JIOB, MOCKOJILKY OHU HEOTPUIIATEJbHBI U HET OECKOHETHO OOJIBIINX CKOPOCTEI.

YacTo, M1 MPOCTOTHI, K TaKUM PacCTpeieIeHUsIM BCE-TaKW TPUMEHSIIOT HOPMAJIHLHBIH
3aKOH, OTOBapHWBasd, Ha KaKOM HWHTEPBAJCe W ITPU KAKUX JIONOJHUTEJTHLHBIX YCJIOBHAX HOP-
MaJIbHBI 3aKOH XOPOIIO O0bICHSIET HaOI0IaTe bHbIe AaHHbie. OIHAKO TOJIE3HO 3HATH O
JIDYTHX TEOPEeTHUYECKUX pacHpejiesieHusX, OJU3KUX K HOPMAJIbHOMY, HO TAKOBBIM BCE Ke He
ABJISIONIUMHUCS, ITO HO3BOJIHMT AIIIPOKCUMHPOBATH HAOJIOIATE/IbHBIE U SKCIIEPUMEHTAIbHbIE
JaHHbIe 60Jee TOTHBIMUA KPUBBIMH.

PaccMorpuM IL10THOCTH pacipejieieHust

o) = —= e -2 i),

oV 2w 202

riae II(x) — MHOTOWIeH He BbIle 4-if cTemeHu 1Mo TepeMeHHON . Jljisi ompejeseHus MATH
K03 PUIIUEHTOB MMOJTUHOMA 4-i CTeleHr MOYKHO 3alMCATh ISATh YPaBHEHU, ompeaessas Mo-
MEHTBI OT HYJEBOTO JI0 YeTBePTOTO MOopsaKa. Ecan caenars 3aMeHy nepeMeHHOW u = T — [,

rorga st [1(w):
1

_ L L psy,
a1—20 o3’

a7



as = —
1 My
Qg=—"—"|— —
24 o4 |ot ’
rie
"= 3
1 — —49
o3
€CThb acHMMeTPHs, a
y = 4
g = = —
o4

€CTb IKCLECC.

Bemuunna ji, = M[(x — p1)*] ectd k-Thiit meHTpaTbHBIT MOMEHT Caydaiinof Bemmannbr X
KOTOPast OIPEJIEIAETC M0 BHIGOPKE.

Kpome mI0JMHOMHAJIBHON «KOPPEKTUPOBKE» HOPMAJIBHOIO PACIPEIEIEHIA BO3MOKHBDI
TakzKe 00001IeHIs 3aKOHA HOPMAJIBHOIO PACIPEIeIeHIs IIyTeM BBEIeHU IIePEMEHHOIO CPEJI-
HEKBAIPATHIECKOTO OTKJIOHEHUsI 0 = 0(u). 3aMETUM TaK:Ke, UTO eCJIU HMIUPHIECKOE PAC-

npejejeHne COAEPKUT JBa MAKCHMyMa, TO y/J00HO HPEJICTaBUTh €ro CyMMOI JBYX pacipe-
JeJeHUN.
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6 Toueunnbie n nHTEPBAJIbHbIE OIIEHKH

[Hesib MaTEeMaTUYECKOH CTATUCTHKY — YKA3aTh METO/bI, C IOMOIIHIO KOTOPBIX 110 JIAHHBIM
BBIOOPKHU MOYKHO TIO/IYYHUTD OIMEHKH MapaMeTPOB IeHepaJibHOi COBOKYITHOCTH. BoJjiee nmoapoo-
HO, IIYCTb IPOU3BOJIUTCA HAO/IIO/IEHIE KaKOW-/TH00 cIydailHOl BendnHbl. Eciu HaboeHns
BEJLYTCsT JIOCTATOYHO JOJITO (B Hjeaie 6eCKOHEYHOE KOJIMIeCTBO BDEMEHH ), TO MO Pe3YIbTaTaM
HaOJIIOIeHIH MOYKHO TOYHO BBIYUC/IUTD TaKHe IMapaMeTphl KaK, HAIIpUMep, cpejiHee, cpeaHe-
KBa/[PATUIECKOE OTKJIOHEHHE U CPeJIHEKBaIPATHIeCKOe OTKI0HeHne cpeaaero. OHako B pe-
aJbHOCTH HAOJIIOaTe/ b HUKOT/Ia He uMeeT J1ej10 ¢ OeCKOHeIHbIM HabopoM HabJIoIeHn il cory-
JaiHON BEJIWYNHBI (I/IJII/I C TeHepaJbHON COBOKyHHOCTbIO). [TosTomy mapamMeTpbl reHepaJIbHON
COBOKYITHOCTH OCTAIOTCS HEIOCTUXKMMBIMU. B pacrmopsizkeHun HaOJII0IATeas] UMEeTCs TOJIb-
KO OrpaHWdeHHbIl HAGOD JaHHBIX (BBIOOPKA) W TOJBKO € IOMOIIBIO ITOr0 HaGOpa HYKHO
1 MOXKHO HOJIYYUTb 110 BO3MOXKHOCTH JIyUIllee IPEJCTaB/IeHre O llapaMeTpax reHepaJibHOM
COBOKYITHOCTH.

Obo3HaunM TTapaMeTphl TeHEPAJIBHONW COBOKYITHOCTH: CPeTHee (i, CPeTHEKBAIPATHIECKOe
OTKJIOHEHHUE 0. DTH BEJTUUIUHBI OyIeM OIEHUBATDH ¢ MOMOIIbIO BEIDOPOYHOIO CPEJIHETO T, BBI-
OOPOYHOTO CPETHEKBAIPATHICCKOTO OTKJIOHEHUS S U CPEIHEKBAIPATHICCKOrO0 OTKJIOHEHUS
BBIGOPOYHOIO cpejHero S(T).

OrneHKn MOTYT OBITH MOYEYHBLMYU T UHMEPEAAbHBLMY. TOYeTHAsT OTEHKA OIPEeIe/ISIeTCs
OJHAM 4YHUCJIOM, HAIPUMEP, TOYCYHON OLEHKON cpeaHero reHepasibHOW COBOKYIHOCTU [ AB-
JIdeTcd cpejinee apudMeTHIecKoe JIeMeHTOB BbIOOpKHU. VHTepBajibHasd OIEHKA yKa3bIBaeT
JIOBEPUTEJbHBIH WHTEPBAJ /I TOUYeIHON OIeHKH, T.e., HACKOJBKO XOPOIIa 3Ta oleHKa. Ha-
IpUMeEpP, ¢ POCTOM UHCIA 3JEMEHTOB BHIOOPKH MHTEpPBAJIbHAS OIEHKA JOKHA CTAHOBUTLCS
yzKe, MOCKOJIbKY 4eM 0oJibIlie BLIOOPKa, TeM OJIMKe OIeHKA K MCTUHHOMY 3HAYEHUIO Hapa-
Merpa. MHuTepBaibHas OIMEHKA 3aIUCHIBACTCS KaK

Jog={0" —€,0" + €},

rje f — Kakoil-TO M3 OIMEHWBAEMBIX MAaPAMETPOB T€HEPAJIHHONW COBOKYITHOCTH, HAPUMED, [
win o. Besmunna 0* ecTh ToOuedHas OIEHKA mapamerpa , € ecTb mouwHocmy ouerky (3aBU-
csIIas, B TOM 9HCJIe, OT pa3Mepa BBIOOPKH).

BepogTHOCTH TOTO, UTO OIEHKA paBHA OIEHWBAEMOMY MTapaMeTpy Ha YPOBHE TOTHOCTH €
€CTh

v=P(0" -0 <e)

" Ha3bIBaeTCA 8066pum6./LbH0’l'Z 6EPOATMHOCMBIO NJIN HADEAHCHOCTNDIO OIICHKMU.

6.1 Or1eHKa BEPOATHOCTH CJIYYAHOTO COOBITUS

[TycTh HY’KHO HOJSYYUTH TOYEIHYIO OlEeHKY BepositHocTH P(A), rne A — coydaiinoe co-
6errne. O6oznaunm P(A) = p. Toyednast oneHka Jyist p eCTh 9acTOTA TOSBJICHUST COOBITHST

A, Te.

rie X — 9HCJIO ONBITOB, B KOTOPBIX COOBITHE A HPOM30ILIO, a 71 — YHCJI0 BCEX IPOBEIeH-
HBIX ONBITOB (KOJHYECTBO 3JIEMEHTOB BHIOOPKH ). [1yCcTh POMCXOIUT MOBTOPEHHE Cepuii u3 n
onbITOB Kaxkgast. Torma Beamunaa X ecTh caydaiiHag BeJqwmduHa. 3anuiiem X B BHJIE

X =3 x4,
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rIe

1 ecau cobbiTHe A NOSBAIOCH (€ BEPOATHOCTHIO P)
0 ecam cobpiTHe A He MOSBUIOCH (C BEPOATHOCTHIO ¢ = 1 — p).

M[X;(A)]=1-p+0-q=np,
DIXi(A)]=(1-p?*p+0-p?*-q=p-q

B kavecTBe TOUEUHON ONEHKH JIs p OyIeM pacCMaTPUBATH BEJTUYUHY P

P =Y ()
M) = 3 MIX(A) = -3 =

D)= 5> DX = 5 Y =1

n

CortacHo TeHTpAJIBHOI TTPeIeBHOI TeopemMe

o~ (M1 D) = (5 22),

Tenepb IIOCTPOUM HMHTEPBaJIbHYIO OOCHKY IJId P:

P(Ip—p*l <6> =7.

1 HOpMaThbHO pacrpe/ieJieHHOl corydaiinoi Besmanubl p ~ N (p*, D[p*]) BeposTHOCTH
ee OTKJIOHEHHUS OT CBOeH ONEHKHM p* Ha BEJWUUHY € ONPEJeNsieTcsl ¢ MOMOIIbI0 (hyHKIUH
Jlannaca-l'aycca ciaemxyrommm obpazom

o(r-r1=2)-20{ i) (%)

HamoMHuM, 9TO € — TOYHOCTDb OIEHKH, Y — J0BEPUMEALHAA BEPOAMHOCTYL (WU HAdesHC-
HoCMb, WA JOCMo8epHOCcmb) ONEHKH. BenauHa o = 1 — 7y HA3BIBACTCS YPOSHEM 3HAMUMO-
cmu win npoyenmuot moukot (MHOTIA 0003HAYACTCS B HPOIEHTAX, HanpuMep, o = 5%).
Besnuuna p* — Todednas oneHKa mapamMerpa p, a Beauunna ¢ = 1 — p*.

Ob6o3naunm
o
Uy = N
Tormna
v = 2P (u,)

U U, KOTOPas Ha3bIBAETCS KGAHMUAL YPOGHA Y, ecTh (pyHKIus, obpaTHas K (QyHKIHUN

Jlamnaca-l'aycca:
—1(7
=, 2 ).
U,y 0 (2)

Boobmie kBanTHIh pacnpejesenusi (HopMasabHOro, t-pacnpesesnenusi Crpogenta, F-
pacupejesenust Puiepa, «XU-KBAJIPAT> PACIPEICTCHUS U JIP.) €CTh KPUMUYECKOE 3HAYEHUE
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JJId ollpeJieJieHud JOIIYCTUMbBIX MHTEPBAJIOB U3MEHEHU A HeKOTOpOﬁ OHeHI/IBaeMOﬁ BEJINYUHDBI
(MaTeMaTquCKOPO OXKUJIAaHUS, TUCHepcri, Ko3MPuirneHTa KOppeasaiiny | ;Lp.).
C nomotnpio MGYyHKIUA PACIPEIEJICHIST CTAHIAPTHON HOPMAJIBLHON BeJIMUINHBI, CID(u) KBaH-
THNJIb u,y eCTh
14+~
2

Ho.nyqaeM IIOJIESHYIO CBA3b Me2KAY TOYHOCTBIO OIEHKH, HaJC2KHOCTHIO OIICHKHN U YUCJIOM

9JIEMEHTOB BBHIOOPKH:
n
()
P -q
u’y /p* . q*

€= —"+—,

.
Uy =P

n =

OxoHYATETbHO, HCKOMBIH TOBEPUTEILHBIN HHTEPBAT 1 P €CTh

Jp ={p" —€,p" + ¢},

KOTODBIii ¢ BEPOATHOCTBIO Y HAKPBIBAET UCTHHHOE (BCEra HEM3BECTHOE ) 3HAUECHHE TTapaMeTPa
P.

ITPUMEP Broiunciaenne Todednoii u mHTepBaJibHOI orleHKH. [IponsBeaeHo jgecarb ueibi-
TaHU{ OJTHOTUIHBIX aBUAIIMOHHBIX JIBUTaTeseil, B ceMH U3 KOTOPBIX OBLIM JOCTUTHYTHI TPe-
OyeMble MOKA3aTeIn TArOBOOPYKEeHHOCTH. OIpeaeuTh TOYeIHYIO U HHTEPBAJIbHYIO OINEHKH
BeposiTHOCTH coObITust A = { Tpebyemble moka3aTean TATOBOOPYKEHHOCTH JOCTUTHYTHI }
npu 3a/laHH0N HagexuocTn v = 0.95.

Toueunast oreHKa NCKOMON BEPOSITHOCTH €CTh 9aCTOTa COOBITHS A:

7
*
p" = — =10.70.
10
BHas HaIeKHOCTD (OBEPUTEILHYIO BEPOSTHOCTH) 7Y, MOKHO BBIYHCIUTH TOYHOCTD ITOM
TOYEUYHON OIEHKH €, T.€. TOCTPOUTH JIOBEPUTEILHBINT HHTEPBAJI TOYEIHON oneHKu. /[yt 3Toro
CHAYaJIa BBIYHCIUM KBAHTIIb U, ¢ HoMombio (hyuknun Jlamraca-I'aycca ®o(u):

1
-w(l)o(15)

HanexxnocTh, uin JoBepuTebHAS BEPOATHOCTD, ¥ = (.95
ug.gs = 5 1(0.475) = ®1(0.975) = 1.96.

3/1ech BeIMIMHBI B CKOOKAaX — BEPOSITHOCTH, 3Ha4enus ¢pyuknn Jlammaca-l'aycca n dpyHk-
IIUU pacupeseeHds CTAaHAAPTHON HOPMAJbHON BEJTUYIUHBI, COOTBETCTBEHHO. 110 3HAUeHUIO
nocaenteil mo Tabaume 11 HaxomuTCd BeJIHYHHA Ug.g5.

Jlna ymobcTBa pacdera KBAaHTHIEH HOPMAJIbHO paclpereaeHHON CAydaillHON BeJTHIUHDBI
noab3ytorcsa Tadbauneit 12, anamorom Tadbaunst 11. Tabauna 12 copepzKuT HECKOJILKO HAOO0-
Jiee 4acToO BCTPEYAIONINXCA 3HAYCHU T KBAHTU/IEH, YaCTh U3 KOTOPBLIX ecTh u B Tabsune 11, a
JaCTh — 9TO HPOMEZKYTOYHbIE 3HAUEHNU I, IOy YeHHbIE Ty TeM BBIUUCIEHIS COOTBETCTBYONIETO
HHTerpaJa.
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Tabauma 12:

Keanmuau w, nopmanvrozo pacnpedesernus N(0,1)

q)(uw)zl—gfZ 0.9000 0.9500 0.9750 0.9900 0.9950 0.9990 0.9995

Uy 1.282  1.645 1960 2326 2.576 3.090 3.291

Haiinennoe 3nadenne KpaHTWiIn U, = 1.96 mojcraBiageM B BhIDazKeHHE Jjid TOYHOCTH

OIIEHKU:
U/ - 1.964/0.70 - (1 — 0.70)
NLD V10
Takum 00pa30M, HeU3BeCTHAsA BEPOATHOCTD P ¢ HAJAeKHOCTBIO 95% JIC;KUT B T0BEPUTEIb-
HOM HHTepBaJe:

€ =

= 0.28.

Jpe = {0.70 — 0.28,0.70 + 0.28} = {0.42,0.98}.

ITPUMEP Panee paccmarpuBajioch HepaBeHCTBO Xeduura. s He3aBUCUMBIX CJ1y-
JafiHbIX BEJIMYNH, pACHpe/Ie/eHHbIX 110 3aKkony bepuysiu, Xi, Xo, ..., X, ¢ napamerpom p

P(lmn _p| > 6) <2 €_2n€27

rje T — cpejiHee BHIOOPOUHOE 3HAUCHHE. DTO HEPABEHCTBO IIO3BOJIAET, B YaCTHOCTH, IIOCTPOUTH
JIOBEPHUTENLHBIN WHTEePBAJI /171 ONHOMUATIBLHOTO MapaMeTpa p:

P(‘I—p‘ >6) < «a,

/11 2
n =1/ — log —.
¢ 2n ga

6.1.1 TeomeTpuueckasi UHTepIIpeTaNNd JOBEPUTEJILHOIO NHTEPBAJIA OIEHKN Be-
POATHOCTH

rae

B obmem Bue pe3yabTraT HpeablIyIiero npuMepa 3amuieM Kak

% P-q
lp—p"| <Ugy )=

Bospeg 0b6e wacTn 3T0ro HEpaBeHCTBA B KBaJIPaT, MOJYYUM 00JIaCTh, KOTOPasi HA, MJIOC-
KOCTH B KOOpJMHATAX (p,p*) €cTh BHYTPEHHsS 4acTh dJLIHICa, [2]:

(p—p)=—"L-p-(1-p). (8)

3 | S
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[Ipsamast, napasienbtas ocu Op 0 TPOXOJsIIas depe3 GUKCHPOBAHHYIO TOUKY p* (B mpH-
mepe p* = 0.70), mepeceder 3JUTHIIC B JIByX TOYKaX. [IJIMHA 9TOrO CeYEHUs] eCTh JTOBEPHU-
TeJIbHbIA HHTEPBaJI Jp*. TO"IKI/I nepecedenusd B O6H_[eM BUA€ BbIYUCJ/IAIOTCA U3 KBAaJAPaTHOI'O
YpaBHEHUAD I'DaHUIbL 3JIJIHIICA:

w2
Pt 1 u?\ 2 u?
P12 = an + oA (Pt ) — )2 1+
U U 2n n

1+—2 1+

n n

[Ipn 6onbioM oObeMe BLIOOPKH u?l/n u ugy/n2 CTpeMATCS K HYJTI0 ObicTpee, gem p* - (1 —
p*)/n, nosromy

9TO PABHOCHJIBHO TOMY, KaK ecii Obl B TpaBoii 4acTh ypasHeHus (8) cTosila B TOYHOCTH
ToUedHasl OIeHKA p*.

Yewm GoJibIlie pa3mMep BbIOOPKH 71, T€M MEHbIIE JOBEPUTEIbHbIA HHTEPBAJ U, 3HAYUT, TEM
y7Ke IJLTUIIC.

6.2 OrIreHKa MaTeMaTHYeCKOI'0 OXKNIaHUA
6.2.1 ToueuHad OIl€eHKA MAaTEeMAaTHIECKOTO OXKMIAAHUIA

B kauecrTBe TOYEUHOI OIEHKW MaTeMaTHIECKOTO OXKHUJIAHWUS MPUHUMAIT BBIOOPOUYHOE
cpenHee (cpenHee apudMETHIECKOE BCEX FJIEMEHTOB BHIGOPKH ):

% _Ezzlxz

Cpasy ke BO3HUKAET BONPOC, MOXKHO JIM B KAI€CTBE TOUEYHON OIEHKH MATEMATHIECKOTO
OXKHJIaHUsI BBIOPATH YTO-TO JPYToe, HAIIPUMED, MOJLY HJIH MeTHAHY, KOTOPbIE TOXKE SIBJSIOTCSI
XapaKTepHCTHKAMH TOJIOKeHus cpenuero. OKasbBaeTcs, cpeHee apudMeTHIecKoe sBsieT-
Cst JLydiieii OLEHKOIl 1 9T0 MOZKHO JJ0Ka3aTh, HAIIPUMED, € LHOMOILBIO MEMO0a MAKCUMAALHOZ0
npasdonodobus (MMII) wnn memoda naumenvwur keadpamos (MHK).

6.2.2 UVcnooap3oBaHue MeTOAa MAaKCUMAaJIbHOTO NMPaBA0MOa00ud AJd IMMONCKA TO-
YeUHOI OIeHKN MaTE€MAaTUYEeCKOT'O OXKUITAaHUA

Ha npumepe moncka TOYeIHON OIEHKH MAaTeMATHIECKOTO OXKMIAHUS CyIaiiHON BeInYHn-
HBI, PACCMOTPHM, UTO TAKOe Memod MAKCUMAALHO20 Npasdonodobus.

[IpemmosiozKuM, 9T0 BHJL 3aKOHA PACIPEIeIeHUs] TeHePAJIbHON COBOKYITHOCTH H3BECTEH,
HO MBI HE 3HAEM IapaMeTpbl, KOHKPETH3HPYIOIHe 3TOT 3aKOH (HApUMep, W3BECTHO, UTO
reHepajbHasi COBOKYITHOCTh paclpejeneHa Mo HOPMaJbHOMY 3aKOHY, HO Mbl He 3HaeM HH
ero cpejmee f, HM ero mucuepcuto o2). [lycTh U3 reHepa/bHON COBOKYIHOCTH H3BJIeYeHa
HeKOTopas BHIOOPKa JaHHBIX U 110 Heil HyzKHO ONEeHUTH (4 B 2. MeTo/ MaKCUMAaJIbHOTO IpaB-
JIONOIO0MST 3aKII09AETCs B TOM, 9YTO BBIOMPAIOTCS TAKUE OLEHKH IIapaMeTPOB, KOTOPBIE JaI0T
MaKCHMAJIbHOE 3HAYEHHE IIIOTHOCTH BEPOSATHOCTH (IPYTUMHE CJOBAME, BEPOSITHOCTH KOTOPHIX
MaKCHMAJbHA).

63



Ecmu z;(i = 1,2,...,n), TJe BCe 3JeMEHTBl He 3a6ucam opyz om 0pyea, COCTABJISET
BBIOGOPKY C IJIOTHOCTBIO BEPOATHOCTH f(X1,To, ..., Ty, 1", 0*), TO COBMECTHAS MIOTHOCTH Be-

POATHOCTDb €CTb
n

l(z1,29,...,2p) = Hf(xl-,,u*,a*),

i=1

KoTOpast M Ha3biBaeTcst (pyHKIMed npapaonogodbus. Obo3nadanm L:

L=1In

l(l’l,l'g, Ce ,SCn):| .

Torma mj1st TOro, 9TOOHI 41* ¥ 0 JaBaTH MAKCUMAIbHOE 3HAYEHUE IIOTHOCTH BEPOSITHOCTH,
HeoOXOTUMO:

oL 9 Z”
8,11* a,u* — n|:f(l'“[1, O ):| 07

oL 0 — -
aa*_aa*;m[ﬂx““’ﬂ]_o'

J11s HOpMaJIBHOTO pacipe/ieeHus

f<x>=:;7{§§;-exp{-—§3§;§23}.

MBI XOTHM OIIEHUTH TOJBKO MaTeMaTUIeCKOe OXKUIAHKUE, IIOITOMY TOJBKO ero 0603HaUnM
«CO 3Be3M0UKOil», 1*. IlocKOIbKY Bce x; — He3aBUCUMBIE, TO

fley,zo, . mn) = flry, 1" 0) - foe, 1", 0) ... f(x,, p*0) =

n

_ ﬁexp{z;%} = U(z, 1)

L:lnl:ln<a-m>n—zw.

: 202
=1
0 1 -
=2 (<) Y (- ) =0
* 2
ou 20 —
1 & X

i=1

Takum obpasom, nckomast OIeHKa M eCTh CpejiHee apudmMeTnieckoe:

9T0 1 TpebOBAIOCH JTOKA3ATD.
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6.2.3 Hcnoogb30BaHMEe METOAA HAMMEHBINNX KBAJAPATOB AJI IMONCKA TOYEUHOI
OIIEHKU MaTeMaTUIECKOTO OXKIJIAHUSA

PaCCMOTpI/IM METOJ HaUMEHBIINX KBaJApaTOB TaKXKe IJId IIOHCKa TOYEedHOI OLICHKN Ma-
TEeMATHYECKOT'O OXKMJAHNA CﬂyqaﬁHOﬁ BEJIMYUHBI. CyTb METOJa 3aKJIIOYaeTCd B IIOUCKE Ta-
KOl OIIeHKH, KOTOpasgd MUHAMU3UPYET CYMMY KBaJAPATOB OTKJIOHEHUN OTAEIbHBIX PEAJTU3 AU
CJYyYafHOM BeJIMIUHBI OT UCKOMO# orneHKH. MUHUMU3AIHMS OCYIIECTBIAETCA 0 Beei BBIOOP-
Ke. /IpyrumMu cioBamu, UIIETCS MUHAMYM

Z(fﬁi - M*)2

o p*. B Touke MuHUMyMa 1iepBas IPOU3BOJIHA 110 4 ¢ HEOOXOAMMOCTbIO paBHO (:

‘ (@) ) = =2 (w— ) =0,

dﬂ* i=1 =1

OTKY/a

i=1

TakuMm obpazoMm, MeTOJ HAUMEHBIINX KBAaJIPATOB M METOJ MAaKCHMAJILHOTO HMPaBIOIIOI0-

OMsI TAI0T OJHY U Ty K€ TOUEUHYIO OIEHKY MaTeMaTHYECKOTO OXKHIAHU: CpelHee apudme-

THUYECKOe BCEX 3JeMEHTOB BbIOOpKHU. Kpome Toro, npu ucro/ib30BaHUKU METO/ 8 HauMeHbIITX

KBaJIpaTOB HE JEJAJOCh HUKAKOTO TPEANOJOKEeHUS OTHOCHTEJHLHO 3aKOHA paclpeesieHnsd

CJy4aifiHOM BEJMYMHBI — TAKUM 0Opa30M, cpejinee apudMeTHYECKOe sBJISeTCsS XOpOIleil To-
YeYHON OIEHKH JIjIsI BRIOOPKHU, 00./1aJa0Iel MPOU3BOJIbHBIM 3aKOHOM PAaCHpe/ I/ IeHHS.

6.2.4 HurepBajbHad OMEHKA MATEMATHYECKOTO OXKHNJIAHULA

Tenepn HaiiieM WHTEPBATBHYIO OIEHKY MaTeMaTHIeCKOTO OXKUIAHUS, ONPEIeTUB, TeM
CaMBbIM, OT 4€I'0 3aBUCUT Ka4de€CTBO 3TON OLICHKMH.

[Iycts X; — cayuyaitibie pe3y/ibTarbl HAOJIIONEHNIT, HE3aBUCUMbBIC, OJIMTHAKOBO pacIIpeie-
JIEHHbIe HOpMaJIbHBbIE CIyJYailHble BEJTMINHBI, TAKUE, UTO:

M[X;] = p
D[XZ] = 0'2.
Torma BeinunHa
1
r=— x;
n -

€CTh TO4YeUYHad OIleHKa MaT€MaTHYeCKOI'o OKHJaHud C IIapaMeTpaMu

n

M{%Zl’z} Z%ZM[%]Z%'”WZM

=1

n

1 1 1 , o

=1
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Takum 06pasom, ciydaiiHa BeTHINHA
=S X N ()
n = — i Hy ——1,
n < Vn

a JIOBEPUTEJIbHBINT UHTePBAT I [1*
P (‘u —pt| < 6),

J,u* = {,LL* - Eaﬂ* + 6}7

rjle TOYHOCTb OIEHKH eCTb
Uy O

R
#:qﬂ 1).

€ =

Uy = o\ 5

BakHO OTMETHTB, UTO CpeHEKBaIPATHIECKOe OTKJIOHEHHE O U36ECIMHO, T.e. TOTIHOCTD
n3MepeHuil 10KHa OBITH 3a1aHa. Kcm aucnepcus 3a1adn ampuopyd He H3BECTHA U ee HYZK-
HO HAXOIUTH IO BBIOOPKE, TO MMEET MECTO 3aJa4a OIEHKH MATEeMATHIECKOTO OXKMIAHUS C
Hen3BeCTHOH aucnepcueii. Todyednbie OEHKH B 000UX CJIydastX COBIIAJIAIOT, OJIHAKO HE3HAHWE
AUCIIEPpCUU BO BTOPOM CJIy4dae IIPpUBOAUT K TOMY, YTO B I/IHTepBaﬂbHOﬁ OIICHKe BMECTO KBaH-
THJIN U, TIOABUTCA KBAHTHID 1), MMeIommas t-pacnpedeserue Cmuroderma ¢ k cmenenamu
c60600v (MMeroIIee COOTBETCTBYIONIE TabuIbl J1Jist cBoeli dyHkuuu pacrupeeaenus T'(t),
U Tepexojisinee B HOPMAJIbHOE IpU GOJIBIIOM 00'beMe BHIGOPKH ).

Nrak, ecim jucuepcus BbIOOPKYU allpUOPU HE U3BECMHG, TO €€ OIEHUBAIOT 110 BbIOODKE:

R

rje p*, KaK U paHblie, OIEHUBACTCS 110 BHIOOPKE CBOUM CPEJIHUM apudMeTHYECKUM:

*_]' -
K _E;xz

[Mosicaum, orkyaa Gepercs (n — 1) B BBIDaKeHUH JIJIsT OTEHKH JUCTIePCHH.

e Jly1s1 BBIBO/IA TOM (DOPMYJIBI BHIUYUCIMM JIJIsi BBIOOPKH MAaTEMaTHIYECKOE OYKUJIAHUE CYM-
MBI KBaJIpATOB OTKJIOHEHUH OTIE/IbHBIX BRIOOPOYHBIX 3HAUCHUH OT UX CpeaHero apud-
MeTHYeCKOTO:

M (x| =M imf—n.a:ﬂ :iM[xf]—n-M[i*Q].
=1 =1

ITo cBoitcTBy mucuepcun u yumreias, aro Mz;| = M[z|:
M[z?) = o + (M|[xz;))?,

M[z%) = o2 + (M[x])>.
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Kak 6bL10 IOKa3aHO paHee,

1
r=— X
n <
=1
n
no9 2
2 N7 _ 7
%2 = —~n2 n
=1
Takum obpasom,
2
M2 = = + (M[z))”,
n 2
M|S (= 27| = o+ (M) - (T o+ (M])?) = (0= 1) -0,
n

=1

BwmecTo cpejnero 3nadenus CyMMbl KBaIpATOB OTKJIOHEHHIT TOJICTABUM B TOYHYIO (DOP-
MYJIy TO ee 3HadeHHe, KOTOpoe MoJIydaeTcs /s oHoi BbIioopKu. Torma npubnzKeHHast
dopmyaa i BRIYUCICHUS TUCIEPCUN OJHOTO U3MEPEHHUSI:

OO0BIYHO, YTOOBI HE My TaTh C AMPUOPHO 33TAHHOW TOYHOI Tucnepcneil, TpubInKeHHYTO
auciepenio oboznadator (0)% mwim s%. OTMeTHM, Y9TO OPHU BBIBOJE TOU (POPMYJIB He
JIeJIAJIOCh HUKAKHUX HMPEJINOI0XKEeHNH 0 3aKOHe pacipeaeaeHus CJIyIalHON BeJTUIHHBI.

O1eHKa MaTeMaTHIECKOT0 OKUJTAHNS IPU HEM3BECTHON AUCIEPCUN HMEeT BT

P(\u*—u\ <€),

J,u* = {,LL* - ga /f|< + g}a

rae TOYHOCTh OII€HKH €CThb
tkﬁ -0

\/ﬁ Y

re ly OIpene/IaeTcs (mo anasoruu ¢ GyHKIUEH pacIpeTeeHust CTAaHIAPTHONH HOPMAJIBHOI

€ =

Besmaunnel, $(u)) mo crarucrudeckuM tabmuam pacupenesenns CTbIogeHTA:

_ 1+~
e (1147)

WJIN, 9epe3 NMPONEHTHBIA YPOBEeHb 3HAYNMOCTH (¥,

_ 1+~ _ a
tey =T 1(k,1—T) =T 1(k:,§).

Saech k — uncio crenereit ¢cBOOOIBI 3TOTO pacCHpeIeIeHnsl.

67



68

Tabmuna 13:

Keanmuau ty,, = T (k:, L?) t-pacnpedeserua Cmuroderma
1+7v
2
gaucyo crermeneit | 0.750  0.900 0.950 0.975 0.990 0.995 0.999
cBObGONBI K

1 1.000 3.078 6.314 12.796 31.821 63.657 318
2 0.816 1.886 2.920 4.303 6.965 9.925 22.3
3 0.765 1.638 2.353 3.182 4.541 5.841 10.2
4 0.741 1.533 2.132 2.776 3.747 4.604 7.173
5 0.727 1.476 2.015 2.571 3.365 4.032 5.893
6 0.718 1.440 1.943 2.447 3.143 3.707 5.208
7 0.711 1.415 1.895 2.365 2.998 3.499 4.785
8 0.706 1.397 1.860 2.306 2.896 3.355 4.501
9 0.703 1.373 1.833 2.262 2.821 3.250 4.297
10 0.700 1.372 1.812 2.228 2.764 3.169 4.144
11 0.697 1.363 1.796 2.201 2.718 3.106 4.025
12 0.695 1.356 1.782 2.179 2.681 3.055 3.930
13 0.694 1.350 1.771 2.160 2.650 3.012 3.852
14 0.692 1.345 1.761 2.145 2.624 2.977 3.787
15 0.691 1.341 1.753 2.131 2.602 2.947 3.733
16 0.690 1.337 1.746 2.120 2.583 2.921 3.686
17 0.689 1.333 1.740 2.110 2.567 2.898 3.646
18 0.688 1.330 1.734 2.101 2.552 2.878 3.610
19 0.688 1.328 1.729 2.093 2.539 2.861 3.579
20 0.687 1.325 1.725 2.086 2.528 2.845 3.552
21 0.686 1.323 1.721 2.080 2.518 2.831 3.527
22 0.686 1.321 1.717 2.074 2508 2.819 3.505
23 0.685 1.319 1.714 2.069 2.500 2.807 3.485
24 0.685 1.318 1.711 2.064 2.492 2.797 3.467
25 0.684 1.316 1.708 2.060 2.485  2.787  3.450
30 0.683 1.310 1.697 2.042 2.457 2.750 3.385
40 0.681 1.303 1.684 2.021 2.423 2.704 3.307
60 0.679 1.296 1.671 2.000 2.390 2.660 3.232
120 0.677 1.289 1.658 1.980 2.358 2.617 3.160
o0 0.674 1.282 1.645 1.960 2.326 2.576 3.090




6.2.5 t-pacupenenenue CTbIOgeHTA

Pacnpenenenne CtbiogenTa n ucnoab3oBanne Tadaunpl 13 3T0or0 pacupeneaeHus: pasde-
pem Ha mpumepe, |7].
IMTPUMEP 3anana Beibopka B BHje BapUAIMOHHOTO psija — m3Mepenusi pocra 10-tu
YeJI0BEK:
160, 160, 167,170, 173,176, 178,178,181, 181.

HyxkHo 1npoBepuTh, JeHCTBUTEIBHO JIM CPEAHUNA POCT OOJBINON TpyNIbl JIOJell paBeH
w* =167 cMm.

[lycTe cayuaitnas Beanunna X — 310 poct. IlycTs sTa cayvaitHas BeJlmdnHaA pacipejieseHa
110 HOPMAJILHOMY 3aKOHY €O cpenunuM p* = 167 u HemsBecTHON aucnepceueii (o*)?

X ~ N(p, (0*)2)'

BeraucsanM xapakTepucTuKe BEIOOPKHU. BriOOpodHOE cpejiHee ecTh cpeiHee apudMeTnde-
CKO€ BCEX JEeMEHTOB BBIOOPKHU: T = 172.4. DT0 ToUYedHasl OlleHKa cpeaHero. Tenepb HYXKHO
BBIUHCIUTH UHTEPBAJIHHYIO OIEHKY CPEHEro MpH HEW3BECTHOM aucrepcuu, YTOOLI ompee-
JIUTh, MONAJAET JIM B 3TOT MHTEPBaJ OKujaemMas Bejunduna pu* = 167.

Bregem Bemuuny

(W —z)-n

="
o

pacIpe/Ie/IeHHY 0 TI0 CTaHIapTHOMY HOopMasbHOMy 3akony N (0, 1).

Ecsm 6p1 nucnepcus o2 6blia H3BECTHA, MOXKHO OBLIO OB BOCIOIB30BATHCA TaOIHIAMH
CTAHIAPTHOTO HOPMAJBHOTO PACIIPE/ICJICHNS U IPOBEPUTD, ABJIACTCH JIM BEJIMYUHA 2 3HAYUMO
6osbiie 0. Ho mocko/ibKy BeJiMduHa MUCIEPCUN HE W3BECTHA, HAJA0 CHAYA/IA €€ OIEHUTDH MPU
TTOMOIITH BHIGOPOYIHOMN JUCTIepCHH 52

n _ 10 2
2 ) (r; — 1)? (7; — 172.4)
(J ) s Z n—1 Z 9 ’

i=1 =1

T.C.

s =17.93.

OneHka cpeTHEeKBaIPATHIECKOTO OTKJIOHEHHS JIjIsI BEJINUUHBL T €CTh

s 629
vno V10

[To anajoruu ¢ z BBeJIEM BeJUYUHY 1:

= 2.51.

Benuuwuna t cJIy’KUT KpUTepUeM NMPOBEPKH, M HaM HEOOXOMMO BBIYUCJINTH €€ pacIipee-
JeHue s p* = 167.
Ecan mepenmcath BeIpakeHne s t B BHJe

=

TO YHUCIUTENb OKa3bIBAETCHd pacCIpeleleHHBIM [0 CTAHJAAPTHOMY HOPMAaJbHOMY 3aKOHY
N(0,1), a KBaIPATHBI KOPEHb U3 3HAMEHATEJs HMeeT TaK:Ke H3BECTHOE pACIpe/leieHHe,
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nazpiBaemoe X2 (k) («wu-weadpam») ¢ k = n — 1 cremensmu cBoGomer. Boee mogpobuo, Be-
JTUIAHA

2 n—1
S 2
j=1
mveer pacupegenenue x>(n — 1)/(n — 1), tae Y = {y1,¥2, ..., Yn—1} — DACHPEIEICHHAS 1O

CTaHJAPTHOMY HOPMAJIbHOMY 3aKOHY CJIyJaiiHas BeJIMUUHA ¢ HE3aBUCHMbBIMH KOMIIOHEHTAM.

Takum 00pa3oM, BeJHIMHA t ecTh (DYHKIMS JIBYX CJOYYalHBIX BEJHYMH, Ybe PACIpPee-
JIeHUe U3BECTHO, a 3HAUUT, MOXKET OBbITh BBLIUYMCJICHA 110 U3BECTHBIM IIpaBmIaM. Beanunna ¢
uMeeT pacupejeienne, Hasbiaemoe pacupeesenneM CThIOJEHTa ¢ IMCI0M cTenened ¢cBo6o-
76l k =mn — 1 (TakuM ke, KK H Y COOTBETCTBYIOIIErO X,Qy(k)—paCHpe,ZLeJIGHI/IH). N3 Tabauisr
13 BuaHO, 9TO TIpK OOJABITOM KOJUIECTBE CTeNeHei ¢Boboab k — 00, pacupeaenenne CThio-
JIEHTa CTPEMUTCA K HOPMAJIbHOMY PaCIpPeIeIeHUIO:

1 1

B namem npuMepe JoBepuTeJibHad BEPpOATHOCTb UJIM HAJE2KHOCTDb OIECHKHU €CTb

_ ~ _ tn—l ) ’/L*_Jﬂ
P( * - <>:P< o< L >:P(—<tn, ): .
‘:u iL” € ‘:u iL” \/ﬁ S/\/ﬁ 1,y Y

HO,ZLCT&B.HHH HaﬁﬂeHHbIe BEJINYNHBI
pf =167.0,% = 172.4,s/v/n = 2.51,n = 10,

TOJTy 9aeM

167.0 — 172.4]
P _
( T

— P(172.4 —2.51 19, < 167.0 < 172.4 + 2.51 - tgﬁ) = 7.

Ocrasioch BBIOPATh HAIEXKHOCTD 7Y, BBIYUCJIUTD ¢ oMoIbio Tabauie: 13 ¢y, 1 IpOBEePHUTDH
BBIIIOJIHEHUE HEPABCHCTBA.

CortacHo CTaHIAPTHBIM PEKOMEHTATISM, 333/ INMCsI JOBEPUTETHHON BEPOITHOCTHIO Y =
0.9. Tabamunoe s3navenne togg = 1T 1(9, (14 0.9)/2) = T-1(9,0.95) = 1.833, T.e. ¢ BeposT-
HocThio 0.9 J0/KHO OBITD |tgo9| < 1.8331. Torma mpemnosaraemoe cpefmee 3HadeHue [u*
JTOJZKHO ¢ BeposaTHOCThIO 0.9 sexkarh B uHTepBasie {167.8,177.0}. Ho B Hamem ciydae 310
He Tak. MoxKno npuiiTu K TOMy Ke BBIBOIY, CDABHUB TaO/IM4YHOE 3HAYEHue ¢, 1. C BHIYHUC-
JIEHHO# CTaTUCTUKOI {:

|167.0 — 172.4|
= 2.15 > 1.833.
2.51
CaegoBaTe/IbHO, Ues NPUHSTH Cpeanuii poct 167 ¢M s JaHHONW BBIOOPKH OKA3aJIach

HeyIa4HOM.

MozkHOo 6b1JI0 ObI BHIOPATH U JPYTYIO JOBEPUTEIHHYIO BEPOSTHOCTD.

OHaKO HAJ0 UMETh B BUY, UTO UeM OOJIbIlle JOBepHTEIbHAS BEPOSTHOCTD, TEM MEHBIIE
VPOBEeHb 3HAYMMOCTH W, CJIeJOBATEIbHO, TEM MeHee TOYeH pe3ysbTaT. 1Tak, K mpuMmepy, /i
yposus 3aadumoctu 0.05% JoBepuTebHbIA HHTEPBAJI CTAHET 0OYeHb OOJIBIIUM (B HAIIEM CJIy-
qae on craner {160.4,184.4}) u, xors oH 1 noKpoer 3uHadenne 167.0, HHUKAKOH TPAKTHIECKOM
MEHHOCTH NMeTh He OyaeT. Haobopor, ueM MeHBITe TOBEPUTENIhHAS BEPOSTHOCTH, TEM BBITIE
VPOBEeHb 3HAYUMOCTH U TeM YzKe JIOBEPUTEJbHBIN HHTEPBAJI.
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6.3 Omenka gucnepcun
6.3.1 ToueuHnad oleHKa AUCIEPCUN

Toveunas ouenka ducnepcuy, BRIYACIEHHAS IO BBIOOPKE:

)

rje p* TOYKe ONEHUBAETCH MO BHIOOPKE CBOMM CPEJTHUM apu(pMeTHIeCKuM:

n
1
n <
=1

Hst 6onpmux 00beMoB BbIOOpKH (1 > 30) MOKHO TOJB30BATHCS TOYCUHON ONEHKOM
JECTIepenH (MOTyYaeMoii, HApEMep, METOIOM MAKCHMAJIBHOTO MPABAOIOI00HS AaHAJIOTHIHO
BbIYUMCJICHUIO OHCHKHU JJId MaTEMaTHUICCKOI'O O}KI/I,ZLaHI/IH)Z

@ =2 Y= (),

i=1

(U*)2 _ 1 ) Z(ZBZ _ N*)Q _

CymecTByeT GOJIBINIOE KOJUYECTBO TOUCUHBIX ONEHOK JJIs JIUCIEPCUN U CPeTHEKBAIpa-
THYECKOTO OTKJIOHeHHs (CM., Hanpumep, [8]), obiagaomux pa3HbIME TOTHOCTSIME U 110JI€3-
HBIC B NPUKJAJHBIX 33Ja49aX I ObICTPHIX pacueToB. [Ipusenem, st npuMepa, IpoCTyIo
JWHEHHYI0 oreHKy JlayToHa Jisi cpeieKBaipaTHIecKoro OTKJIOHEeHHEe (KOTOpas TPH MAJIhIX
Boibopkax n < 10 maer 94% 3¢ deKTUBHOCTH 10 CPABHEHHUIO C OLECHKONW MAaKCHMAJBLHOTO

IPaBIONOI006Hs ):
. Lr4s & ‘
O‘Zn (1) g T; - (2-2—n—1>.

6.3.2 UwurepBasbHad ONEHKA ANCHEPCUN

[Iycts X; — He3aBHCHMBIE HOPMAJIBHO PACHPE/EJCHHbIC CJIyalHble BeTHIUHBL ¢ U3GECT-

HOLM MATEMAMUYECKUM 0HCUIGHUEM W HEU3BECTHON McTHHON auctiepcuei, [2|: M[X;] = u,,
_ 2

B kauecTBe TOUEUHOI OMEHKH JUCTIIePCHH CIydaiiHOro napamerpa X HPUMEM CTATUCTUKY

n

1
2 2
(o) = = > (s — ).
i=1
1 mocTpoeHus unmepsasvhotli ouerky Jucnepcut MUCIOAB3YeTCs CTATUCTHKA <XH-
KBaapary x> (n):
%) 2 n 2
=" =Y
! (02)? » O .
=1

Beanunna

u =2 L N(0,1).

Oz
Takum obpazom, cyMMa KBaJIPATOB CJAYy4YAHHBIX BEJIMYHH, PACTPEIEICHHBIX 110 CTAHIAPT-
HOMY HOPMAJIbHOMY 3aKOHY, H 00JIaJlaeT pacipeieseHneM «XH-KBaJapaTs C N CTENeHSIMHI CBO-
6ozl (T.e., ¢ N HE3aBUCUMBIMH JEMEHTAMU, COCTABISIONNMA TY BeIUUYHHY). [LI10THOCTD
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BEPOSITHOCTH X%(n)—pacnpegeﬂeﬂnﬂ eCTh

o) = (22, r(n/2>)1 P exp{ a2},

X Nxz(n),() <z < 4o0.

BeposiTHOCTH momaganus CaydaiHoil Benauabl X ~ X?y(n) B HHTEPBAJ [T1, Ts] €CTh

B
P(X € [a,f]) :/ z(z)dz.

[TockoJIbKY TJIOTHOCTH BepogTHOCTH f(Z) pacupenesneHus Xi(n) HE SBJISETCS CHMMET-
PUYHON OTHOCHTEIBHO OCH ODAMHAT (B OTJIMYHE OT CHMMETPHIHON IJIOTHOCTH BEPOSTHOCTH
CTAHJAPTHOrO HOPMAJBHOIO 3aKOHA), TO [OBEPUTEIbHBIIl HHTEPBAJ JIJI ONEHKH JUCIIePCHH
Jy+ TOCTPOUM TaK, YTOOLI BEPOATHOCTD HONAJAHUS CAYIARHON BeJIMUUHBL CIEBA U CIPABa OT
KOHIIOB oTpe3ka [, §] 6puta omunakosoit m pasuoit (1 — 7)/2, rae vy, Kak U paHblie, J0Be-
pHUTesIbHAST BEPOSITHOCTD HJIM HA/Ie?KHOCTH OIEHKH (B JAHHOM CJIydae, HaJeKHOCTb OIEHKH
JTUCTIEPCHHN ):

P(X<a)=P(X>5)=1_TV.

Touku v u 3, KOTOpBIE €CTh
a=x;,(n),
2
U OILIPEeJIeISIIOTCS TI0 U3BECTHBIM P, U ps 10 Tabmurme 14 «Xu-KBajapaT» paclpeieeHus
+o0 1 — vy
PX>6)= [ fydr="" =

B

+o00 1 — ol
PX <a)=1- f(x)dx:Tzl—pa.

13 onpenenenus p, U pg, 0O9EBUIHO, CICIYeT, YTO OHA UMEIOT CMBICT He TOBEPUTEIbHBIX
BEPOATHOCTEH, a MPOIMEHTHBIX ToueK !,
JloBepuTebHBII UHTEPBAJ /I JTUCIEPCUU €CTh

(it Fad)

[0}

rae
n

(072 = =3 (s — 1)’

n <
=1

€CTh TOYEYHAs ONEHKA TUCIEPCUH, & (i, AIPHOPU U3BECTHO. DTOT JOBEPUTE/IbHBIN HHTEPBAJI
HaKPbIBAET HEU3BECTHYIO MCKOMYIO JUCIEPCHUIO ¢ 3aJIaHHON JTOBEPUTENHHON BEPOATHOCTHIO
~v. TouyHOCTDH OIEHKU JUCIEPCUU € €CTh

1 (n CO (m)?) _n(07)? B-a

o B

"' HamoMH#M, 9TO I/ HEKOTOPOH JOBEPUTENLHOH BEPOITHOCTH Y* IPONEHTHAS TOYKA eCTh 1 — y*.

) 2 B-a’
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IIPVUMEP IlpousBosuiack OleHKaA JTUCIEPCHH CaydaiiHOTo mapaMeTpa X MO pe3y/ib-
tatam 20 ucnbitanuii, [2|. Pesyabrar craructudeckoil 06paboTKU 3HAUEHUIN X1, Ta, . . ., Tog
okazaJjica pastbiM (0*)? = 16, u cpeanee 3nadenue X ObL10 anpuopu ussecrno. Oupee/nThb
HMHTEPBAJbHYIO OIICHKY UCTHUHHOI'O HEU3BECTHOI'O 3HaYeHUA AUCIICPCHHA 0'2 npu SaﬂaHHOfI Ha-
nexuaocT ¥ = 0.95.

1 ompenesiennst TpaHuIl o U [ JJid BBIYUCIEHUSI JJOBEPUTEIHHOIO HHTEPBAJIA, OIpeIe-
JIAM BEPOSITHOCTH (KOTOPBIE O MOCTPOEHHUIO €CTh MPOIEHTHBIE TOYKH) Do, Pg:

1
o= — 2 — 97.5%
2
1 _

[To Tabsmmme 14 «xu-KBajpary pacipeje/ieHus Hafijiem
Q= X;%a:97.5%(20) = X%—0.975(20) = X34025(20) = 9.591,

b= Xiﬂ:2.5%(20) = X7_0.0025(20) = X.975(20) = 34.170.

Tenepb BBIYHCJIMM I'PaHUIIbI JOBEPUTEJILBHOTO NHTEpPpBaJIa JJd OIEHKH JUCIIECPCHH!

I 20-16 20-16
71 34.170° 9.591

} = {9.36,33.37}

ctunnoe (Hem3BeCTHOE) 3HAYCHUE JAUCIEPCHE 02 ¢ BEPOITHOCTBIO 95% HAKPBIBACTCA OT-
peskom {9.36,33.37}. loBeputebHblii MHTEPBA He ABJSETCS CHMMETPHIHBIM OTHOCHTE/ b
HO OIEHKH (0*)2 = 16. [ToaToMy TOYHOCTDH OIEHKHU JUCIIEPCHH € MOYKHO OINPEIETNTh TOJbKO
npubInKeHHO 110 (bopmyIie

1 (n-(a*)Q n-(a*)Q) _ 33.37—9.36

‘T3 2

o B

Paccmorpum Tenepb, Kak U3MEHUTHCS HHTEPBAJIbHAS ONEHKA JUCIEPCUH, €CJIU MAMEMa-
MUNECKOE 0HCUOGHUE GNPUOPU HE U3BECTHO.

Eciim maremaTndeckoe oXKuJaHue Cjaydailnoil Bequduabl X HEH3BECTHO, TO €ro, Kak H
JIECIIEPCHIO, HY?KHO OIpPeJIeIaTh 10 UMerolleiica BhIOOpKe:

*_1 -
H —5;%

B 3Tom ciiydae 3a TOYEUHYIO OIEHKY JTUCIIEPCHU TPUHUMAETCS

= 12.0.

n

(O_*)Q _ 1 . Z(«Tz i M*)Q

n—1 <
i=1

Jls1s1 mOCTpOeHN MHTEPBAJIBLHONR OIEHKH IUCIIEPCHH IIOCTPOUM CTATHCTHKY X%(n —1):
*)\ 2 n—1 *\ 2
2 (n—1)-(c") Ti —
n-1)=""2 ) N~ (TR
X5(n—1) = Z_; p

rjie, KaK U B IpeJIblAyIIeM clydae, o2 — HeM3BeCTHOe UCTUHHOE 3HaYeHue jucnepcun. Tuc/io

creneHeil ¢cBOGOBI Takoil cTaTUCTHKU ecTh (n — 1). VIHTepBajibHAS OlEHKA JUCIEPCUH PU
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Tabauma 14:

Hexomopuie anavenus X%(k:) U NPOUEHMHBLE MOYKY <TU-KBAIPAM» pPacnpedeseris

JOBEPUTETbHAST BEPOSITHOCTH /TIPOIIEHTHAST TOYKA
aucso cremeneit | 0.01 0.025  0.05 0.1 0.9 0.95 0.975 0.99
coboner k 99%  97.5%  95% 90% 10% 5% 2.5% 1%
1 0.0315 0.0398 0.0239 0.0158  2.706 3.841 5.024 6.635
2 0.0201 0.0506 0.103  0.211  4.605 5.991 7.378 9.210
5 0.554 0.831 1.145 1.610  9.236 11.070  12.832  15.086
10 2558  3.247 3940 4.865 15987 18.307  20.483  23.209
15 0.229  6.262 7.261 8547 22307 24996 27.488  30.578
20 8.260  9.591 10.851 12.443 28.412 31.410 34.170  37.566
50 29.707 32357 34.764 37.689 63.167 67.505 71.420 76.154
100 70.065 74.222 77.929 82.358 118.498 124.342 129.561 135.807

HEU3BECTHOM MaTeMaTHYeCKOM OXKWIAHWW CTPOUTCS aHAJIOTHIHO PACCMOTPEHHOH BHITIE, C
TeM OTJIMYHEM, 9TO KOHIbI JIOBEPUTEJIHHOIO HHTEpPBaJIa &, [ OIpPeme/sioTCs Tenepb Kak

~ .2 R 2
o = Xpa(n - 1)76 - ng(n - 1)7
a KOHIIbI JOBEPUTEJILHOT'O HHTEPBaJla BbIYUC/IAIOTCA 110 (I)OpMyJIaM:

T = {(”_ D-(0")? (n—1)- (0*)2}

= ; -

ﬁ Q«
TouHOCTH OIEHKH JIMCHEPCHE TP HEU3BECTHOM MaTEMAaTHIECKOM OXKHJIAHUU BbITUC/IS-
(h=1)-(0") B—a
2 B-a
JloBepuTeTLHBIIT MHTEPBAJI IS TUCTIEPCHE, TIOIYIAaeMbIil B YCJIOBUAX HE3HAHWS MaTeMa-

THUYIECKOI'O O2KUAaHUA, ITIOJIyIaeTCA IIupe, 4eM ,ZLOBepI/ITeJIbeII'?'I HUHTEPBaJI JJid JUCIIePCUU Ipu
N3BECCTHOM MaTeMaTH4YeCKOM OZKHIAHWH. TounocTs B IepBOM CJlly4dae XyxKe, 4eM BO BTOPOM.

€TCAd KaK

€ =

6.4 CpaBHeHHe JuUCIIepCHUii JBYX BBIOOPOK HOPMAJIbHOI Te€HepaJib-
HOIl COBOKYITHOCTH

[TpenmooKuM, UMeeTcs IBe HOPMAJIBHO paclpele/eHHble Caydaiinble BLIOOpKH X =
{z1, 09, ., Y ={y1,y9, ..., Ym}- lycrs X ~ N(pg,02) uY ~ N(,uy,az).

Jlsisi poBepKH TOro, MOXKHO JIM C HEKOTOPOH JIOBEPUTEIHLHON BEPOATHOCTLIO Y CYH-
TaTh PABHBIME JUCHEPCHA JBYX BHIOOPOK, 02 = 0, HCIIOIB3YeTCs] COOTBETCTBYIOMIAS KBAH-
TUJIb WK KPUTHYECKOe 3HadeHWe, HasbiBaeMoe F-cmamucmurot Quwepa (wnn Quwepa-

Credewopa), F,(ky, k2). Ilo manHBIM ABYX BBIOOPOK BBIUHCISIETCS BEJMTHHA:

N 0D/
S N RV
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Tabmuna 15:

Hexomopuwie snavenus F.(k1, ky) pacnpedesenus Quwepa. Bepruaa yudpa yrasveaem
5%-nwie snavenus (v = 0.95). Huoscnasn yudpa yrasveaem 1%-nwe snavenua (v = 0.99)

ki1

ko 1 2 4 5 7 8 9 10 11

1 161 200 225 230 237 239 241 242 243
4052 4999 5625 5764 5928 5981 6022 6056 6082
2 [ 1851 19.00 19.25 19.30 19.36 19.37 19.38 19.39 19.40
98.49 99.01 99.25 99.30 99.34 99.36 99.38 99.40 99.41
4 | 771 694 639 626 609 604 6.00 596 593
21.20 18.00 1598 15.52 1498 14.80 14.66 14.54 14.45
5 | 6.61 579 519 505 488 482 478 474 470
16.26 13.27 11.39 10.97 10.45 10.27 10.15 10.05 9.96
71559 474 412 397 379 373 368 3.63 3.60
1225 955 785 746 7.00 684 6.71 6.62 6.54
8§ | 532 446 384 369 350 344 339 331 331
11.26 865 7.01 6.63 6.19 6.03 591 582 574
9 | 512 426 363 348 329 323 318 3.13 3.10
10.56 8.02 642 6.06 5.62 547 535 526 5.18
10| 496 410 348 333 3.14 3.07 3.02 297 294
10.04 756 599 564 512 506 495 4.8 4.78
11 484 398 336 320 3.01 295 290 28 2.82
9.85 720 5.67 532 488 474 463 454 4.46

Tabmuna 16:

Hexomopuwie snauenus F.(ki, ke) pacnpedesenua Quuwiepa das 6osvwus 3Haueru
cmenenel c60600b. Bepxhnas yudpa yrasveaem 5%-nue snauenua (v = 0.95). Huorcnas
yuppa yrasvieaem 1%-nve snauenua (v = 0.99)

ki

ko 50 75 100 1000
50 | 1.60 1.55 1.52 1.44
1.94 186 1.82 1.68
70 | 1.53 147 1.45 1.35
1.82 1.74 1.69 1.53
100 | 1.48 1.42 1.39 1.28
1.73 1.64 1.59 1.43
1000 | 1.36 1.30 1.26 1.08
1.54 1.44 138 1.11
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Tabsumna 17:

Tournocmov pabomu, d6YT 6oLCOMOMEPOS

Howmep Orkonenne | OTKIOHEHWE

HAOJIIOIEHNS | BBICOTOMEDPA | BBICOTOMEDA

i No.1 (m) No.2 (m)

1 -8 -20

2 -14 -10

3 0 -3

4 14 11

5 -38 -4

6 2 12

7 50 -3

8 1 17

9 10 42

10 15

11 0

12 22

KOTOpasl Jiajiee CPABHUBAETCH C TaOMMIHON BeImanHON F(yy1)/2(n — 1,m — 1) (cm. Tabsurpr
15-16).

OTHollleHEe ONEHOK JIHCIepcHil Beerga Gepercs OOJIbIIasg K MeHbIIel, 9ToObl OTHOIIe-
Hue ObL10 Oosblme eauHUIB. Kputndeckuit unrepsas oupenensercsa mno Tabaumam 15-16,
rjie pa3Mepbl BBIOOPOK OIPEIE/ISIOT COOTBETCTBYIONIE YUCIO CTeneHeil CBODObI TabMIHBIX
dyHKIHIii:

{Fl,('y+1)/2(n - 1, m — 1), F2,('y+1)/2(n - 1, m — 1)},

npuydem

1
Fyrnp(m—1Ln—1)

Fl’(aerl)/Q(n — 1,m — 1) =

Fz,(7+1)/2(” —1m-1)= F(w+1)/2(n —1,m—1).

JIpyrumu cjioBamu, ecn .
Fi < F< FQ,

TO JUCHPCUU CUUTAIOTCHA OJIMHAKOBBIMU, HHAYE — PA3HBIMHU.

PaccemorpuMm npumep Ha cpaBHEHHE JIBYX JHCIepCuit 1 paboTy ¢ TadauIeil pacupe e/ eHust
Quinepa.

ITPYIMEP IlIpoBojurcst cpaBHEHHE TOYHOCTH PAOOTHI JBYX THIIOB BHICOTOMEPOB, [2].

B xome npoBepok (hUKCUPOBAJIUCH OTKJAOHEHHSA TMOKA3AHUI BBICOTOMETPOB OT TOYHOIO
3HAYEHHSA BLICOTHI. Pe3yibraThl oTKJIOHeHu mpuBeienbl B Tabure 17. Tpebyercsa cpaBHUTD
JUCTIEPCAH JIBYX BBIOOPOK (T.e. CPABHUTH TOYHOCTH JBYX BbICOTOMepOB). [loBepurenbHast
BepoaTHOCTH 7 = 0.9 (wam, 9To TO Ke camoe, TporeHTHas Touka « = 1 — 0.9 = 10%).

BorauciuMm ToOY€YHbIE ONEHKHM MaTeMaTHYeCKUX OXKUJAAHWI U jucnepcuil Bejimdaun X =

{$17$2,---,$12} nY = {?/1,3/2,---7%}1
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12 9

Z(xi — pp)? = 451.9, SZ = — Z(yi — ,uy)2 —331.7.

i=1 i=1

9 1

Sy = ——
To12-1

Suavenue cratucTuku Puinepa ecTb OTHOIICHHE DOJIBINEH ONEHKH JTUCIIEPCUU K MEHbIIICH:

Yncmo creneneit ¢cBob60ap TaOJNYHOT cTaTHCTUKY ecTh 11 n 8 coorBeTCcTBEHHO, a 7y = (.9.
F2,(0.9+1)/2(117 8) = F2,0.95(11, 8) = 3.31,

B 1 1
- Fpes(8,11)  2.95

OxKoHYATEIHLHO IoJydaeM BEpHOE HEPaBEHCTBO

= 0.34.

Fi0.941)/2(11,8)

0.34 < 1.36 < 3.31,

CJIeJIOBATE/IHLHO, JIMCIIEPCHE JIBYX BBLIOOPOK PaBHBI € JOBEPUTEIBHON BepoATHOCTHIO (.9.

6.5 Or1leHnBaHUe TTApaAMETPOB YTJIOBBIX CJIYYANHBIX BEJIMYUNH

KpaTKO OCTAaHOBUMCHA Ha BazKHOM JJIdd aCTPOHOMHUYCCKUX HpI/IJ'IO}KeHI/Iﬁ BOIIpOCe olieHuBa-
HUsI MATEMATHICCKOTO OKUJAHUS W JAUCIEPCHH YIJIOBBIX CAyYailiHbIX BegundnH |3]. YrioBbie
caydaifiHbie BeJIMYNHBI BOSHUKAIOT TIPU UCCJIEJOBAHWYN JIAHHBIX, PACIPEICTeHHBIX Ha Hebec-
HOI cdepe, a TaK:Ke IIPHU UCCIeI0BAHUHI MEPUOIMIECKHAX IIPOIECCOB.

[IycTh BBIGOpKA M 9JI€MEHTOB — 3TO Z;, TOYKH Ha OKPYKHOCTH €IMHHIHOIO DPaIUYCa,
1 =1,...,n. Torja Touednas olneHkKa MaTEeMaTUIECKOIO OXKUJIAHUA Z; €CTh 8bl00POUHOE KPYY-
2060€ CPedHEE HANPABAEHUE JIJIS YTJIOB (©;, KOTOPOE OMPEeIeIsIeTcs KaK HAPAB/ICHNE CYMMbI
BekTopoB OZ;.

3nech O — HEHTP eJIUMHUYHON OKPYKHOCTH, Ha KOTOPOH JiexKaT TOYKU Z;, a YIVIBI (©;
33/1a10T TOJIOYKEHHS 9TUX TOYEK B JEKAPTOBOIl CHCTEMe KOOPAMHAT KaK (COS ;, sin ¢;).

Jpyrumu cjoBaMu, BHIOOPOYHOE KPYTOBOE CpeiHee HATPABICHUE 0, VAOBIETBOPAET pa-

BEHCTBaM
Cy =1/C?+ C3 - cos o,
Cy =1/ C? + C% - sin oy,

rae C7 u Cy UMET CMBICT AeKAPTOBBIX KOOPAHHAT IEHTPA MAaCC CHCTEMBI {ZZ'}—TO‘IGK n

OTIPEJIENIIOTCS KaK
n n

1 1 _
Ch=— E cospi, Cy=— g sin ;.
n < n -
=1 =1
Ecnu Toukn Z; pacnpesenennbl 0 OKPYKHOCTH DABHOMEPHO, TO JJIMHA BEKTOPA IEHTPA
MaCC, KOTOPast TaKzKe HA3BIBAETCsT 6b100pouhotli pesysvmupyrouet; daunot /C? + C3 cTpe-
MUTCsT K HYJT0. ECau TOUKn Z; COBIAAAIOT APYT ¢ APYTOM, TO JTHHA BEKTOPA MEHTPA MACC
CTPEMUTCS K €JMHUIIE.
Buwibopounas kpyeosas ducnepcus HAUPaBIEHUN ©; — 9TO BeJTMYHHA

n

Vigw) =+ 3 (1—cos(p— gu) = 1 \/CF + G

i=1
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He 3aBHUCAIlad OT BI)I60pa Ha4daJla OoTC4YeTa YIJVIOB.
BbL60p0"tH0€ Kpyzoeoe cmomdapmﬁoe OMKAOHEHUE — 3TO BEJIMYUHA

s, =V —2In(1 = V(pn)) = \/—21n <\/C'12 + C§>

JIng MaabIx 3HaYeHuil BHIOOPOYHOI KPYTroOBOi JUCHEPCUU BEPHO COOTHOIICHHE, aHAJIO-
TUYIHOE JIJId BBE€IECHHBIX paHee OOBITHBIX AUCTIEpCUun U CTaHJaPTHOT'O OTKJIOHEHU A CﬂyqaﬁHOﬁ

pesmanbl X (D[X]| u s.d.):
So =2V ().

Bce ckazannoe 00 oreHKax MaTeMaTHIeCKOTO OXKUJIAHUS U JUCIIEPCUN CJAYyYalHBIX YTJIOB
MOZKeT OBITH 0000IIEHO HA ABYMEPHBIH CIyIallHbIH YIJIOBOM BEKTOP, KOIJIA MOJ0XKEHAE TOYKH
3aJIaeTCs y2Ke JIByMs yIJIaMu, Ha HeGecHoit cepe, HAITpUMep, raJakKTHIECKON J0JIT0Tol [ 1
muporoii b, |3].
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7 Ilepenoc ommnbok

YacTo pe3yabrar SKCIepuMeHTa IIpejCcTaB/IsgeT co00i HEKOTOPYIO (DYHKIUIO OT HECKOJIb-
KX Pa3JIMYHbIX CAYYAHHbIX BeJTUYuH X,.

[Ipeamonoxkum, 910 KaxKjgoe HadI0aeMoe 3HAYCHNE X, ITPUHAJICIKAT TeHePAJIBHOI CO-
BOKYIHOCTH CO CPEJIHUM f, M qucniepcueii o2, Teopus mepenoca ommboK MO3BOISET OTpeIe-
JINTh 3HAYEHHE CPETHEKBAIPATHIECKOTO OTKJIOHEHHUI, KOTOPOE CJIEyeT MPUIUCATD BEININHE
y=y(r1, 22, ..., Tm).

g wabopa m cayqaiineix Besmaun X, (r = 1,2,...,m) mampuya owubox Mg(x) onpe-
JTEJISIETCST CIIE Y FOIIUM 00pa30M:

Mg(z) =
Ml — ) Ml — )e — )] .. Ml(er — ) (s — )]
[l ) Ml e MG — ) )
M@, — p)(@s — )] M, — ) — )] .. M{(e — )

Marpuna Mg(z) — cuMMeTpudHAs, a ee JTHATOHATbHBIE JJEMEHTHI eCTh JUCIEPCUH COOT-
BETCTBYIONIUX BEJIMUWH:

[Mg(z)]» = ‘73-

Ecu Beqm4unbl 2, He KOPPEeJHPOBAHHBLIC, TO MATPUILA OMMUOOK JINATOHAILHAS.
[Iycth Temepb BeuwwwHbl Y, (r = 1,2,...,m) ecrb JuHeliHble (DYHKIUA TT€PEMEHHBIX
zs(s=1,2,...,n):

n
Yr = Qr1%1 + Qro2Z2 + - + QppTpy = E QrsTs
s=1

WK
y = Ax.

IZ€ (s €CTh IMMOCTOSHHBIE HECAYYaiHble BEJIHINHDI, 3JIeMEHTHI MAaTPHUIlbl A.

Ecim nmpounsBeieHO HECKOIBKO M3MEpPEeHHil KayKa0i BEJMYUHBI Tg, TO OIEHKA BEJIUUHHBI
Y, TOJIy9aeTcs IPH 3aMeHe Ty Ha UX cpefHee T,. Ecau Mp(r) — MaTpuna onubOK BeTHIHH
T, TOLJA MATPHUIA OMIKOOK I/ byHKIHI 1. OyaeT

JokazkeM mociegHee paBeHCTBO

e [lycTh, 171 IPOCTOTHI 3AIUCH, [i] = * - = [y = [lz, TO €CTh MaTeMaTU4IeCKoe OXKHTaHNe
Bcex X, oamHaKoBOoe. PaccMOTpUM 71 MPOCTOTHI CIydail JBYX CIAYYalHBIX BeJTUYHH

X1 U To, U ABe PYHKIMH 1, A Yo:
Y1 = a11T1 + @122,

Y2 = A21T1 + G22T3.

ailr aig
A=
a1 Qa22

Marpuma
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Marpuna omubok ecThb

(O M@ -] M ) (2 — )
My(e) = <M{<x2 )@ — )] M2 — )] ) '

Torma
B=A Mg(x)- AT =

_ (e an M{(z1 = pa)?] M[(z1 — pra) (w2 — )]\ (@11 a2
az az) \M|(z2 — po) (21 — piz)] M((z2 — pa)’] a1z az:)
Pacuuiiiem 1nepBbiii 3j1eMeHT 110/Iy4€HHON KBaJIPATHON MATPUILbI:

by = (a11M[($1 — ,ux)2] + aroM (21 — pg) (22 — ,Mx)]) cap+

(M1 = )l = ) + Moz = )] - =

= (an)’M[(z1 — p1z)?] + (a12)*M[(22 — p12)?] + 2011012 M (21 — pro) (2 — p1)].

Teneps 1719 MaTpPHITHI

M{(y1 — p)?] M{(y1 — 1) (Y2 — py2)]

Mpg(y) = (M[(yz — 11y2) (Y1 — pg1)] M{(y2 — py2)?] ) ;
rie

o1 = (@11 + @12) o,
fy2 = (az1 + ag)fis,

paCHI/IHleM HepBBIIU/I JIEMEHT:
ME(Z/)H = M[(anz1 + a129 — (a11 + Cl12),ux)2] =

= M((a11 (21 — pa) + a12(22 — 1)) = (a11)*M (21 — )]+
+(a12)* M (22 — p1a)’] + 2011012 M [(21 — p1z) (22 — p1a)] = D11

AHAJIOIIYIHO MO3JIEMEHTHO JIOKA3bIBACTCsI paBeHCTBO Marpuiibl B u Mg(y).

[Tomy4uennblii pe3yabTaT MOYKHO JIETKO OOOOIIMTH Ha Ccjydail HeJmHeHHbIX (DyHKIni
Yr = fr(x1,...,Ts, ..., T,), IPEANOTOKUB, 9TO DYHKIHUS f, MAJIO MeHsIeTCsT B 00JIaCTH, Orpa-
HUYEHHOU CpeHEeKBaJIPATHICCKUM OTKJIOHEHHEM OT ee CpeJIHero 3HadeHus, Wid, JAPYyTUMHU
CJIOBAMH, YTO C TOYHOCTHIO JI0 YJIEHOB I1E€PBOI'O LIOPsi/IKA €e pasJjozkeHue B psj Iaitiopa
UMEeEeT BU/L
J

B sTom paziiokennn T, ecTh CpejiHee 3HAUYEHWE Ty, & T = {5:1, c ,:Zn}. Torna omenka
BEJUYUHLI Y, €CTb

b o = o+ 3 () 2

s=1

y: = f’l‘(jlv s 7I'n)7
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a dJieMeHTaMUu MaTpPHIIbl oImnOOK ABJISIOTCS

Melolle = 35— 7y — 20 2| 2| 1

i=1 j=1 T Jlz

MozkHO 10Ka3aTh, 10 aHAJIOIUU C JIMHEHHBIM CJIy4YaeM, 4To
T
Mp(y) = F - Mg(z) - F~,
e F' — Marpuiia, 3JIeMeHTbl KOTOPOil paBHbI

of.
x|

[F]rs =

7.1 OrTHOoIeHMe ABYyX CJIYyYalHBIX BEJIUIUH

g mpuMepa npuMeHeHUs MOJIYIeHHBIX (hOPMYJ PACCMOTPHUM OJHOMEPHBIN caydailt om-
HOWEHUA 08YT CAYUATHHET BEAUNUN T1 T To.
CpenHee 3HAUEHHE STOTO OTHOIIEHHS €CTH

Yy~

§\|§\

Marpurma omuboK 11 T1 U Ty €CTh

52 518
ME<x>:( 1 q)

5152412 S5

IJe @12 — OlleHKa K03 PuimeHTa KOPpPeasiiu T, 1 To.

Matrpuna omubok F' ognomepnoit (pyHKIHH § €CTh, C OIHOW CTOPOHBHI, 5%, a C JIpyToif
CTOPOHBI — MPOM3BE/IEHNe TpeX MATpull (B CUIy oJHOMepHocTH GyHKIuHU y MaTpuia F ectb
cTpoka, a MaTpuna F7 ecrnb crosben):

1
1 xy s 5152412 Ty
Mg(y) = ('— —_—2> !
5(y) L2 Ly 5152412 S% —%
2

[locste mepeMHOXKeHUS TOTyYaeM ONIMOKY BeJTMIWHBI §/:

=2 2 2
5= 2 =2 T =2 122"
Ty 1 2 1 To

7.2 TIlpom3Benenue NByX CIIyIalHBIX BeJIMYIUH

s paccymgeﬂnﬁ, IIOJTHOCTBIO aHAJIOTHYHLIX IPpEeAbIAYIIUM, CpeaHee 3HaY€HHue IIPOU3BeE-

JEeHuA IBYX Cﬂy‘laﬁHbIX BE€JIMYUH T'1 U T9 €CTb

g ~ flj%
a OIINOKA BeJIUYUHBI g €CTb

2 2

S So S1 S

2 =2-2 1 192
S37 ~ X1Ty 5 + —= + 2q12—7 .

Baxmuo OTMETHUTb, YTO €CJIN X1 U T9 — HE3aBUCHUMbIC HOPMAaJIBHO pacClIipedeJICHHbIE BeJIN-
YUHBI, TO CTPOTrUM BBbIDaKeHHUEeM J1JId JUCIIePCUN UX HpOI/ISBe,ZLeHI/IH ABJIACTCA

2
s-—sx2+52x1+s

1 9TO BhIpazKeHHE MOXKeT CUJIbHO OTJINYAThCA OT MPEAbIAYIIECTIO HpI/I6ﬂI/I}K€HHOI‘O BbIpazKCHU A

upu g2 = 0, ecyi ONIUOKH :Y:% u :Y:% BEJIUKH.
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7.3 JIucnmepcusi IIpom3BOJIbHOI (PYHKIINH OT 7t HE3aBUCUMBIX CJIy-
YaNHbLIX BEJUYUH

Eme ogauM 4YacTHBIM cJlydaeM BBIYUCJIEHWS MATPUIBI ONTUOOK SBJISETCS BBIYUCIEHUE
Jqucnepcud (hYHKIUA MHOTHX HE3aBUCHMBIX CAYUYalHBIX mepeMeHHbX. Econ y = f(z;),1 =

1,...,n, T0
n (9f 2
2 _

Cy1mecTByeT emie OauH CIocod OIpeIeIeHns XapaKTePUCTUK (PYHKIUU CJIyYafHbIX BeJIH-
quH, y = y(x1, T2, ..., T,), HO OH OCHOBAH HA PEJKO Pean3yeMOM B MPAKTHYCCKUX 3a71a9aX
IPEIIOI0KEHIH, YTO HAM TOYHO H3BECTHLI ILIOTHOCTH PACIPEIETICHUS CIyYaiHbIX apryMeH-
ToB 310il hyHKIMH, [9].

Paccvorpum 3ty 3ajady 6osiee moApobHO Ha npuMepe (PYHKIUH JABYX CJIyYailHbIX ap-
IYMEHTOB ¢ HaiijieM, JJig IpuMepa, (pyHKIUIO paclpeneaeHns CYMMBL I + To. II0CKOIbKY
X1, T — HE3ABUCHMBI, TO BEPOSTHOCTH TOIO, YTO X1 JIEXKUT B HHTepBase [a1,bi], a xo JeKuT
B HHTepBAaJe [ag, by|, paBHA TPOU3BEIEHUIO

s%(7y).

by b

b1 bo
fdu- [ foo)do = / £ () o () dudly.

a 1 a

CraemoBaTebHO, TIApa CAYYARHBIX BEIWYUH (Tq,T3) UMEET IIOTHOCTH PACIPEIeCHHUST

flu,v) = fi(u) f2(v).
Buauenne GyHkunn pacnpenenenns H(t) caydailHON BeJIUIUHB T1 + Tg B TOYKe ¢ PABHO
BEPOATHOCTHU TOTO, 4TO T + Ty < t:

H(t) :P<I1+l’2 <t).
Nmeer mecto TEOPEMA, [9]:

e Eciu COBOKYNHOCTH CJYUYafHBIX BEJIHYUH {Z1, Lo, . .. T} 00JaaeT MIOTHOCTHIO BEPO-
araoctu f(z1,Tg,...,Zy,), TO BEPOSITHOCTH HOMAJAHNSI CJIydYaiiHON Toukn X ¢ KOOP/IH-
HATAMU {1, Ts,...T,} B HPOU3BOJIBHYIO 001acTh (G paBHA WHTErpatay or hbyHKIWH f
0 3TOi 0bJ1acTh:

P(X €@G) = / fug,ug, ... uy)durdus . . . duy,.
G
Ucnosib3ys 9Ty Teopemy, BUJIUM, 4TO

10 =[] A= [ au [ s =

[T ; ) folow — wys,

e
e BBEJEHa HOBad II€peMEHHad MHTEIpUpPOBaHUud W = U “+ 0.
HOCKOJIbe IIJIOTHOCTH BepOHTHOCTeﬁ HEeoTpuuaTeJbHbl, MO2KHO U3MCHHUTDL IIOPAAOK HH-
TerpupoOBaHUA:

H(t) = / dw Oofl(u)fg(w — u)du.

—00 —
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Ota PYHKIUS pacupele/ieHud 00J1aJaeT IJIOTHOCTBIO BEPOATHOCTH, KOTOpas U eCThb
IJIOTHOCTH BEPOITHOCTH CYMMBI JIBYyX HE3aBUCHMBIX CJAYYAHHBIX BEJUYWH € IJIOTHOCTSIMH

fl(t)v fQ(t):

—+00

h(t) = fi(u) fo(t — u)du.

3Has MIOTHOCTH BEPOATHOCTH CYMMBI JIBYX CJAYJaflHBIX BEJIUYNH, MOYKHO BBIYUC/TUTDH BCE
XapaKTEePUCTUKH ITOI CYMMBI: CpeJiHee, JINCIIEPCHIO U JII0ObIE JPyTrue NHTePeCYolne MOMeH-
ThI BBICIIUX MOPA/IKOB.
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8 JieMeHThI JUHEIHO aJredpbl

[IpuBejieM HEKOTOPBIE CBEJEHUS U3 JUHEHHON ajreOpbl, HEOOXOAUMbIE JIJIsd PeIieHus CH-
CTeM JIMHEHHbIX YpaBHEHUN.

8.1 Cwucrema JUHENHBIX ypaBHEHUI

B obmem ciydae cucreMa m JHHEHHBIX yPABHEHHH € 1 HEM3BECTHBIME (MM KPATKO,
aunetinaa cucmema) (1anee mpocTo «cucteMas ) umeer su, [10] — [11]:

a11T1 + A12X9 + -+ + ATy = bl

A21T1 + Q22X + * ++ + ATy = b2

Am1T1 + A2l + - -+ + Qpp Ty, = bm

BeJII/IlII/IHbI T1,T2,y...,Tpy — HEU3BECCTHbIC, KOTOPbLIC HY2KHO BbIYUCJ/IUTDH, PEILIUB MAaTPU1HOC
ypaBHeHHe. 3ajaHHas MATPUIA CUCTEMBI (UIH OCHOBHAA MAMPULGQ) €CTh

ain a2 ... dip
A - G21  Qdg2 ... d2p
Am1 Am2 ... Gmp
BaianHbIil BEKTOP-CTOJIOEI, CBOOOMHBIX UIeHOB ecTh (by, ba, ..., by,).

Ecim Bce b; = 0, To cucreMa HasbiBaeTcd 0dnopodnoti. Ecau xord Obl 0HO 3HaueHUe
bj # 0, To cucrema HaszbIBaeTca Hneodnopodnot. Cucrema Ha3bIBaeTCd K6adpammoti, ecian
n =m.

Peweruem cucreMbl HA3bIBAETCSI COBOKYIHOCTD 1 9UCEJI C1, Ca, . . . , Cp, KOTOPBIE IIPHU MOJI-
CTAHOBKH B CHCTEMY H& MECTO HEM3BECTHBIX X1, XLg,...,T, OOpallaeT BCe YPaBHEHHS ITOM
CHUCTEMbI B TOXKJICCTBA.

He Bcgkag cucrema umeer pemrenue. Hampumep,

ZE1+JI2:1

I1+1L'2:2

peIlleHns He HMeeT.
Cucrema Ha3bIBACTCS COBMECMHOT, €CH OHAa UMeeT XOTs Obl OJIHO pelleHue, U Hecos-
mecmmol, ecii HeT Hu OHOrO pernenus. COBMECTHAsl CUCTEMa HA3BIBACTCS ONpedesernot,
eCJTH y Hee eCTh €INHCTBEHHOE DeIleHne U HeonpedescnHoli, eCinm y Hee eCTh XOTs Obl JIBa
Pa3HbBIX pellleHmdg.
VeioBre HAAHUHS Y CHCTeMbl XOTs Obl oHOrO perenus dbopmymupyercs TEOPEMOH
KPOHEKEPA-KAIIEJIJIN

8.1.1 Teopema Kpouekepa-Kamneaan

s Toro, 9To0bl JIMHEHHAA CUCTEMa

a11r1 + 129 + -+ ATy = bl

A21T1 + Qg2 + -+ + A2, Ty = bo

Am1T1 + A2l + - -+ Qpp Ty = bm
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ABJISLIACH COBMECTHOI (T.e., MMesa XOTs Obl OJHO pellleHHe), HeOOXOMUMO U JOCTATOYHO,
YTOOBI PAHT PACITUPEHHON MATPHILLI STON CUCTEeMbI OBLI paBeH PAHTY €€ OCHOBHONU MATPHUIILI.
Pacwupennas mampuya cucmemst €CThb:

a1y a2 ... Qp bl

921 A29 ... QA9pn b2
A=

Ami Gm2 - Gmn Om

Matrpuna obaamaer paHzom r, €CJIH y MATPUIbl A €CcTh MHUHOP IOPSAKA 7', HE PaBHBIM
HYJTIO, 8 BCIKUIT MUHOD TOPsAKaA 7+ 1 paBen wHy0. Munop nopsadka r — 3T0 OIPeseTuTe b '
r'0 TIOPSAAKa C dJIEMEHTAMU, JIeXKAINMHI Ha TlepecevdeHnn JIIOOhIX k CTPOK u J00bIX k ¢TOJI0IIOB
MaTpuinl A.

8.2 Metoa Kpamepa pereHus CUCTEMbI JIMTHEMHBIX yYpaBHEHU

Pemenne cucrembl JMHERHBIX YpaBHEHUT CYIIECTBYET M €IUHCTBEHHO, KOTJA OIPEIe/TH-
TeJIb MATPHUIIHI CUCTEMBI HE paBeH HYJ/II0. B 3TOM cjiydae e IMHCTBEHHOE PellleHre UIeTCd Nno
dopmysam Kpamepa:

rae A; — OIpene/JnTeN b MATPHUILI, ITOIYJAOMeHcsa U3 OCHOBHON MATPHUIIBI CHCTEMBI 3aMe-
HOIT j-ro crosbna Ha cTo/I0eI] CBOOOAHBIX YIEHOB, A — ONpEeJIeJUTe/ b OCHOBHON MATPHUIIBI
CHUCTEMBI.

Pazbepem meron Kpamepa na npumepe.

IIPIMEP

e Haiitu perrenne KBaipaTHOil CUCTEMbI JIUHEHHBIX YpaBHEHUIL:

1+ 229 + 323 + 4x4 = 30
—x1 + 229 — 33 + 424 = 10
To—X3+24=23

T+ 20+ 23+ 14 =10

Marpuna cucteMbl (WM OCHOBHASI MATPHUIIA) €CTh

1 2 3 4
-1 2 -3 4
A= 0 1 -1 1
1 1 1 1

Pacrumem noapo6Ho BRIYHCIEHRE onpeaeanTens Ay 1o popMyme pacdeTa ¢ IOMOIILIO
anrebpanmdeckux gononanennii. Hanomuum, anzebpauveckoe donosnenue st SJ1eMeH-
Ta Marpunsl A a;; — sro wncao A, = (=1)"M;;, tne M;; — MUHOD, OnpeaeUTEb
MATPHUIBI, TTOJy9aeMOil BhIYEePKUBAHAEM U3 MaTpunbl A i-0if ¢cTpokm m j-ro cTosabua.
JlJ1s1 BBIYUCICHUA OIPEIEIATENS MATPAILL A ¢ IIOMOIIBIO anredpandecKux JOMOTHeHU

HCIOJIb3YETCsl METOJI PA3JIOXKEHHUsT 10 CTPOKe (Hau cToabiry) mo dpopmyJie:

Jj=1
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HCIIOJIb3YEM 9TO Pa3JIOZKEHHE [JId BbIYUCJJICHUA Ali

?8;_331 2 -3 4 10 -3 4 10 2 4
Av=y | | q[=380-]t 1 1f-2-3 —1 1{4+3-]3 1 1|~
0111 1 1 1 10 1 1 10 11
10 2 -3
413 1 —1/=30-[2-(=2)+3-04+4-2] —2-[10- (=2) 4+ 3 (=7)+
101 1

—4-13]43-[10-0—2-(=7) +4- (=7)]—
—4.[10-2-2-13-3-(=7)] = —4.

OnpeneuTe/b OCHOBHON MATPHUIIBI:

1 2 3 4
1 2 -3 4
A= 0 1 —1 1 =4
1 1 1 1
Onpenennrenn Ao, Az, Ay:
1 30 3 4 1 2 30 4
-1 10 -3 4 ~1 2 10
Re=1ly g 1 1= 8Bs=1y | 3 =12

1 10 1 1 1 110 1
1 2 3 30
~1 2 -3 10

Ai=|g ] ] 3|=-16

1 1 1 10

TOI‘,ZLa T :Al/A: 1,1’2 :AQ/AZQ,.CE;J,:Ag/A:3,$4:A4/A:4.

8.3 Metoxa l'aycca pelnieHus cucTeMbl JUHENHBIX ypaBHEHU

[Tomumo merona Kpamepa, cymiecTByeT Apyroii MeToj pelieHusl CUCTeMbl JUHEHHBIX
ypaBHeHwuit, HazpiBaeMblii memodom laycca. OcHOBHAsT maest MeTOIa B TOM, 9TO CO CTPO-
KaMH{ U CTOJIOIAMH MATPHUIIBI MOYKHO IPOU3BOJIUTL TPH IACMEHMAPHBIE ONEPAUUL, KOTOPHIE

He M3MEHSIOT PaHra MaTPUILBL:
1. mepecTaHOBKY JBYX CTPOK (CTOJIGIOB),

2. yMHO)KeHHe cTPOKH (cTos01a) Ha 000, OTIHIHBI OT HYJIsI, MHOKHUTEb,

3. mpubaBjieHue K OJHOMU CTpOKe (CTONBIY) TPOU3BOIHHON JINHEHHON KOMOUHATINY JPYTHX

CTPOK (CTONIOLOB).

JI100y10 MaTpuily MOYKHO MPUBECTU K JIMATOHAJILHOMY BUJLY C MOMOIIIBIO ITUX TPEX 3Jie-

MEeHTapHBIX Ollepalliii COTJIACHO CJIeIYIONEMY AJTOPUTMY.

1. IlepectanoBkoii ¢Tpok (cTOONOB) crenarh a1 # 0 (ecan 370 HEOOXOIAUMO).
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—1
2. YMHOKUTD IIepBYIO CTPOKY Ha Qi -
3. Boruectn u3 j-ro crosbna nepsblil cTos0en, yMHOKEHHBIH Ha ;.

4. Bpruectb U3 1-0if CTPOKU HEPBYIO CTPOKY, YMHOKEHHYIO Ha @;1; HOJYUUTCH MATPUIA

BHIA:
1 0 ... O
121 _ 0 &22 e C~L2n
0 Gmna ... Qmn

5. Bce mpenmpraymue maru ocymecTBIIEeM ¢ MaTpHUIe

Qo2 ... AQA2pn

A2 -+ Amn
1 T.4. JO IIOJIydeHud ,H‘I/IaFOHaJH)HOI'/JI MaTpHIIbI.

Kak meron laycca, Tak u meron Kpamepa mMoryT nmpuBecT K GOJIBITIM TOTPEITHOCTIM,
ecJim 3HaYeHus KoM OUIUEHTOB U CBOOOIHBIX YJIEHOB 3a/IaHbl MPUOJIMKEHHO WX KOT/Ia TTPO-
U3BOJIUTCA OKPYTJIEHUE B MPOIEcce BBIYHCJIEeHNs. B mepByo odepesib 3TO OTHOCUTCH K CJIY-
YA, KOIJIa OCHOBHAsI MATPHUIA JUHEWHOH CHCTEMbI SBISETCA NA0LO 00YcA08aeHH0t (CM.
(13.4.1)), r.e., KOrja MaJbiM H3MEHEHUSIM JIEMEHTOB 9TOH MATPHUIIGI OTBEYAIOT OOJIbIINe
U3MEHEHUS 3JIEMEHTOB 00paTHON MaTpuiibl. B TakoMm ciydae perenue JUHEHHON cUCTEMbI
x = A~'b okazkeTcs weycmotivuevim. st PeTennst HeyCTOYNBEIX JIMHEHHBIX CHCTeM CYIIIe-
CTBYIOT MeTOJIbl pezyaapusavuu A.H. Turonosa, umepayuorrvie memodv, Hxobu m MeTOIbI
CUHRYAAPHO20 MATNPUNHO20 Passoscerus, [11].

87



9 IlloHsgTue 0 PAaBHOTOYHBIX 1 HEPABHOTOYHBIX
N3MePEHNAX

Pasromounocms pe3yabraToB (HabII0AATeThHBIX WM SKCITIEPHMEHTATBHBIX BRIGOPOUHBIX
JAHHBIX) 03HAYAET, YTO BCE ITH Pe3YJIBTATHI T1, Lo, . .., L, MOJYUEHBbl C OJUHAKOBOH TOUYHO-
ctbio. Eciim Bce x; paBHOTOYHBI, TO UX CPeJHEKBAJApATHYECKHEe OTKJIOHEHUsS PABHBL: S; = §
(s? — pucnepcus, oneHeHHast 110 BLIGOPKE).

HanomuuM 0CHOBHBIE XapaKTEPUCTUKH PABHOTOYHON BEIOOPKH U OOOOIINM UX JIJIS CJIy das
HEPABHOTOYHBIX U3MEDPEHUIA.

o Haubonee sepoamnoe 3HaueHue onpedesaemoti e UHbL ecmb cpedhee apudmemue-
CKOE BCET INEMENTNOE GblOOPKU:

o Haubonee seposmuoe anavwenue cpednetl keadpamuuhol owubky 00H020 USMEPEHUS:

5 — \/Z?:l(xl — 1)
n—1 '

o (Cpeduas xkeadpamuunas owubdka cpednezo apupmemuseckozo:

s sz-;ax@-—f)?
Cyn nn—1)

B peanbHBIX 3a/1a9aX 4acTO OBIBAIOT CJyYaM, KOT/A JJIsd KaK MOXKHO Oosiee HAEyKHOTO
oTpe/ieSIeHUs] KAaKOUW-TO BEJTMYUHBI COOMPAIOT M3MEPEHHS PA3HOT'0 MPOUCXOYKIEHUS, T.€. BbI-
[OJTHEHHbIE HA Pa3HbIX TPUOOpAX, IPU PA3HBIX YCJAOBUIX, PA3HBIMU METOJAMU U T.JI. TAKUe
M3MepeHns HOCAT HA3BAHNE HEePaGHOMOYHbIL.

[Ipocreiimuit caydaii HepaBHOTOYHBIX M3MEPEHU — cobpaHue He MPsIMBbIX U3MEPEeHUil, a
BBIBOJIOB U3 PABHOTOYHBLIX U3MEPEHUH, YUCI0 KOTOPLIX PAa3/JIMYHO B PA3/JIMYHBIX BBIBOJAX.

pyrumu cjioBaMu, MycTh UMeeT 11 PABHOTOYHBIX M3MEPEHU! U W3 HUX BBIBEJEHO HaH-
OoJiee BeposiTHOE 3HadeHue ri. Jlajgee, U3 mo PaBHOTOUYHBIX U3MEPEHHUN BBHIBOJIUTCS Hau-
OoJiee BepodTHOE 3HA4YeHue To u T.h. [lomydaerca wHaboOp HamboJiee BEPOATHBIX BEJIUYUH
{1, x9,...,2,} m n3 37010 HAGOPA HYKHO BBIBECTH HanboJIee BEPOSTHOE 3HAUCHHE Ty.

g KazK/10ro ) cpeJHeKBa/IpaTuIecKoe OTKJIOHEeHHe eCTh, 0 IOCTPOEHUIO

IJie § — CpeJIHEKBaJ[paTuiecKas OIIMOKa OJ[HOIO U3MEPEHUS.

Eciu x), — paBHOTOYHBIE, TO S = S. Kcam xp — HepaBHOTOYHBIE, TO BMECTO S1, S2, ..., Sy
BBOJIAT YUCJA P1, P2, - - - , Pn, HAZBIBAEMBIE GECAMU U3MEPEHUT:
S
Pr = —,
Sk

rae s% — 11060€ MOJIOKUTEIbHOE YHCIIO (So HA3BIBAETCS CPEJIHEKBAPATHIECKOE OTKIOHEHHEe
Ha eIMHAUILY Beca).
13 onpesiesieHns BBeIEHHBIX BECOB CJAEAYIOT UX CBOUCTBA.

88



e Beca HepaBHOTOYHBIX M3MepPeHU 0OPATHO IMPOMOPIUOHAJILHBI CBOUM JIUCIIEPCHSM.
e Beca HepaBHOTOYHBIX U3MepPEHH — OTHOCUTEbHBIE YHCIA.
OcHOBHBIE XapaKTEPUCTHKH I CJIydasi HEPABHOTOYHBIX H3MEPEHHIA.

o Hauboaee GEPOATNIHOE 3HAYEHUE onpeﬁe,/memoﬁ GEAUYUHDL €CNb cpedHee gecoeoe uAU
cpeaHee 636CUWEHHOE BCET INEMEHIMOEB 6?)&60]9%'1/&

1 n
jp = - Zpkmlm
p k=1
riue

p= Zpk:-
k=1

e Haubosee sepoamnoe snauenue cpedneli k6adpamuunol owubKky USMEPERUSA C BECOM
eduHuYa:

ZZ:1 pk(xk - j;p)Q
n—1 ’

o (Cpeduas keadpamuunas owubka cpedHe2o 8ec06020 UAU CPEIHERO B36EULCHHOZ0:
Sjp

rjie

9.1 VYcJjoBHBIE 1 HOPMAaJibHbI€ YpPaBHEHUS

B peasibHbBIX 3a/1a9aX 4aCTO OBIBAET TAK, YTO IOIIEKAIIME OIPE/IEJCHUIO BEJTMYNHbI HEJIb-
351 HAOJII0J]ATh HEMOCPEACTBEHHO. BMecTo HUX n3 HabII0JeHui MOXKHO ONPEIEIUuTh TOJIHKO
dbyukIIN Hen3BeCTHHIX, [1].

Pacemorpum npuMep.

[TycTh HAOIIOMEHUS JAIOT 3HAYEHUS T M Y BEJUIMH T M Y COOTBETCTBEHHO. IIpeiona-
raercs, 4YTo T U Jj CBI3aHbl 3aBUCUMOCTBIO:

y=06y+ 60z + 0,22,

rie Og, O1, 0y — nojyiexaiue onpeesennio kodbdunuenrol. Kaxoe nabirogenue (zy, yy)
JlaeT ypaBHEHUE C TPEeMs HeH3BeCTHLIMU:

yk:@o—i—@lxk%—@gxi,k:1,2,...,n

B obmem Bume 3amada CTaBHTCA TaK: BMECTO IOJIEXKAIIMX OIPEICTCHUI0 BEJIHYNH
O, 01,05, ... U3 HADTIOAEHNIT TTOJTYIAIOTCSA BEJIUIUHBI ¥, KOTOPBIE eCTh (DYHKIUU OT HEW3-
BecTHBIX O, O1,0,, . ... Kaxmoe nabiioenue JaeT ycao6Hoe ypasHerue BUIA

fk(®0, @1, @2, . ,l’k) = Yk-
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Ecyim 661 B mporecce HaOIIOAEHUN He OBLIO CJYYAHHBIX OMIMOOK HMJIM OIIHMOKK OBLIH ObI
TaK MAaJIbl, YTO UMH MOXKHO OBLIO OBl IIpeHeOpeUb, TO ObLIO ObI JOCTATOYHO UMETH CTOJIBKO
HaOJIIOIEHUIT CKOJIBKO M Hen3BeCTHHIX. OJIHAKO B peasibHBIX 3aa49aX 9TO HE TaK.

,ZLJIH TOro, LITO6I>I MOZKHO 6bIﬂO HadeATbCAd Ha YaCTHUYIHYIO B3aUMHYKO KOMIIEHCAIIUIO OIIMH-
6ok, GepyT umcsio HaOIOAEHUIT (T.e. YHCJIO YCIOBHBIX yDaBHEHWii) ropas3mo GoJibIie, dem
KOJIMYeCTBO HEW3BECTHBHIX. Torfa mosydaercs ajarebGpandeckast (Kak MpaBHIO HeJWHeHHAs)
CHCTeMa YCJIOBHBIX YPAaBHEHHUH CO CAYYAMHBIME MPABBIMH YACTIMH.

[TockoIbKYy B CHCTEME €CTh CAyJailHble OINIUOKM, TO CHCTeMa, OYeBUIHO, HECOBMECTHA
JdazKe IIPHU TOYHbIX (byHKL[I/IOHaJIbeIX CBA3AX. 9TO O3HavaeT, 9TO He CYyIeCTBYeT TaKuX

* *

0, 071,05, ..., KOTOpBIE YIOBJIETBOPSIN OBl BCeM YCJIOBHBIM YDaBHEHHAM OJHOBPEMEHHO,
T.C.

j%( 87 Tv ;w")__yk::€k7é0

Bemuuuna fi(0g, 01,09, ...) — Yy HASLIBACTCI HEGA3KA.

Ecau pana cucrema paBHOTOYHBIX YCJIOBHBIX yPaBHEHMIT, TO Oyg1eM HMCKATh HEU3BECTHBIC
Tak, 9TO0BI CyMMa KBAJIPATOB HEBA30K ObLIA HAMMECHDLINEH, B UeM 3aKII09AeTCA NPUHUUN
Jescandpa.

9.2 IIpunrun Jlexxaunapa u mero HaumeHbIinx KBaaparos (MHK)

Ob6pasyeM cyMMy KBaJIpaTOB HEBI30K
. 2
S=> [fr(00,01,0s,...) =y
k=1

Heobxomnmoe ycioBue MuanuMyma S

0s _ 95 _ 95 . _,
00, 00, 00,

[lomydeHHBIE ypaBHEHNS HAZBIBAIOTCA HOPMAALHOLMU YPLEHEHUAMU.

9.3 O6006mennblii npuHiun Jlexxkanapa u B3Bemenublii MHK

[Tpunnun Jlexkanjpa MokHO 0600IIUTH HA HEPABHOTOYHbBIE YCJIOBHbIE ypaBHeHus. Kpome
TOr0, MOYKHO TPUBECTH HEPABHOTOUYHBIE YPABHEHUsI K PABHOTOYHBIM.
[Tycts w3BecTHBI cpejHWEe KBaJApaTWIHbIE OIMOKU Sq,So,...,S, W HaiJIeHB Beca

P1,P2y- -3 Pn-
Hautosee BepodATHaA COBOKYIIHOCTD 3HaYEHU IMoJIy49aeTCd IPU MUHUMHU3aIN (0606’114671—

noul npunyun Jlesicandpa)

Sp=> P fr(©0,01,0s,...) — ]

k=1

U3 obobmennoro npunnumna Jlexkanapa Jerko moayIuTh NPaBUIO NPUBEICHUST HEPABHO-
TOYHBIX YCJIOBHBIX YPaBHEHUN K PAaBHOTOYHBIM:

n n

Sp= et = (aym) =Y .
k=1

k=1 k=1
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10 JImHeapuzanus yCJIOBHbIX ypaBHEHUIA U IIpe/CTaBJie-
HUEe pe3yJibTaTa PENIeHnd YCJIOBHBIX ypPaBHEHU

CocTaBuTh HOpMaJIbHBIE YPABHEHWST MOYKHO MPHU JIFOOOM BUJE YCIOBHBIX YpPaBHEHUil, HO
perraTh, OCOOEHHO B HEJIMHEHHOM cJIydae, TOBOJBHO TPYIHO. KpoMe TOro, moTydeHHbIe perire-
HUd HOPMAJIbHBIX YpaBHEHHI He OYIyT 003aTeIbHO JUHERHBIME 110 CIY YaHHOU BeJTUINHE Yy, .
D70 3aTPy/HSET BHIYUCACHHE CPEIHUX U CPETHEKBAIPATUICCKUX OTKJIOHEHHUI HEU3BECTHBIX
(T.e BBIYHCJIEHIE TOYEYHBIX ONEHOK U JOIYCTUMbIX HHTEPBAJIOB JIJIs 3TUX HEM3BECTHBIX ).

OueBniHO, TOPA3/0 yA00HEE PAdOTATH C JUHEHHBIMU YPABHEHUSIMA, KOT/IA HEU3BECTHHIE
3aBHUCAT OT CJOYUYANHBIX BEJTUYUH JUHEHHBIM 006pa3oM.

[IpwBOAUTH K TUHEHHOMY BHIY MOYKHO YIQ9HOU 3aMeHOi mepeMeHHbIX. Hampumep, mycTh
YCJIOBHBIE YPABHEHUS UMEIOT BUJT

Qg Sin(@() + @1) + Bk SiD(@O — @1) + fyke_262 = Yp,

e g, ©1, Oy — HEM3BECTHBIE, KOTOPbIE HYKHO OIPEAEUTh, (O, Bk, Ve — 3aJaHHBIE HECJIy-
JaiiHble BEJIUYUHBI, |y — CJydYailHble BEJIUIHHBI.
Creaem TOICTAHOBKY:
Sin(@() + @1) =,

Sin(@o - @1)
—209

Y,

(& = Z.

[Tocsie 1OJICTAHOBKY TOJIYYUM JUHEHHYIO CUCTEMY YCJOBHBIX YpaBHEHUII:

g + By + ez — yr = 0.

Pemus s1y cucremy (meromom Kpamepa niau merogom Faycea), oy M TOY€IHbIE OTIEH-
KA HEW3BECTHBIX T,Y,Z. [IOCKOABKY 3TH BEJUYHUHBI €CTh JUHEHHbIe (DYHKIUU CIy9IallHBIX
BEJINYUH Yj, (KOTOPBIe 0OBITHO MPEIOJAraloTCsl HOPMAJIBHO PACTIPEIeJEHHBIME W HE3aBUCH-
MBIMHE ), TO M CAMH OIEHKH HEM3BECTHBIX OOJIAJIAI0T TeM Ke pacipejieeHueM (HOPMAIbHbBIM).

HckoMble HEM3BECTHBIE o o
= arcsinx + arcsin y

2
@1 _ arcsinx — arcsiny
2
- Inz
@2 — —T

Hakomen, HaxoIuM 3aKOHB pacnpeenenns Oy, O, Oy W TOTOM BEIYHCIAEM WX IUCTICp-
CHH.

OHaKoO Takyio 3aMeHy MOYKHO CHIeJIaTh JIajleKo He Bcerpa. Paccmorpum oOmumit MeTosn
JIMHEApU3aluu YCJIOBHBIX YPaBHEHUH, PEJIIIOJI0AKUB TOJIbKO, YTO KOIDDUIUEHTHI yCJIOBHBIX
yPaBHEHHUIT TOYHbBIE, & CJIydaliHble ONUOKHU Yj MAJbI IO MOJLYJIIO.

Paccmorpum a1y 3314y Ha TIpuMepe.

2
@o-sin(@it+®1> +@2 =w

3

Onpeneutsb O, O1, Oy u O3, cunTasl, YTO BEJIUUUHA W COACPIKUT CJIyUalHbIE OIMUOKH U
BCE M3MEPEHNs PABHOTOUYHBIE.
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Tabsumna 18:
Cmamucmuveckutd pad caydalinotl GEAUNUHDE Wy 8 MOMEHbL BPEMENU ),

tr | 0.0 |052]1.04]1.56|2.08]260| 312 |3.64]4.16 | 4.68 | 5.20 | 5.72 | 6.24

2.02 | 1.86 | 1.49 | 1.02 | 0.51 | 0.14 | —0.03 | 0.15 | 0.53 | 0.97 | 1.46 | 1.90 | 1.98

Wk

CayuJaiinasg BenmuunHA W 3ajaHa TabJUYHO JJIs PA3HBIX MOMeHTOB Bpemenu (Tabuna
18).

[ToxcraBuM B 3a/JaHHBI 3aKOH TAaOJUYHBbIE 3HAYEHUS 1 U Wy U MOJYYUM CHCTEMY W3
13-Tn HeMMHENHHBIX YCTIOBHBIX yYpaBHEHUI

@0 'Sin(? —l—@l) +@2 = Wg

3

Haiigem (s1106b1M criocoboM) mpejiBapuTe/ibHble Ipub/iuzKennbe 3nadenus. [lepuog ©F =
6.30, moTomy uro mpu t = 6.24(< 6.30) eme me moayUeHO Hexoanoe 3Hadenue (2.02), T.e.
Hepuo, KosebaHns J0JKeH ObITh HeMHOro 6osbire. Beanannsr ©F = 1.08 u ©Y = 0.90, T.X.
MaKCHMaJbHOE 3HadeHne w OJM3K0 K 2 U cpean 3HaUeHuil ecth Ojm3koe K 0, 9T0 O3HAYAeT,
uro Oy u O) ecrTb BeJMUYMHbLI OJHOTO HOpsjKa; mycTh O) ecTh cpeanee apudmMerHueckoe
Beex wy. Jasee, npuvem 09 = 1.50 — 310 ciejyer u3 rpyGoro cpaBHEHHS W ¢ OOBIYHOL
CUHYCOUJIOM.

BribpaB HadaIbHBIE NPHOIHKEHHS HCKOMBIX HEM3BECTHBIX IAapaMeTPOB, HOJTOXKHAM

@Q:@8+$1,
@1:@(1)4‘91,
@2:@g+21
@3:@g—l—u1.

[TogcTaBuM 5TH BBIpAasKeHHsI B YCJIOBHBIE YPaBHEHUs U Pa3aokuM DYHKIuA ( f) B psajbl
110 CTeleHsIM T1, Y1, 21, U1 ¥ OTPAHUYMMCSI B PA3JI0KEHNUSX MMEPBBIMHU CTENEHIMH 3THX IOTTPa-
BOK:

Ofk O fr 0 fr O fr
00 @0 A0y _ IJk IJk Ofk _
f1(8g, 04, 03,03) — yx + 90, | " rey w + 70, a + 50, g 0,
rie

2

fr =06¢ - SiIl(ﬂ.—tk + @1> + O,
O
Y = Wg.

. [ 2wt 27t 27t 27t
T ~sm< - +@(1]> + Oy ‘COS( @gk +@(1)) — w0 - i -Cos<_ok+@(1j> + 2+

21ty
3

k=1,2,...,13.
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[Tepenumiem (mepeoGoO3HATNM) CHCTEMY B BUJIE
apry + bkyl + ¢z + dkul +yr = O,

rae
ay = sin 7,
. 27Ttk @
T = @0
b, = @0 COS Ty,

C = 1,
2nt
d, = _@g.COS(Tk) | _2mt

()

Y = @8-sin7'k+@g—wk.

Tenepb HEOOXOIUMO PEHIUTH CUCTEMY YCJOBHBIX ypPaBHEHUI, MCIIOJIH30BaB IpUHIHMII .J/]e-
KaHJIpa, U ONpeIesuTh

L1, Y1, 21, U1,

a TaKzKe Cpe/THeKBaJIpaTHYecKre OIMMUOKH STUX BEJTUINH
Sxl, Syl, Sz15 Sul-
[IycTh jgana cucTeMa JIMHEHHBIX YCIOBHBIX yPaBHEHU
arx + bpy + ¢z + dpu + yr, = 0,
IJIe HeU3BeCTHLIE:
x? y? Z? u?
HecAy4dalHble 4UC/Ia, U3MEHAIOINeCd OT yPDaBHeHUA K yPABHEHUIO:
Qag, bka Ck, dk7

a cJIydaiiHble OMMMOKH COJEPKATHCS TOJIBKO B k.
Hesasku ectn
€x = apt + bry + cpz + dpu + yg.

Corstacuo npunnuny Jlexxauapa, Hy?>KHO MUHIMA3HPOBATH

S = Z € = Z(akaj + by + cpz + dpu + )2
k=1 k=1

Cunraga YCJIOBHBIC YPpaBHEHHA PaBHOTOYHBLIMHU, 3allMIICM HGO6XO,ZLI/IMO€ ycjgoBue MUHUMY-

Ma:

)
%:222l(akx+bky+ck2+dku+yk)-ak:()
oS

—2Zk | awe + by +crz +dyu+ 1y ) - b =0
—QZk 1(akx+bky+ckz+dku+yk)
_2Zk 1(Gk$+bky+ck2+dku+yk) dk
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Dtn yciaoBud NPUBOJALAT K HOPMaJIbHBIM YPaBHEHUAM

( n n n n n
Ty @AY kb2 e akck Huy o apdp + > aryr =0
x Zzzl brax +y Ezzl bi +z ZZ:l brek + u ZL brdy, + ZZ:l bryr =0

X 22:1 CrQp + Yy ZZ:1 Ckbk + z ZZZI Cz +u ZZ:l dek + ZZ:I CrYr = 0

& D s ek +y > gy dibk + 230 diey +u g dE + D00 diyy, =0

AHAJIOrUYHO COCTABJISIIOTCS HOPMAJIbHBIE YPABHEHUS MPU JTIOOOM YHCJIe HEU3BECTHDIX.
Perienne cucreMbl HOpMaJIbHBIX ypaBHeHuii Merogom Kpamepa (ymo6HO mist cucteMm He

BBIIIIE 4-TO MOPSIJIKA):

TEAYT AT AN T A
rie A — olpeje/uTesb OCHOBHON MaTPHIIBI cUCTeMbl. Jljid rmepeMeHHOl T
) B
_|[by c L | b c
B =il () feel fed)| = "2 o [l o] fed
[dy] [db] [dc] [dd] dy [db] [dc] [dd]
rae 0603HAYEHO
[ab] = Z akbk
O6o3HaunM )
bl B
B =1l (e led [ed]|”
dy [db] [dc] [dd]
Torma
A
I_K__kﬂxyk'
Torna
s A%,
Sz = 2 Psk- 9)

Hokazxem yrepxaenue (9).
JeficTBUTENBHO, ¢ yI€TOM B3aWMHON HE3aBUCUMOCTH BEJIMYUH Y, JUCIEPCUST BEJINIUHBI

I IO OIIPEeNeJICHUID eCTh

n n 2 n 2
Dlz] = s = D[— Z %yk] = Z (%) Dly| = Z %si
k=1 k=1

k=1

JInst paBHOTOYHBIX JIAHHBIX
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MoOKHO BBIBECTH, 9TO
n
E AQ - AAH,
k=1
rae Aqq ecTb ajarebpandeckoe AOMOJTHEHHE IEPBOr0 ITMaroHAJIHLHOIO 9JIEMEeHTa OCHOBHOM MAaT-
publ CUCTEMBI. ILHH A0Ka3aTe/JIbCTBa JOCTATOYHO 3aME€THUTb, 1TO

oo B B E B
; Af = ; Ag - Ay = e [eb] ec]  ed]|’
dodpAy [db] [de] [dd]

LpUYeM OLIPEJIeJIUTE/IN, COJAEPKAINe OJIMHAKOBbIE CTOJIONbI, PABHbBI HYJIIO

Z CLkAk = A.

PaCKJIa,ZLbIBaH ‘IeTpreXMeprIﬁ oIIpene/JuTe b II0 IIePBOMY 3JIEMEHTY, IIOJIYyIaeM HCKOMOE
COOTHOLICHUE

S A=A ()AL
k=1

Torma g paBHOTOYHBIX JTAHHBIX

2 Bu
T A 0
"u
s _ A
pI - SZ - All
AHaHOFI/I‘IHO JJId APYTUX HEU3BECTHLIX!
A, A A,
= — = — U= —
=D T AT A
nu
A A A
Py = —,Pz = yPa = )
AL Ass Ay

rae A — ompeaeauTe b OCHOBHONR MaTPHUIIBI JUHEHHONR CHCTeMBl HOPMAJIbHBIX ypPaBHEHM, a
Apg — cooTBeTCTBYIONUE ajaredpandeckue J0MOJTHeHus k-T0 JUArOHAIbHOIO JIEMEHTa OCHOB-
HOIl MaTpHUIIbL.

[Tociie periennst HOpMAJIbHBIX ypaBHEHWH TOJYYaiOTCad Hanbojee BEepOATHBIE 3HAYEHUS
HEW3BECTHHIX: T, Y, Z, 4. /IX MojcTaHOBKA B YCJIOBHBIE ypaBHEHUd JacT HEBA3KH, yIOBIETBO-
pSIOIINe YCJIOBUIO MUHEMYMa CYMMbBI KBaJIPATOB. DTH HEBI3KU HAZBIBAIOTCA OCMAMOYHLMU
NO2PeUHOCMAMY 1 0003HAUAIOTCS €.

CyMmMa KBaJpaToB OCTATKOB €CTh

S =
n n 2 n n n
=> &= Z(akf + b + iz + dyii + yk) =TY aye+7 Y by +2 Y cuypt
k=1 k=1 k=1 k=1 k=1
=1u Z dryk + Z Yi
k=1 k=1
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Haubojiee BepodTHOE 3HAYCHHE CPEJHEKBAIPATHICCKONR OMMMOKN HA €IMHUILY BECa So:

@]

So —

3
|
3

rjae m — YUCJI0 HeU3BeCTHBIX.
Torma cpejHexkBajpaTndecKne OMMOKN J/Isi HEM3BECTHBIX €CTh

S0
Si = )
Pz
S0
S =
] )
Py
S0
32 = )
Dbz
S0
Sg = .
Pa
OKOHYATEILHO pelleHne 33 AN (B IIepPBOM HpI/I6JH/I}KeHI/II/I) 3aMUCHLIBACTCS KakK
r =2+ s;z,
Y=y + S5
=2z j: Sz,
u=1uzx sy

Jlng paccMaTpuBaeMoro cJydast
z =0.096;y = 0.092; z = —0.075; u = —0.026.
pz = 6.2;p5 = 0.40; pz = 4.5;pz = 0.113.

S = 0.006925.
58 = % = 0.000778; so = 0.028.
52 = 0'02# = 0.00013, sz = 0.011;
52 = % = 0.00019, s; = 0.044;
s2 = % = 0.00017, s5 = 0.013;
s2 = % = 0.0069, s; = 0.083.

OKoHYaTEeILHO pelieHne IepBOro NpudIUKEeHUs eCTh
x = 0.096 £ 0.011,

y = 0.092 & 0.044,
2 = —0.075 + 0.013,
u = —0.026 % 0.083.

[Tocsie Toro, kak HaiiJIeHO pelleHue MepBOrO HPUOJIUZKEHUS, MOXKHO IMOCTPOUTH BTO-
poe npub/JUKEeHWe U T.J., aHAJOTHIHBIM 00Pa30M CTPOA CUCTEMbI YCJIOBHBIX YpPaBHEHUII,
CBOJd MX K CHCTeMe HOPMAaJbHBIX ypaBHeHHU u pemiad. [Iponecc mozxker OBITH OCTAHOB-
JIEH TOrJa, KOTJIa B JIBYX IIOCJIEJIOBATEBHBIX UTePAIUsaX ¢ 3aJaHHOM TOYHOCTBHIO IMMOJIydva-
0T OJMHAKOBBIE 3HAUeHUd. Tak, TOUeUHBbIe ONEHKH PENIeHHs BTOPOTO NPHOIMNKEHUSA eCTh
{z,y,z,u} = {0.004,—0.013, —0.001, —0.006}, a Beauuuna S = 0.006864.
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11 OpaodaKkTOpHBIA ANCIIEPCUOHHBIN aHAJJIN3

Pazymmyator Tpu THA CBA3M MEXKY CJAyYallHBIMU BEJIUYUHAMU U, COOTBETCTBEHHO, TPU
CPYOIBI METONOB. Jlucnepcuonmsili aHa.Au3 yCTAHABINBAET HAJUIHE BO3MYIIAIOIIETO (DAKTO-
pa, KOTOPBIil BJHSET HA CTATHCTUIECKYIO COBOKYITHOCTH BBIOOPOYHBIX JaHHBIX. CTelneHb BJIH-
sIHUsI BHEIMHUX (PAKTOPOB MOXKHO OHpPEIeHTh METOIAMHU KOPPEAAUUOHHO20 GHAAU3G. KOH-
KpeTHasi MATeMATHIeCKasT MOJIE/Ib BIUSIHAS YCTAHABIUBACTCS PE2PECCUOHHBM GHAAUZOM, [8].

Pasmmmuaror odnodaxmoproili u mruozoparmopruiti quctuepcnoHubiii anaau3. CyTb OHO-
GaKTOPHOr0 JUCIHEPCHOHHOIO AHAIN3a COCTOUT B TOM, 4TOOBI YCTAHOBUTD HAJIMYNE U3MEHE-
HUA JUCTIEPCUU BbI6OpOLIHbIX JAHHBIX TTPU USMEHEHUUN ypOBHefI BJIUAHNA KaKOT'O-TO OJHOT'O
BHeIrHero dakTopa. Eciau npu u3meneHun 3toro ¢hakTopa JHUCIepCcHs BLIOOPKH OyjIeT 3Ha-
IIMO HU3MEHATHCS,TO ITOT (PAKTOP JOJIZKEH OBITh TPU3HAH 3HAUYUMBIM B CBOEM BJIMSHHH Ha,
cpejHee 3HaYeHHe HAOJIOAAEMON BeauduHbl. JIUMCIepCHOHHBI aHa/Iu3 JaeT BO3MOXKHOCTD
TOJIBKO YCTaHOBUTL HaJIMYINE€ 3HAYUMO BJINAIOIIETO CbaKTOpa, HO HE JaeT BO3MOZKHOCTL KO-
JIMYECTBEHHO OHEHUTH CUJIYy ero BJIINAHUA U TeM 60ﬂee HEe JaeT MaTeéMaTHuYeCKYI0 MOICJIb
yroro (gaxkTopa.

PacemoTpuM 3a1a1y 0qHOMAKTOPHOTO IUCIEPCHOHHOTO aHAJIH3A.

Mg anaju3a HEOOXOJMMO HMETb HECKOJIbKO BbIOOPOK CJIydailHbIX JAHHbIX, I10JIYy4Y€H-
HBIX M3 OJHON reHepa/bHOR cOBOKymHOCTH. [lepes HavaIoM aHaIX3a HaJl0 IPOBEPHTD, U4TO
paciipeaeseHne NCXOAHBIX 3JIEMEHTOB BbI60pKI/I NOJINHACTCAd HOPMaJIbHOMY pacCHpeae/IeHUIO
(MeTo/pI TaKO# MPOBEPKH OYIYT PacCMOTPEHBI B TocjegHeM paszerne). Kpome toro, Hao
[IPOBEPUTH, YTOOBI JUCTIEPCHH BHIGOPOK OBLIH OJIMHAKOBBIMEU (IIPOBEPKA PABEHCTBA JTHCIEP-
cuil IBYX BBIGOPOK TMpou3BoauTcs no F-gpurepuio Ouiepa).

Anamusupyerca Bamstane daxropa A = {A;, As, ..., Ax} (Tabmuma 19). B kaxmgom
cToJibrie BrIbOpKa {xil, Tioy - - ,mm} XapakTepu3yeT W3MeHeHNe JaHHbIX 101 BJusHIeM (hak-
topa A ypoBus A;. TodedHas OleHKa JUCHEPCHH TAKOH i-0if BEIOOPKH ([IPH HEM3BECTHOM
MaTeMaTHIeCKOM OXKHUJIAHWH, KOTOPOe TaKKe JIOJZKHO OIEHUBAThCS 110 ITON BHIOOPKE) ecTh

n

. 1 n 1 ) 2
Sz—n_lz ZCZ']'—EZZEU .

J=1 Jj=1

[IycTh mpoBepeHo, 4To i Beex ¢ = 1,2, ...,k Bce s? = const.

Dru k BIOOPOK (Kazkjasi U3 KOTOPBIX OTBEYAET CBOEMY YDPOBHIO Kputepus A) MOMKHO
paccMarpuBaTh Kak 00beNHEHHYI0 BHIOOPKY, 00beM KOTOPOii eCcTh Zle n =n-k. Cpennee
9TOi 00'beIMHEHHOIT BHIDOPKHU €CTh

a THUCHepChus
1 k n 2 1 k n 1 k n 2
fe () S o ) -

i=1 j=1

rae
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Tabsumna 19:

Yposru daxmopa A = {Ay, As, ..., Ai, ..., A} npu odnodarmoprom ducnepcuorrom
ananu3e
HOMED Al A2 . Az c. Ak
HabJII0IeHU
1 T11 T21 Ce Ti1 Ce Tr1
2 T12 | T2 . T2 | «.. %)
J Tij | T2y T T
n Tin | Top | oo | 0 | oot | Thn

eCcTh CyMMapHas Jucnepcust (Wi paccesiHue BHYTPU BBIGOPKH), &

eCTh JUCTIEPCUs MeXK Iy BRIOOPKaMH (T.e. CyMMa KBaJIPATOB OTKJIOHEHU CPETHUX IO BHIOGOPKE
OT cpeiHero o0be IMHeHHOI BEIOOPKH ).

e JlokazkeM TOXKJIECTBO (c643b ducnepcuy, 06sedunernol 6ubopKy ¢ ducnepcuet 6HYMpu,
00H0T 6b60pKY U ¢ ducnepcuels mescdy 6uboPKAMU):

1

,HJIH J0Ka3aTeJIbCTBa U B METOJUYECCKUX IeJIAX PpacCIIMIIeM BbIpazKeHHAg 82, S%, 81241

52.(n.k_1)_ii<xij—ﬁiixij)2_

i=1 j=1
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n

1

n

)9 99 o

1y

k

%

2
k

2
xz‘j)

1

IS

2

k

)

b

1
n-(k—1)

i=1 j=1

J

TakKuM 00pa3oM, HYZKHO JOKa3aThb, UTO

PackpbiBas ckOOKH, 110J1y4UM

9TO 1 TPeDOBAJIOCH JI0KA3ATh.
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[IpoBepka BiusgHusa (hakTopa A Ha H3MEHEHHe CPEIHHX CBOIHTCS K CPABHEHHUIO IBYX
nucnepenit, s% u s3. Brusaue daxTopa A NpU3HAETCS 3HATUMBIM, €CJIA 3HATUMO OTHOUICHHE
s /s2. Orunomenue s%/s2 upusnaercs 3Ha4UMbIM ¢ JIOBEPUTE/ILHON BEPOATHOCTBIO 7, €C/I1

A S (k- 1,k(n - 1)),

rae F.(k — 1,k(n — 1)) — y-xBantmas (wm o = (1 — )-nponentnas touxa) F,(ky,ks)
pacupegenenust Qumrepa ¢ ky = (k — 1), ko = k(n — 1) crenensiMu ¢BOGOIbI.
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12 KoppeJdiiuOHHbIN aHAJ3

Koppensinuonubiii ana/jin3 mnpejiojaraeT M3ydeHue 3aBUCUMOCTH MEXK/LY CJIydaiHbIME
BEJIMYAHAMHU C OJJHOBPEMEHHONW KOJMYECTBEHHON OIEHKOW CTEIEHW HECAYYAHHOCTU WX COB-
MECTHOTO m3Menenwus, [8].

3aBUCUMOCTD MEXKJIy CAYYalHBIME BeuduHamMu X u Y XapakTepH3yercs koadduruet-
MOM KOPPEAAUUU, TOUHOE 3HAUYEHUE KOTOPOrO €CTh

M[(X —my) - (Y —my)]
D[X]- D[Y] '

p:

Kosdbdunuent koppessiun mOKa3biBaeT, HACKOJIbKO 3aBUCUMOCTH MEXKLY CJIYYaiiHbIME
BeananHamu X u Y Gsm3ka K crporo jmHeiHoi. Eciu X u Y nMmeror HopmasibHOE paciipe/ie-
Jenust, 70 p = 0 IS HUX O3HAYAET OTCYTCTBUE JIUHEiiHOH cBsa3u. PaBercTso |p| = 1 o3nagaer
HaJIMYME CTPOro JUHEUHON CBA3U.

12.1 Omnenka ko3 dunmenTa KOppeadanumn

B caydae paGoTbl ¢ peanbHBIMH JAHHBIMH JIIg JBYX CIyYaiflHBIX BeqwuuH X =
{x1,29,.. ;2 } 1Y = {y1,v2,...,Yn} sw60pounbiil Kosfpunyuenm xoppessyuu r = q = p*
(mpuBOAATCS pasnuyuHble 0003HAUEHUA KOIDDUIUEHTa KOPPETAINT, BCTPEYAeMble B JINTe-
parype) ecrb

rie
_ 12” _ 12”
.f:ﬁi:ll’i,y:ﬁi:lyi.

Ecau r =0, To X u Y He KoppeaupoBaHubie (HO MOTYT GbITh 3aBucumbie). Ecan |r| = 1,
TO MexKay X H Y CyIIecTByeT 3aBHCHMOCTH B BHIE IPAMOM IIPOMOPIHOHATIHLHOCTH.
[Ipu masioM obbeme BHIOOPKH, N < 15, KoaddUnueHT Koppe s Jydiine OleHuBAThH M0

dbopmyure, [8]:
r=r- |1+ 1_—72
r=r 2n—3)|

[Ipu Gosbimom obbeme BbiOOpKH, 1 > 200, BeIOOpOUYHBIH KOIDDUIUEHT KOPpEadIun
uMeeT HOPMAaJIbHOE PACIIPe/IeeHne

r ~ N(m,,o?),

, 1—7?
m, =r,0, = ——.
n—1
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Tabumna 20:
Hexomopuie kxpumuueckue 3naverus v, 6ub0pouno2o koapduyuenma Koppesayuu

KOJIMYECTBO 3TeMeHTOB BeIOOpKH | v = 0.90 | v = 0.95 | v = 0.99

n=23 0.998 0.997 1.000

n =10 0.549 0.632 0.765

n=15 0.441 0.514 0.641

n =20 0.378 0.444 0.561
Tabmuna 21:

Cayuatinoe seaununst X u'Y , uccaedyemulie Ha KOPPEAAUUOHHYIO 3ABUCUMOCTND

X

2141 73|11 |14]15]21] 4

716|411 2|21 |31]23|40]15

12.2 HWccaenoBaHue 3HAYNMOCTU KOPPeJaInun

Ha mpakTuke HAROOIBITYIO BaXKHOCTD MPEJICTABISIET 33a9a MCCACOBAHUST 3HATUMOCTH
KOPPEeJISIUHI, T.e. UCCAEYEeTCs, HACKOJIbKO CUJAbHO KO (pUIMEHT KOppeJsaluu OTJIUYeH OT
nysis. JInsg 9Toft mem BoraucigeTcs BLIOOPOUYHOE 3HAaUYeHHE KOI(MDDUIUEHTA KOPPEIAIUN I U
CpPaBHHBAETCH C TAOIMYHBIM KPUTHYeCKHM 3HadenneM 1., (Tabmuma 20).

s BeIOOpKH O0JIbIIOro odbeMa, n > 200, KpuTHudeckoe 3HadeHue KodhduiuenTa Koppe-
JISIIAE XOPOIIIO ATIPOKCUMHUPYETCsT U, ~-KBAHTIIBI0 HOPMATIbHOTO pactpenenenns (Tabimmna
12):

1
Ty Y Usy.

Paccmorpum nipumep onpejiesieHus 3HAYMMOCTH KOPPEJIAIHUOHHON 3aBUCUMOCTH MEXK Ty

JIBYMsT BRIGOpKamu, [8].

e B pesysbrare nab/oenuii naj caydaiinpivu BesimdaunaMu X u Y 1mojiydeHa COBOKYII-
HOCTh JaHHBIX U3 10-TH 57€MeHTOB [ KaxKoii caydaiinoil Bernunabl (Tabauma 21).
HeobxoanMo mpoBepuTh, ecTh Jin Koppeadnud Mexkay X u Y ¢ J0BepHTeIbHOI Bepo-
ATHOCTBIO ¥V = 0.95

s pelieHus HAXOIUM XapaKTEPUCTUKHA BHIOOPOK:

10 10

B 1 —\2

x:iaggﬁzgg,;;%—x)z4%ﬁ,
1 10 10

=15 D U= 16.0, (y; — §)* = 1422.0,

i=1 i=1
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10

Z(% — ) (yi —y) =T723.0.

i=1
JaJiee morydaeM orieHKn Ko puimenTa Koppeasaium

n

Y (wi—7) (4 — ) -
=1

r= = = 0.952.
. . VA05.6 - 1422

> (wi =22y (v~ )

i=1 i=1

Ucnonb3yst mpubInKeHHYIO ONEHKY, JIYUIITYIO JI/Isi MaJIbiX BEIOOPOK

1— 2 1 — 0.9522
F=r-|1+— | =0952- 1+ —"""") =0.958.
T [+2<n_3>} (* 2.7 )

Ucnonb3yst ., -KBaHTHIb HOpMaIbHOro pacupeeaenus (Tabauna 12), npuvennm dop-
MYJLY JIJIsl OIIEHKW KPUTHYECKOTO 3HAYeHUs KOI(PDUIUeHTa KOppesaiuu Jijig OOIbITIX
BBIOOPOK

1 1.96
Ty =T0.95 = Uy = —5— = 0.653.
vn—1

3
Eciu yaects, 9T0o paccMarpupaeMas Boibopka Maia (n = 10), To

T0.95 = 0.632.

HOCJI@,ZLHGG SHa49eHue MOXKHO TTOJIYYHUTH U3 T&6III/H_U)I TOYHBIX KPUTHUYECKUX 3HAYEHUN

r (8], Tabmuma 20).

B moboMm ciyuae, 7 = 0.958 > 0.653, u KOppe/dliug NPpU3HAETCA 3HAYUMOM € JIOBepH-
TeJbHON BepodTHOCTBIO v = 0.95.



13 PerpeccuoHHblii aHAJIN3

MeTo/ibl UCIEPCHOHHOTIO U KOPPEJISIIMOHHOIO aHAJIN3A [T03BOJIAIOT OIPE/IeJTUTh, €CTh JIH
CBSI3b MEXKJIy CJAyYailHBIMU BeJIUYWHAMU, W MO3BOJIAIOT OINEHUTH CHJIy 3TOH cBaA3u. Tenephb
HEOOXOIUMO YMETh OIpE/IeJIATh KOHKPETHbIA BUJI (PYHKIIMOHAJIbHON 3aBUCHMOCTH MEKLY
CJYYaHBIMYU BeJIMUMHAMHE — B 9TOM U 3aKJI0YAETCd 3ajlada PErpecCHOHHOTO aHan3a.

[IycTh mceneayercsa cBA3b MEXKIY ABYMs CAyYafiHBIMU BBIOOPKAMHU

X =Az1,29,...,x,}u Y ={y1,9,...,Yn}

Pezpeccueti y no r Ha3pIBaeTCA 3aBUCUMOCTD CPEIHUX 3HAUEHUH CIYyIallHON BEeJTUIUHBI Y
OT CpeJIHUX 3HadYeHui ciaydaitnoit Besmuanabl X . MeToibl HAX0XK/JEHUA 3TON 3aBUCUMOCTH |
00sg3aTebHbIe OIEHKN CTATHCTUYECKUX CBOUCTB 3TON 3aBUCUMOCTH — 33/1a49a, PE2PECCUOHH020
aHAAU3G.

[Io BEIOOPOYHBIM JAHHBIM MOYKHO, OYEBHIHO, HANTH TOJBLKO OIEHKY HCTHHON perpeccut,
KOTOpas OYIeT comepzKaTh OIMMMOKU, CBSI3aHHBIE CO CAYYANHOCTHIO ¥ OTPAHUYEHHOCTHIO BBI-
6opKu. B 0CHOBE PErpecCHOHHOIO aHAIN3a JEXKHUT Memod Haumenvwur keadpamos (MHK).
Coramacao MHK, B kagectBe ypaBaenusi perpeccunt y = f(x) Boibupaercss GyHKIHs, KOTOPast
JlaeT MUHUMYM CyMMe KBaJIpaTOB pa3HocTeit

S = i [yz — f(xz)}2

Kaxk npasmio, obmuii Bujt byHkImu f(x) ompeensercs 3apaHee, a METO0OM HAUMEHBIIIX
KBaIpaToB onpeesiorcs kodbduuentsr dbyuknnu f(x), munuvusupyomue S. Komuae-
CTBEHHAs Mepa PACCesTHUsI 3HAYEHUiT y; BOKPYT perpeccun f(r) — 9TO AUCTIEPCHUST:

n

D:nikz[%_ﬂ%)r’

i=1

rae k — aucao ko3 GUIEeHTOB, BXOAANNX B AHAJTATHYECKOE BRIPAYKEHHE perpeccun (HaApH-
mep, ecan f(x) — MHOrOWIeH crenenn m, o k = m + 1).
B zaBucumocTu ot Buga dyHKIuE f(T) pazandanT AuHedHy0 pezpeccuio:

flx)=a+b-zx
U HeAuHnelinyo pezpeccuto:
f(x)=ao+a-zv+ay-2*+....

B 3ajauax HeJNHENHHOH perpeccuy 9acTO HMCIOAB3YIOT PAa3HOTO POAA JNHEAPHU3YIOITHE
peobpazoBanyst (HATPUMep, 3aMeHy epeMeHHbIX ). [Ipn HeBo3MoKHOCTH Hn Heah)EeRTHR-
HOCTH JIMHEAPU3AIHUN PEerpeccusi CTPOUTC € MOMOIIBI0 MHOTOYIEHOB CIEIUAJIbHOTO BUIA —
OPTOTOHAJIBHBIX HOJIMHOMOB (HAIIPUMED, MOJIHHOMOB Ye0biineBa).

o Obwas crema nocmpoeHus Aunelinotl peepeccuu:

1. Bajanue onpeieIeHHONU perpecCHOHHOM MOJIe/H ¢ HeU3BeCTHBIMU KO3 puiuenTa-
mu Buga f(x) =a+b-x;
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2. Haxoxnenue BBIOOPOYHOI ONEHKH MCTUHHON PErpeccHH I10 JAHHBIM

{xlux% v 7*TTL} " {y17y27 s >yn}7

T.e. HaXOXKJeHne Hem3BeCTHBIX Koy durumentoB a u b merogom MHK u3 ycioBus
2

MUHMMYMa BBIDAXKEHUSL Y . [yz — f(xz)] ;

OrneHKa CTATUCTUIECKOI 3HAYMMOCTHA BBIOOPOTHON PErpeccui;

HaxoxeHue JOBepUTEIHHONO HHTEPBaIa BHIGOPOTHON perpeccui (BKIHYAIONIEro
B cebsl ¢ 33/JAHHON BEPOSITHOCTHIO UCTHHHYIO PEIPECCHIO);

5. AHaJIH3 PerpecCHOHHBIX OCTATKOB, UCCJIEIOBAHHE HA HAJIMINE BHIOPOCOB.

13.1 IlocTaHoBKa 3aJa4M JIMHEMHOTO PETPECCMOHHOTO aHAJIM3a

Mozenb 3aBUCUMOCTH ABYX CJIYYaiHBIX BLIOOPOK B JTMHEHHOM PerpecCHOHHOM AHAJIU3E —
y:f(x):a—i—ﬁx,

rae a u [ — ucTuHHbIe Ko3pdunueHTsl perpeccud. VX BeIOOpOUHBIE OIEHKH OyieM 0003Ha-
JaTh @ U b COOTBETCTBEHHO.
YeoBue MUHUMYMA 10 v 1 3 (DYHKITHOHAIA

- 2
S=>"lyi— f(x)]
=1
JaeT CUCTeMy JIBYX YpPaBHEHUIA:
% =i ¥ — i (a+ B r3i) =0,

% = Z?zl Yily — 2?21 (a + - 1’1) ~x; =0,
U3 KOTOPOH cjiejlyer cucrema
nea+ By =y i
Qi T+ By =D i

Pemtenne cucrembl jlaeT UCKOMbIE OIEHKH HEU3BECTHBIX KOIMPUINEHTOB:

n n n
n E TiYi — E Z; E Yi
=1 i=1 i=1
- n n 2
i=1

i=1

Z Yi — bz Zi
=1 i=1

n

b

a

,HJIH IIPOBEPKH IIPpaBUJIbHOCTHU BBIYHUCJIEHUN MOXKHO HCHOJb30BATH COOTHOIIEHNA:

y=a+b-Z,
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rae
) 1 n '__1 n
xzﬁiilm“y—ﬁilyi.

BakHoit 0cOOEHHOCTHIO PErPEeCCUOHHBIX YpaBHEHU sBjseTcs cyaejylomasi. Perpeccust y
o z: Yy = o + [ - & He SKBUBAJIEHTHA B OOIIEM CJIy4dae perpeccuu x Imo y: x = o’ + 5 - y.

Ecmm s;,s, — cpeanekBaJpaTndecKue OTKJIOHEHHA CaydaiiHbIX Benwmdun X, Y coorser-
CTBEHHO, T.€.

n—14%

=1

To perpeccun y = f(x) u z = ¢(y) MOKHO 3aMUCATH CIEAYIONIM 0OPAZOM:

G Y (e 7
y=y+r . (z — ),

xz:i’—i—r-s—m-(y—y),
Sy
rae 7 — BhIOOPOYHBIN KO3(DDUIHEHT KOPPEJISIIU.

Perpeccun y o x u x mo y coBIaIaioT TOJBKO B OJHOM CJIyYae, KOIJa CYIIECTBYeT KOp-
PeISnnSa MEXKIY Y U & ¢ KOADDUIUEHTOM KOPPEJIAIUHI, 10 MOAY/II0 TOYHO PABHBIM €MHUIIE.
Ecim r = 0, TO psiMble PErpeccun y Mo T W T 10 Y MePIeHIuKYJIAPHBL APYT APYTY U TOTIA
B=1-58y/Ss B*=1"5:/5,.

Eciu s, = sy, To K03(bDUIUEHTHI KOPPEJIAIMU U PerPecCUy COBIIAIAIOT.

PacemorpuM cratucTudeckuit aHaIn3 HAHIEHHBIX OIMEHOK KO3 DUIneHToB a u b juHeii-
HOH perpeccun.

13.2 CraTucTndecKnii aHAJIN3 MapaMeTPOB JIMHENHOI perpeccun

g Toro, 9Tobpl MHHEHHAA MOJENb OKA3aJach YIOBJICTBOPUTEILHON IS OMMCAHUST 3a-
BUCHMOCTH JBYX CJIy4aflHbIX BEJIMYMH T U ¥, IPEXKIE BCEro HEOOXOAMMO IIPOBEPUTD, HE PABEH
. koddbdunuent [ Hy/I0, T.e. Hy?KHO IPOBEPUTH 3HAYMMOCTH €r0 OTKJIOHEHHsI OT Hy/d (B
IPOTHBHOM CJIydae PaBeHCTBO HyJ0 KO3(hMUIEEHTa IPU T 03HAYALT, 9TO MOJC/IDL JTUHETHOM
PErpeccuu He TOXOAT).

JIna TpOBEepPKHM 3HAYAMOCTH OTKJIOHEHHS (3 OT HyJds HCHOJIb3yeTCA CTATHCTHKA [-
pacnpenenenus CrblogenTa. 3uadenne [ aBISETCS 3HAYAMBIM C JOBEPUTEIHHON BEPOITHO-
CTBIO Y (MPOIEHTHON TOUKOH v = 1 — ), ecan

1
b] > ty_0~ - S5 = T’1<n — 2, %) - S3.

JloBepuTeTbHBIA HHTEPBAJ € JOBEPHUTEIBLHON BEPOITHOCTHIO Y IJIs HCTUHHOTO KO3 dH-
nuenrta [ oupejessiercsa kak (em. Tabuuiy 13)

1
b—ss T (n=2—"0) <p<htsy T (n- %)
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rIe

n n n
nzxiyz‘ - Z%Zyz
=1 i=1  i=1
- n n :
2 2
i=1

=1

b

31ech 4UCIO cTenmeHeit ¢cBOOOABI t-pacipeIe/ieHus €CTh 1 — 2, MOCKOJIBKY OIEHUBAIOTCS
JiBa Hem3BeCTHBHIX Koadpuimenta. Jlasee,

AHaJIOrUYHO TPEIBIIYIIEMY, JTOBEPUTEIbHBIN HHTEPBAJ C JOBEPUTETHLHON BEPOSITHOCTHIO
7 s meTuHHOTO KoaddurmenTta « (#e myraiite obo3nadenne koadhdunuenrta n 0603HadeHIe
IPONEHTHO TOYKH) OIpeIesIsieTcsi Kak

1 1
a—sa-T’1<n— ,%) <a<a+sa'T’1(n—2,ﬂ>,
riue
1 z?
Sq =8 4| —+

n (n—1)-s2
JI0BOJTBHO TPOMO3IKHI BBIBOJ BEIPAYKEHHUIT I S, U S3 OCHOBAH Ha TPeOOBAHUM, YTOODI

b—p3 a— «
~ T(t,—
55 (th-2,) m S

~ T(tn2s)

1 MPOBOJIUTCS C MOMOIIBIO peJcTaBenns pacupeaesienns CThIOEHTAa KAK OTHOIICHUS HOP-
MaJTBHOTO PACMPEIETIeHUsT K KBaIPATHOMY KOPHIO U3 PACIPEIeIeHus «Xu-KBaapary. JIpyru-
MU CJIOBAMHU, MTyTEM JI€JIEHUsI HA CPEIHEKBAIPATHIECKOe OTKJIOHEHUE OIEHKH TTapaMeTpa Jiv-
HeitHoit perpeccu B gucanTese (GOPMUPYETCs BeJIMINHA, 00J1aAI0Mast HOPMAILHBIM 3aKOHOM
pacmpejiesieHus, a B 3HaMeHaTeae (hOPMUPYETCs BEJIUUUHA, 00J1JIAI0NasT PaCIIpe/IeIeHHeM
\/ X%(TL - 2)7 [12]

ITPUMEP Onenku napameTpoB JHHeHHON# perpeccun. [lycTh 3amaHa COBOKYIHOCTD
jgannpix (Tabuuna 22).

JLast 9TUX JaHHBIX HYZKHO HAWTH TOYEUHYIO U MHTEPBAILHYIO OMEHKH KO3 DUIHEHTOB (v
u ( perpeccun y = « + 3 - x. llpunsats noBeputebHyio BeposTHOCTH v = 0.95. OGo3HaunM
JUTs KOMIIAKTHOCTH BBIamcienmii Y r = S0, = 3.
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Tabaumna 22:

lIpedcmasaerue sakona pacnpedeserus cayuaiinot ceauunb, 6 sude mabiuyb, —
CMAMUCNUNECKO20 PAJA PACNPEIENCHUA

12124128 142]59|68]81]92]10.1]11.0

X

7|12 17 |24 | 20|38 |46 | 45 | 54 | 68

CuavaJia BeIYHC/IUM TOYEUYHBIE OeHKu [ u . st
n g TilYi — g i E Yi
b= ; 5

BbIYUCJIUM H€O6XO,ZLI/IMBI€ CYMMI)I12

S @ =617, <Zx>2 — 3806.80; Y 2% = 486.99; >y, = 340; Yy, = 2695.1.

Tora _—
10 - 2695.1 — 61.7 - 340
p— pu— . ]_
10 - 486.99 — 3806.89 56189,

Yy — b x; 40 — 5.6189 - 61.
:Z nz _340-56189-617

10

[TocTpoum jroBepuTe/ibible HHTEPBAJIBL Jiyisd o u 3. [IpeaBapure/bHO BRIYHCTHM:

a

! 3" (i - 7)* = 11.8112; s, = 3.4367.

T =06.17; 5. =
€ 3 Se n—1

Jlajiee BBIYUCUM JIUCIIEPCUTO

s? = ! Z(%—Z)i)Q,

n—2

rie
Yi=a+b-x;

g mammeit 3ama4n
y; = {6.075,12.818, 15.065, 22.932, 32.484, 37.541, 44.846, 51.027, 56.084, 61.141}.

Torma .
=20 (- §;)" = 13.4755.

i — 0.3656,

Sg = —————
? Se-vn—1

12TIpu 06paboTKe peaTbHEIX JAHHLIX TMepe HAYaJI0M BLEIMHUCICHUH PEKOMEHIYeTCs HAIIICATh COOTBETCTBY-

IOTIME TTPOCThIE TPOTrPAMMBL.

108



1 z?
a=54|—+————— = 2.486.
s s \/n—i_(n—l)-s% 86

st moeputensroii BepositHocTr 0.95 umeem (em. Tabuuiy 13)

14+0.95

t10-2,095 = T (10 -2, 5

) = T71(8,0.975) = 2.306.

Eciu uckomoe smHeitnoe npubJIMKeHne BepHO, TO KOYMUIUEHT b J10JI2KeH ObITh, Ode-
BHIHO, 3HAYMUMO OTJHYEH OT HYJId. DTO HPOBEPSIETCS TaKzKe t-CTaTUCTUKOM:

b = 5.6189 > T'(8,0.975) - s5 = 2.306 - 0.3656 = 0.843.
Mo:KHO TTPOBEPUTH, €CTh JIM, K IPUMEPY, OCHOBaHUsI OKPYLIUTL KOIPPHUITUEHT [ 10 5.
5.619 — 5.0 = 0.619 < T'(8,0.975) - s5 = 0.843.

[TockoIbKy MOTYJTH PA3HOCTH MEHBITE COOTBETCTBYIOTIEH {-CTATUCTUKHU, TO PA3HOCTD ABYX
3HadeHuil HeoraeuMa ot Hyss. CjegoBarTe/ibHO, MOXKHO NPUHATEL [ = 5.
Teneps Haiiem H0BepUTEIBLHBIN HHTEPBA JId [

5.619 — 2.306 - 0.3656 = 4.776 < 5 < 6.462 = 5.619 4 2.306 - 0.3656.

Anajornyso uccaeayeMm orneHKHu s Koddpdumnuenta «. CHagasa mpoBepuM, MOXKHO JIH
€ XOPOIIeil TOYHOCTHIO CIUTATH ITOT KOIPDUIMEHT paBHBIM HYJIIO:

la| = 0.668 < T~"(8,0.975) - 5, = 2.306 - 2.485 = 5.73.

HepaBencTBo BbITIOIHSAETCH, CJIe/IOBATE/IHLHO, HA 33JaHHOM YPOBHE TOYHOCTH (v HE OTJIH-
qrMa oT Hyad. /IBycTOpoHHUN TOBepUTEIbHBIN WHTEPBAI s O

—0.668 — 2.306 - 2.485 = —6.398 < o < 5.062 = —0.668 + 2.306 - 2.485.

OKoHYATEJILHO MOJIYyYaeM, YTO ¢ JOBEPUTEIbHON BepoaTHOCTBIO v = (.95 ypaBHeHue pe-
TPeCcCuu €CTh
Yy=295-1.

13.3 OmneHka oCcTaTOYHOI JANCIIEPCUN U CPaBHEHUE JABYX JIMHENHBIX
perpeccuit

PacemoTpuM mpuMep cpaBHeHHS JIBYX JUHEITHBIX perpeccuil, B KOTOPHIN BKJIIOYEH aHAIU3
OCTATOYHBIX JUCIEPCHN.

[IycTh B pesyjbTaTe JBYX HE3ABHCHMBIX KCIEPUMEHTOB MOJYUEHBI PE3YAbTATHI (N =
10,n2 = 6), ykazanubie B Tabaunax 23-24. TIposepum, SBASIOTCS M CTATHCTHYECKH HEPA3-
JITIUMBIME JTUHEHHBIe PErPECCHOHHBIE MOJIEIH, MOJIyIeHHbIe 10 00enm BeiOOpKaM. Jlosepu-
TesibHas BepOATHOCTD 7y = (.95.

[lepBoe, 4TO HYKHO C/IeJ1aTh, 9TO BBIIIACATH PEIPECCHOHHBIE MOJIETH I 00enX BBIOOPOK.
Kak u panbIie, s ya00cTBa 0003HAYUM JIIsi IEPBOit BHIOOPKH

ni 10
=1 i=1 1
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Tabumna 23:

Cmamucmuveckuts pad pacnpedesernus Ti;, Yu;

Tabauna 24:
Cmamucmuveckutl pad pacnpedesenus To;, Yo;

Lo

a JIJIsI BTOPO BBIOOPKH

Torma njs nepBoil BEIOOPKHU:
2
3 = 141 &y, = 141 <Zx1> — 10881; ) a3, = 2789;
1 1 1

S g =579 G =57.9; Y iy = 11361,
1 1

Kosdpdunuentsr perpeccuu s mepBoii BEIOOPKH:

_nlzlzlﬁiyi_zl:xizl:yi_10.11361—141-579
- nIZI?—(Z«Ii)Q ~10-2789 — 19881

1

1
i_b i
:;y 1235 _ 579 3.992 - 141

nq 10
Kpowme Toro, nasee nmonaio0mTcss BLIOOpOUHAs JUCIEPCHS IS T1;:

1 2
2 _ - _
Sz, = — E (xh- — x1> = 88.989

1
Sz, = 9.433.
Anajoruunble BBIYUCICHUS IPOBEIeM JJId BTOPOl BHIOOPKU:

2
D wy =131 Ty = 21.83; (Zx2> = 17161; Y 3, = 3115;
2 2

2

by

= 3.992;

= 1.613.

ai
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3 = 544; Gy = 90.667; Y waya = 12868.
2 2

Koaddbunuenrsr perpeccun i Bropoii BIGOPKU:

n2zxiyi —Z$zzyz
2 2

T 6-12868 — 131 - 544

- nQZx?—(Zm)Q ~ 63115 — 17161
2 2

Zyi—bzzxi

2

by — 3.888;

> 544 —3.888-131
N9 N 6

= 5.78.

a2

Bribopounas aucrepcus i Xo;:

1 N2
5332 = g — 1 ; (IQZ' - $2> = 50.976

552 = 7139
Tenepb BHIUUCINM IUCIEPCUN PACCESTHUAS 3HAUYCHUH Y1; U YJo; BOKPYT CBOUX JIMHHHA perpec-
CHUH.
1 2 1 2
2
_ s—ar—byay) = o> (i = 1613 -8.992- 2y;) = 10.056.
51 n— 2 ; (yl ax 1°T1 10—2 1 Y1 Z1
1 2 1 2
2
_ oy — by ) - ( .~ 5.78 — 3.888 - ) — 7.027.
55 o 2 22: <y2 az — 02 * T2 6—22 Y2 L1

Jls1s1 TOro, 9T0OBI IPOBEPUTH, HEPA3IUIUMBI JIX PECPECCHH, HAIO HPOBEPHTH BLIIOJIHEHIE
Tpex yCJoBUil (MpH 33 aHHON JOBEPUTEIHHON BEPOSITHOCTH):

1. s? = s3 (paBeHCTBO OCTATOYHBLIX JUCIEPCHIl),
2. a; = aoy,
3. bl == bg.

CuavaJia MpoOBepsIeTCsT PABEHCTBO OCTATOYHBIX JUCTEPCHil ¢ TOMOIIKI0 KpuTtepusi Durre-

pa. Ecim
2
51
2
8o

< Fy(nl —2,n9 — 2),
TO OCTaTOYHBIC JUCHEPCHUH IIPHU3HAIOTCA OJUHAKOBLIMU. ZLHH HaIIen 3ala49u

s 10.056

s3 7.027

= 1.431,

ny(nl — 2,712 — 2) = F0.95(8,4) = 6.04.

[Ipu pabore ¢ Tabuuieil yuurbiBaem, 9410 ki = 8 coorBercrByeT 0oJiblieil Juciepcun
(52 =10.056), a ko = 4 coorBercTByer Menbneii qucnepcun (s3 = 7.027). Tlockoabky 1.431 <
6.04, TO ocTaTOUHBIE JUCHEPCUH ST U S5 MPHU3HAIOTCH CTATUCTHYCCKH HEPA3JIUYAMBIMUA H,
CJIe/IOBATE/IHHO, MOZKHO HEPEXOIUTDH K CPABHEHUIO KOIDDUIIMEHTOB Perpeccuii.
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s cpaBHenust by u by UCHOJB3YETCA CTATUCTHKA tp:

by — by

, 1 R 1 ’
S .
(ng—1)-s2  (ng—1)-s2

rie
1 2
2 -
Si"l _nl—]_ 51 (xlz xl) )
1 2
2 -
5:22—712_1 E2 ($2z IQ) ’
B 1
Il—n—l El L4,
B 1
X :_§ X24,
2 Ny - 2
o = (n1—2)- 57+ (n2 —2) - 53
n1+n2—4 '
1 2
2
= i — by - 7 )
51 n1—221:(y1 ay — by 361)
1 2
2
= [ —b 7
S2 nQ—Z;(W ag — b2 9132)
Ecan .
_l’_
|tb’ < tkﬁ = Til (m + Ng — 4, T’Y))

TO CpAaBHUBaEMbI€ YTJIOBbIE KO DUIUEHTH perpeccuii by u by CYNTAIOTCS PABHBIME U JaJjiee
HYKHO TePeXOIUTh K CPABHEHUIO KOIMD@PUIIMEHTOB a1 U As.
g mameit 3a1a49n

-10. 4.7.0271
. \/8 0.056 + 4 - 7.027 _ 3008,

S =
12

3.992 — 3.888
iy = = 0.485.

3'008'\/W¥m+m%m67

[To Tabaume 13 t-pacupenenenns: CThIOAEHTA HAXOAUM

to+6-1,095 = T '(12,0.975) = 2.179.

[Tockoabky 0.485 < 2.179, 1o kKo3bdunmenTs by u by MPU3HAIOTCA CTATHCTHIECKN PaB-
HBIMU € JOBEPHUTEJHbHOU BepoaTHOCTHIO v = (.95.

Tenepb MpPoOBEpPUM CTATHCTUYECKOE PABEHCTBO KOADDUIUEHTOB a1 U ao. g ux cpasme-
HUS UCHOJIb3YETCsS CTATUCTUKA

S
S

lg = ~
S
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rae
(n1 — ].) . S%lbl + (ng — 1) . 822[)2

b= ,
(nl—l)-s§1+(n2—l)-s§2
p= N0
1 — X9

_, 1 N 1 (1+1)
Ss=S - |l — — .
(nl—l)-sél%—(ng—l)-s% (Zfl—i’Q)Q nq N9

Bce ocTanbHbIe BeTMYIHHBI OBLIN OIIPEIETeHbl BBIIIE.
Jlns paccMmarpuBaemoil 3a1adm:

9-88.989 - 3.992 4 5 - 50.967 - 3.888

b= = 3.967;
9-88.989 + 5 - 50.967 ’
- 57.9 —90.667
b= — " T 49
14.1 — 21.83 39,

1 1 1 1
5 = 3.008 - (= +2) =022
i \/9 T88.080 1 5-50.967 | (141 — 21.83)° (10 * 6)

Crarucruka t,:

~ 3967 —4.239
“ 02212
N3 Tabmuupr 13 t-pacupegesienns CThIOAEHTA, KaK Mbl YK€ HAXOMWIH, li2095 =
T‘1(12,0.975) = 2.179. Mockoapky | — 1.23| < 2.179, T0 k03D duIEEHTHl a1 U Ay TAKKe
TMPU3HAIOTCSA CTATUCTUIECKN PABHBIMU € JOBEPHUTENHHON BepoaTHOCTHIO v = (.95.
OxonuarebHO, 06e perpeccun

—1.23.

y=fi(z)=16134+3.992-2 u y= fo(xr) =578+ 3.888 x

IPpU3HaOTCAd CTATUCTUYICCKH NJICHTUYHBIMU.

13.4 IlonmmHOMMAaJIBbHAA perpeccus

Ecsm sivHeitHbIe ypaBHEHHUsI PErPecCHy IJI0XO ONHUCHIBAIOT CTATUCTUYECKUe JTaHHBIE, TO
HEOOXOJIMMO TPUMEHSATH JpyTHe, OoJiee CIOKHBIE Mojeau. B mepByio odepensb, U3 0OIIEro
BHUJIA IIPEIIIOJIAraeMOil 3aBUCUMOCTH, J€JAETCs MOIBITKA OTHICKATH JUHEAPU3YIOlIee Ipeood-
pazoBaHue (AHATOTHIHO TOMY, KakK ObLIO MOKA3aHO Ha MPHMepe TIPH PACCMOTPEHIH YCJIOBHBIX
W HOPMAJIBHBIX yPaBHEHNT). DTO yaaeTcs 1aaeko He Beeraa — i KpOMe TOTO, JJist TPUMeHEeHUsT
MeTO/IOB PErPECCHOHHOTO aHAJIN3a, HeOOXOMUMO, YTOOB (PYHKIHSA OT HOPMAJIbLHO pacIpee-
JIEHHOM CJTy9aiiHOl BeJMYMHBI TAKZKe OKA3aJIach HOPMAJBHO PACIpe/IeJieHHoil, [7].

Paccmorpum yHuBepcasibHbIE METO/I HOCTPOEHUs HeJIMHeHON perpeccuu. BoJibImHCTBO
HEJIMHEHHBIX PErPEeCCHOHHBIX MOJIe/iell MOTYT ObITH MpeJ/ICTaBIeHbl KaK JUHEHHbIE 0 Heu3-
BECTHBIM TTapaMeTpaM:

y=y(x,{6:}) = Oofo(x) + O1fi(z) + -+ + O, f, ().

Baech x = {x1, %2, ..., Tn}, ¥ ={Y1,Y2, ..., Yn} — PEIyABTATH HAOJIIONEHUIA, JIJIsI KOTOPHIX
UIEeTCs B OOIEM cJydae HelnHelHas perpecCuoHHas CBa3b, Og, O1,..., 0, — Hem3BeCTHBIE
u Tpebyiomune oneHkn napamerpst moged, fo(x), fi(z),..., fr(x) — 3amannsie Gynkunn na-
6aonennit {x;}.
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B nanbueiineM GyjeM paccMaTpEBATh passoxkenusd byHKIUA f () TOJBKO MO MOJHHO-
mam®? (B pag Teitnopa):

fO(I) = 1,f1(517> = Z, fQ(x) = 127 s 7f7“(x) =a".
[Ipu srom
y:@0+®1$+@2x2+"‘+@r$r' (10)

OTMeTHM, 9TO eCJTH OPPAHUYUTELCSI IEPBOii CTeeHbio 10 = (T.e. ' = 1), U OIeHUBATH YeThI-
pe mapamerpa (Og, ©1, 09, 03), TO MBI IPUIEM K 3ajade, pasoOpaHHON paHee MPU PACCMOT-
PEHUH JIMHeAPU3alUi CUCTEMbI YCJIOBHBIX YPABHEHMH W COCTABJIEHHH CHCTEMbI HOPMAJIbHBIX
ypaBHeHHii. Pasinune TOIBKO B TOM, 9TO paccMaTpUBaeMas 31eCh MOJENb YKe MOJHHOMHE-
ajibHas. B 000uX cJiydasix Jijisd HaX0XkKIEHUs HEU3BECTHBIX TaPAMETPOB MOJIEIU HCIIOJIb3YeT st
meroz HanMeHbInx kBaaparos (MHK).

B obimem cayuae cayvaiinas BernanHa y; (i = 1,2, ..., n) MOXKeT ObITh TIPEICTABIEHA KAk

yi:@0+@1xi+@2x?+--~+@T9[zf+ei,

rie €; — omubKY (HeBSA3KH), IPeJICTABISIIONIIE OO0 ([JIs1 OMpe e/ IeHHOCTH) CJIyYaiiHble Be-
JIMYUHBL ¢ ONMHAKOBOH JIHCIepcreil, XoTd paclpeJeseHne STUX ONMMO0OK MOXKeT He ObITh HOp-
MasbHbIM. Kak u panbiine, Hem3BecTHbie napamerpbl Oy, O, ..., 0, Mojeau OyjaeM HCKaTh
MHUHIMHI3AIIE O 3THM IepeMeHHBIM CYMMBI KBaIPaTOB HEBA30K *:

S = Ze?,
i=1
rie
S=>(yi— 061 — - — 6,a7)".
Obo3HaunM, Kak 1 paHbIIe,
i=1

HeobxomnMoe ycioBrue MUHIMYMa €CTh

(0S _ ry —
T@o = _QZ(yz’_@O_@lxi_"'_@rxi) =0
0S _ _
T@l = —22%(% — @0 - @1IZ’ — @TZ‘:) =0
\aaég =-2% a7 (y; —Og — O1x; — -+ — 0,z7) =0
-
13Cymecrsyer muoro Buaos pasiomenuit ynxuun f(z), I8 KOTOPbIX NPUMEHAM HUZKECTEILYyTO-
muii dopmanmsm, Hanpumep, pasioxkenune B psan Pypwe, korma fo(x) = 1/2, fi(z) = sinzx, fo(z) =
COS T, ..., for_1(x) =sinrz, fo.(x) = cosrz.

143 1ech u naee, B cpasuenuu ¢ paccMmarpusaemoil panee MHK-cxeMoil HAXOXKIEHHS PEIIeHNs YCIOBHBIX
yPABHEHUI, 3HAKU <«-» W «-+» MepeJ] HeM3BECTHLIMY TapaMETPAMU BBOJATCH s yA0OCTBA AATbHEHITNX
BBIYUCJIEHUH, HO BCe ©; JIO/KHBL ObITH OJJHOIO 3HAKA.
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OTH ypaBHEHHUs, KaK U3BECTHO, MOXKHO IIE€PEIUCATh B BUJIE€ HOPMAJIbHBIX YpaBHEHHIl, KO-
TOpBIe JJIsd JAHHOTO cIydas OyayT UMeTh BUI:

'n90+@12xi+---+®r2w2=2yz~

Oz +0, 224+ 0,32 =

Qo 2] + 01 o™+ O, X a = YAy
BamnuireM pelnienre B MaTpuIHO# hopme.

Beenem marpuily cucrembl (KOTOpasi B PA3JMYHOIN JIUTEpaType HOCUT TAKKe HA3BAHUSI:
OCHOGHAA, KOHCMPYKUUOHHAA, CIMPYKMYPpHaAS):

1 oz z3 ... 2}
1 xo 22 xh
5 ... T
A= .
1z, 22 x5,

B marpuunoM obo3HaUeHHH

S=Ye&=ce=(y—A0)" - (y— A0) = yTy — 207 ATy + 6T AT A6,
=1

Cornacao MHK ny:xno muddepeHnupoBaTh mocaeanee paBeHCTBO 110 BCEM ITapaMeTpaM
O, U NPUPABHATH PE3Y/IbTAT K HYJIIO:
—2ATy + 24T A0 =0,
9TO MO2KHO IIepenncaTb B BUAEC
(ATA)® = ATy.
Pertienne nocsrenaero ypaBHeHUs €CTh:
6 = (ATA) ATy (11)

13.4.1 OproroHajabHbIE NOJNHOMBI U MPENMYIIECTBA UX HUCHOJb30BAHUI

Tenepb paccMOTpUM YaCTHBIN CTydaii:

y=y(x,00,01) = Oy + O1z.

Crenaem 3aMeHy mepeMeHHO

gzg(x>(b07®1) = (I)0+q)1($_'f>7

YEcau n = r, TO TaKas MaTpUIa HasblBaeTcsa mampuyet Bandepmonda
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rjJe KakKk U paHblIe

1
n
PaccMmoTpuM 3HaYUTENbHBIE MPEUMYIIECTBA TAKOH 3aMEHbI MepPeMEeHHBIX. AHAJIOTHIHO
LpeJIbILY UM BbIBOJaM, B MaTpudnoit ¢popme ypasuenuss MHK nmeror Bu

y = Bd +¢,

rJe HOBad KOHCTPYKIHMOHHaA MaTpHULa B ecrn

1 Il—ff

1 29—=
B= ?

1 z,—=Z

[TockosibKy moJtydeHnasi Mojiesib — JuHelnas (ecau nosnoxkuth fo(xr) = 1, fi(x) = — T),
TO ee PelleHne UMeeT BUJ, TOJHOCThIO aHaaoruaHbiii (11):

& = (B"B)"'B"y, (12)
riue
1 T — X
BTE 1 1 1 |1 22—z _
1 —2T X9—T ... Tpn—2X : :
1 z,—=
B n Yri—nT\ _(n 0
-\ —nx Z(:ci—ff —\o z(xi—si)Q '
Torma
1 0
BTBflz n -1
FET= 0 [2 @]

O6parum aManne, ato MaTpuna BT B — qumaronaibHas, u, cJe10BaTebHO, MOXKET OBITD
JIerKo obparieHa 06e3 ommnbOK, BHI3BAHHBIX OKPYIJIEHHEM. DTO OCOOEHHO BaXKHO, KOTJIa HY K-
HO MPOBOJIUTH HOCJIEIOBATENBHYIO AlIpokcuManuio GbyHkimun f(x) moaunoMaMu Bee Hosiee
BBICOKOT'O MOpsiaka. OCTaHOBUMCS Ha 9TOM MOMeHTe Oosee moapoOHo. OOBIYHbBIN TOJIHHOM B
obuiem cirygae umeer Bug (10):

y=060+017+62> +---+0,1".

Takas Mo/iesib HPUBOAUT K MATPHILE

; 2 T .. A
ATA _ Z.‘,BZ Z.I’L Z.xz ' Z ‘?z : (13)

Yoap Yaith Yait . Yal

KOTOpas 11J10X0 00ycJioBjieHa 1pu 0oJibiiux r. [Lj1oxas 00yc/OBJIEHHOCTD MOXKET JIazKe yXy/I-
IaThCA C pOCTOM TN. B uTOore Ipu BbIYUCJICHUHA ATA MOT'YT BOBHUKATh 3HAYUTE/IbHbIC OH_H/I6KI/I
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OKpYIJIeHHsI. DTO MPOUCKOJUT 110 cJepyomedi npuanse. [Ipeanonoxum, Bee {x;} 3aKiode-
ubl B uHTepBasie or 0 10 1. 1 mycTh MHOKeCTBO n{x;} pAaBHOMEDPHO PACIIUPSETCS MPH POCTE

n — 0o. Torua
! n
E :c:—>n/ x'dr =
0 T+1

7, CAe/I0BATeNbHO,

1 1/2 13 ... 1/r+1)
L hrom. 1{2 1{3 1{4 1/(r:+2) HL
Ur+1) 1/r+2) 1/(r+3) ... 1/@2r+1)

rae H, — rminsGepToBa MATpHIlA paHTa P, KOTOpas ILIOXO OOYCJIOBJIEHA NMpU OOJIBIIHX D,
[11]. Yro6b m3bexarh Takux HeycToitumBocreil pemenusi, Bmecto mozesu (10) BBOAMTCS
SKBUBAJICHTHASI el MOJIe/Ih, 3AlMCAHHAs] B BHU/E OPTOMOHAJBHBIX TIOJHHOMOB!

f = f(l’, q)o, cbl, e q)r) = (I)O + CI)lGl(.I') + qDQGQ(CIJ) 4+ 4 q)TGr(x),

e nomuaombl G (z) = k:j(o) +k§-1)x—|—- : -+k:j(-j71)xj_1 +27 (1191 PACCMOTPEHHOTO BbILIE JIMHEi-
0) k(l) k‘(-j_l)
7

woro caydas Gy (x) = 1, Ga(x) = x—Z). B obmem caygae koaddburmenTs k]( N R

oupesessiiores u3 cucreMbl (Meros oproronaausanuu ['pama-1Ivuara)

> Go(zi) - Gj(w;) = 0,

> Gi(zi) - Gi(r;) = 0,

> Gia(w) - Gj(w;) =0

3/1eCh, KaK M paHbIe, 0003HAYEHO
n
2=
i=1

CBOHCTBO OPTOrOHAJIBHOCTH O3HAYAET, YTO

[ 6@ =0t £m),

OTKyJa CJAeIyeT, 4TO Bce HeIMaroHasbHble 37eMeHTH MaTpunsl BT B obpamaioreda B HOMb:
2 Go(zi) X Golz)Gilw) .. 3 Go(x:)Gr(w))

> Gi(zi)Go(z:) > Gi(wi) s 2 Gi(@) G ()

> Gr(xi)Go(xi) D2 GH(x)Gi(x) .. > G(xs)
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SGr) 0 ... 0

0 Y&@) ... 0

0 0 o G ()

O6parenne TUArOHAJIBHONR MATPUIBI TPUBOIUT K MEHBITHM OIMUOKaM OKpyrieHus. Kpo-
M€ TOrO, B JIMANOHAJLHOM IPEJICTABJCHUH FOPA3/0 Jerde CPaBHHBATL AINPOKCUMAIUU T U
7 + 1 nopsiaKa, MOCKOIBKY TPeOyercs: BBITUCINTD TOJBKO OAHH d1eMeHT » G2 (7;).

(r+1)(r+1)

13.4.2 OprorosajgbHbIE HODMUPOBAHHBIE (OPTOHOPMAJIbHBIE) IOJIUHOMBI U IIpe-
UMYIIECTBA UX HCIIOJb30BAHUI

Chenyiomuii mar B 3ajade yHOPOIIEHUsS ANIPOKCUMAIIMU — HCIOJIH30BAHHE HE IIPOCTO
OPTOTOHAJIBHBIX, HO HOPMUPOSAGHHBLT OPMO20HAALHULET NOAUHOMOG. JIJIT KpaTKOCTH OPTOro-
HaJIbHblEe HOPMHPOBAHHbBIE TIO/IMHOMbBI HA3BIBAIOT 0PMOHOPMUPOGAHHBLMU WA OPTMOHOPMAAD-
HOLMU) .

Bwmecto meTona ['pama-llImuara ncnonbsyerca meton Popcaiita, KOTOPBINA 3aKTI09AETCI
B YCTAHOBJICHHH IIPOCTOI'0 PEKYPPEHTHOIO COOTHOIIECHUA MEXKIY OPTOHOPMAJILHBIMHU IIOJIH-
HOMAaMHU BH/JIA:

i=1
[Iyctb paszioxkenne dyHKIUA f(2) 0 OPTOHOPMATBHBIM TOJHHOMAM UMEET BHI:

f(2) = woQo(x) + wi1@Q1(x) + -+ + wr@Qr (). (14)

Mg Q;(x) BoIlONHSIETCS PEKYPPEHTHOE COOTHOIICHUE:

AQj(z) = 2Qj-1(z) — aQj1(7) — BQj_2(7),

IJie MOCTOSTHHBIE (v U 3 OLpEeIeJIAI0TCS U3 ypaBHEeHHH

a = Z%Q?-l(%)a
8= wQi 1(x:)Q;s(w:).

[TocTostiHas \ omnpejesisieTcs U3 yCJa0Bus

> Q) =1.
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[pumensis MHK-meTos k Boipazkenuto (14), moaydaem (opMysy, aHAJIOIHIHYIO BBIPa-
xkenuto (12):

—1
O = (BTB> BTy = BTy,
IOCKOJBKY 1)1 OPTOHOPMAJILHBIX ITOJITMHOMOB: ATA=1. Marpuna B ecTb:

Qo(r1) Qi(x1) ... Qp(m)
Qo(fz) Q1<I2) Qr(ﬁz)

Qo(l’n) Ql(xn) Qr(xn)

Permenune obs1a/1aeT TeM CBOMCTBOM, UTO

D(w;] =D Zyin(xi) =02,
IIOCKOJIbKY
D {Z yz-Qj(:vi)} = Q@) Dy = 0* > Q3(x;) = 0.

Boruncius @;, moaydaeM annpoKCHMAnnOHHbIT moannoM (14):

f(z) = woQo(z) + w1Q1(x) + - + w,Qr(7) = GQo(x) + 01Q1(7) + -+ + 0, Qr ().

OcraTodynasi cyMMa KBaJIpaToB (HEBsS3Ka MM OCTATOYHAS MOTPENTHOCTH) MPU ANTPOKCH-
MAaIUd OPTOHOPMAJBHBIMHA TTOJUHOMAMU CTENEHU 7" €CTh

n r n 2
2 2
€ = E Yi — E (E yng(%)) )
i=1 j=0 Ni=1
a OCTaTOYHad JUCIICPCHUA

2

2 €,

of = —" .
¢ n—r—1

13.4.3 IIpaBuia BbIYHCJIEHUS OPTOHOPMAJIbHBIX IMMOJNHOMOB YeObIlieBa Ha JuC-
KpPeTHOM Habope TOodYeK

Nrak, koaddunueHTs pasnokenns w; M0 OPTOHOPMAIBHBIM ToJHHOMAM k() ompeie-
JstoTest 3Hadenuamu {y; } U Marpuieii B, 3aBUCSIIEH TOJBKO OT 3HAYEHHI OPTOHOPMAIbHBIX
MOJINHOMOB Ha Habope Touek x = {z;}. Takum obpasoM, 3ajava MOCTPOCHUs HEJTMHEHHOM
pPerpeccuu CBOJAUTCHA K TOMY, 9TOOBI BBIYMC/IUTDH 3HAYECHUS OPTOHOPMAJIBLHOIO IIOJMHOMA HA
3aanHoM Habope Tovek. CylmecTByeT MHOIO Pa3sHbIX OPTOHOPMAJBHBIX HMOJUHOMOB. Jlist
IpuMepa, PacCMOTPHM TTOJHHOMBL UeGhimena, [13].

OcobeHHOCTBIO UCIIOTH30BAHUS ITOJTUHOMOB YeObIIeBa saBisgeTcs TpedoBaHue TOr0, YTOObI
Bce TOUKY = = {x;} BB PasHOOMCMOAULUMU.

CHavajia pacCMOTPUM CUCTEMY OPTONOHAJIbHBIX, HO HEHOPMHMPOBAHHBIX [OJUHOMOB e-
OeiieBa. [lycrs mana cucrema n + 1 pasaoorcrosmux toyek © = {z;}(1 = 0,1,2,...,n). C
HOMOIIIBIO JTMHERHOTO peobpazoBanust t = (x — xg)/h mepeBeeM 3T TOYKH COOTBETCTBEHHO
Bt=0,1,2,...,n.
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Homunomst Py, (t), Pyy(t), ..., Prma(t)(m < n) creneneii 0, . .., m COOTBETCTBEHHO, OPTO-
roHaJIbHBIe HAa MHOXKecTBe Tovuek {0,1,2,... n} u OTIMYHbIE OT HYJIsS HA ITOM MHOMKECTBE,
HA3BIBAIOTCH 0PMO2OHAALHBMU Nosuromamy debviuwesa. Ilepsetit unnexke B Py, (t), k — cre-
IIeHb IMOJIMHOMaA, a BTOpOIU/I HMHACKC 17 — YMCJI0 TOYeK, YMEHbIIEeHHOEe Ha ¢ ANHUILY.

[Tonunombr YebbiteBa 3a1a10Tcsd (hOpPMYyJIOit:

k
s t[s]
Pen(t) =) (1)’ CiCiys - —=

pr nlél

(k=0,1,2,...,m)

(15)

rIe

K n!
Cn = El(n —k)!

31ech BBeJACHO MOHATHE 0000ULeHH0Tl cmeneHu:

el =tt—1)...(t—s+1) =

n!
(n—s)l’

YKazKeM, KaK MOKeT ObITb IOJydYeH yJOOHbIH JJId PelreHus] IPAKTHYeCKUX 3334 BH/I
(15), [13]. [ToauHOM HebbieBa ecTh, MO OUPEIENCHHIO, TAKOH MHOIOWIEH

nl=nn-1)...(n—s+1) =

Pen(t) =14 byt + byt + bgt® + - - 4 byt (16)
970 §
>t +9) Palt) = 0
=0
g s =0,1,2,..., k— 1. Ymuoxas pasencrso (16) na (t + s), nomyamm

(t+ )P () = (t+ 8) T+ by(t 4+ )T 4 bt + 5)EH

CymmupyeM mocsieTHee Beipazkenue o t ot t =0 g0 t = n:

0= Z(t + 5)E P (1) = Z ((t + ) b (¢4 ) bt S)[s+k]> _

t=0 t=0

n

t=0 t=0

t=0

(n+s+ 1D (n4 54 1)kEF (n+ s+ 1)lsF+1
= + by + - by
s+1 s+ 2 s+k+1
[loceamee paBeHCTBO MOXKHO JIOKA3aTh 110 MHYKIIUKA OTHOCUTEIBHO N U JIJIA JIIOOOTO S.

3aMeTuM, 4TO

n n

s _ (t+ s)!
S =3
=0 =0

(n+ s+ 1)+ _(n+s+1)!
s+1 onl(s+1)
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s n =0 u 11060T0 S paBEHCTBO BEPHO:

n

Z(t—l—s)! (n+s+1)!

o nl(s+1)

t=0

[IycTh mocieiee paBeHCTBO BEPHO JIJid HEKOTOPOro n. Jlokakem, 4TO OHO BEpHO U JIJIs
n+ 1:

nzﬂ(t—l—s)!_ (n+ s+ 2)!
—~ (n+1Dl(s+1)
JleiicTBUTENBHO,
n+1
t+s)! s+ 1)! s+ 2)! s+mn)! s+n+1)! n+s+1)!
§RUH D (4D Gl st (k)
— 1! 2! n! (n+1)! nl(s+1)

(s+n+1)!  (n+s+1)! (n+1+ )_(n+s+1ﬂ n+s+2  (n+s+2)!
(n+1)!  (n+1) s+1  (n+ 1) s+1  (n+Dl(s+1)
4T0 1 TpeboBaIOCh T0Ka3aTh'd.
AnajorugaeiM 06pa30M MOXKHO JI0KA3aTh, 9TO

n

1)ls+2]
(n+s+1) ,~w§:%@+SWML=%
t=0

Zn: bt + )Y = b, (n+s+ 1)[S+k+1].
t=0

542 s+k+1
Jasee, pasaeanm
(n+s+ 1)[5“} N (n+s+ 1)[S+2] ) (n+s+ 1)[5+k+1} »
s+ 1 N st 2 s+ k+1
na (n + s+ 1)U
1 bin  bynl? bnlF]
—+ ! 2 ce _k — (17)
s+1 s+2 s+3 s+k+1

Bripazkenne (17) mpeacrapaesat coboii TpyITy ypaBHEHHHE OTHOCUTETbHO KOddh humeHTon
b;. Ix pemenns ectnb

_ J vk kg 1
b = (—1) C;C; gk

[ToyuuTh 9T peleHnss MOKHO caeayomum obpaszom. Hyxkuo npusectn (17) x obrmemy
3HAMEHATEJIIO, B PE3Y/IbTaTe Yero B YUCJUTEJIE MOJyYUTCHd MHOIOYIEH, KOTOPbIN, NCXO/I U3
(17), nomxken obpamarbea B 0 mpu s = 0,1,...,k — 1, u claegoBaTesbHO, 3TOT MHOTOYICH
nozKen uMers Bug const - sFl. Jlanee, mocenoBaTebHo HOMaras S PaBHBIM PA3IHIHBIM
OTPHUIATETBHBIM THCIAM, HAXOIUM 3TY HOCTOSHHYIO W Bee b;, HOACTaB/IsAS KOTOpBle B (16),
noxygaem (15).

HeckosibKO 1epBbIX OPTOTOHAJBHBIX MOJIUHOMOB YeObIleBa ecTh:

PO,n(t) - 1,

6B qacTHOM ciTydae, Tpu s = 2 MoTy9aeM M3BECTHOE BhIpayKeHne CyMMBI KBaIpaTos (n + 1) mesbix auce:

~ o nn+1)(2n+1)
5
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Pl,n(t)_l_Q'%
(n>1)7
t tt—1)
Pan(t) =1=6 146+ -
(n>2),
B ¢ tt—1) tt = 1)t —2)
Panlt) = 1=12: 2430 S0 =0 S
(n>3),
ot Ht—1) o Ht-D(E-2) =1 —2)(t - 3)
Pyn(t)=1-20- +% nn=1) T Dm =2 T R = D = 2)(n = 3)
(n>4)

Bozspainasics K npexHeil nepeMeHHol x, HOJIyIUM CHCTEMY MOJTUHOMOB, OPTOTOHAILHBIX

Ha JIMCKPETHOM MHOXKeCTBe & = {x; }:

(k=0,1,...,m;m < n)

Cucrema nosmuomos { Py ,(t)} He sBasgerca HopMuposanuoii. IlocTponM cooTBeTCTBYIO-

Y0 HOPMUPOBAHHYIO CHCTEMY U HOJIYIUM OPTOHOPMAJIbHBIE MOJMHOMBI Jebbimena. Ompe-
geanm Hopmy s { Py, ()} cremytonum obpasom, [13]:

. (n+k+1)

2 2 .
= P, = .
2 Pl (2k +1) - nl¥

1=0

[k+1]

I

1Pen(®)

HOCJIGILHGG BbIPpazK€HUE MOZKeT ObITH BbIBCACHO U3 YCJIOBHA OPTOIOHAJILHOCTHU IIOJIMHOMOB

YeobImenas:

n
> Pon(i)Pen(i) =0, m#k
Paszjesius muorousiensl Py, () HA UX HOPMbI, HOJLYYUM OPMOHOPMAALHYIO CUCTEMY NO-

aurnomos Hebviwesa: P ( )

7 k,n

Pk,n( )

[0l
(k=0,1,2,3...,m;m < n).
ITPUMEP PaccMmorpuM Ha KOHKPETHOM IMpHUMEpPE, KaK CTPOUTH OPTOHOPMAJIbHBIE TTO-
smHOMBI YebbimieBa. IlycTh 3aana cucrema TOYEK:
xo=1/2;01 = 1509 =3/2; 03 = 2; 04 = 5/2; x5 = 3.

HOﬂy‘lI/IM cucTreMy IOJIMHOMOB J10 TpeTbeﬁ CTelleH! BKJIIOYUTEJIbHO, OPTOHOPMAJIbHYIO Ha
JaHHOU cucTeMe TOYeK. OTMGTI/IM7 9TO 3TO BO3MOZKHO CeJlaTbh, IIOCKOJIbBKY TOYKH 9KBHJ/IH-

CTAHTHBI (PACCTOSIHEE MEXKIY JBYMS JIOOBIMI COCETHUMH TOUYKAME ecTh h = 1/2)
Jl1st peltenust 3a1a41 BBeeM 3aMeHY [1€DEeMEHHBIX:
r—xy x—1/2
t = — — 2. (z—1/2),
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P KOTOPOI Bee x; mepexoidar B mnenounciaenusie t = 0,1,2,3,4,5. B obmeit popmyie

n [s]

Pen(t) =) (—-1)°CiCy - o

IpuUMeM 1 = 5, TOTJIa,

rae k = 0,1,2,3, MOCKOJBKY 10 YCJAOBUIO HMIMETCS ANNTPOKCUMHUPYIOIIUH MOJNHOM CTEIeHH
m = 3. IIpoBejieM BbIUKC/ICHHS /IS BCeX yKa3aHHBIX k:

5
s 11s]
Pos(t) =Y (—1) 050?@217

5
s t
Pys(t) =Y (—-1)°C5Cs,, - o 1.2-t+0.3-t(t—1),

5
s 115l
Pys(t) =Y (-1)°C5Cs,, - T Lo24t+ L5 t(t—1) —0.333-t(t — 1)(t — 2).

s=0

Hopwmst dyuxmmit Py 5(t), tme k = 0,1, 2, 3, Beraucasem no dbopmyiie

||Pk,n(t)H2 = ((Qk 1)l

7-6 14
HP1,5(t)H V35 V5
8-7-6 2
||P2 5(75)H =5 = g\/ﬁ,

STV 5 s
9-8-7-6 6
1Pssll =\ =55 = 7

Teneps pazgenum moauuHoMbl Py 5(t) Ha nX HOPMBI B HepeiljieM 0T IepeMeHHoii ¢ k uc-
XOIHOHM mepeMenHO x. TakuMm 00pa3oM, MOIyINM HCKOMYIO OPTOHOPMAJIBHYIO CHCTEMY ITO-
JUHOMOB Yebnimena:

. 1
P0’5(.I‘) = % = 0408,

P s(z) = 15—4 (1 — 0.8 (z — 1/2)) = 0.837 — 0.478 -
- 5
Pys(x) = Wor (1 —24-(x—1/2)+ 0.6 (z —1/2)(x — 3/2)) =

= 1.446 — 1.964 - x + 0.327 - 22,
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}’53’5(1‘) =

_ %(1 —4.8-(x—1/2)+3- (x —1/2)(x — 3/2) — 0.666 - (= — 1/2)(37_3/2)(96_5/2)) -

= 2571 —5.452 - +2.235 - 22 — 0.248 - z>.

13.4.4 HaxoxxneHne ypaBHEHUs Perpeccuu C MOMOINbI0O OPTOHOPMAJBHBIX IIO-
JuHOMOB YeOblmeBa u ompeesieHNe MOPAaKa HeJIMHEWHOCTH C 3aIaHHOM
JOBEPUTEJIbHOII BEPOATHOCTHIO

Ecan dbyuknng y = f(x) 3amana ma MHOXKecTBe y310B * = {Xo,T1,...,T,} C marom h,
to Hamaydnmii (o merogy MHK) annpokcumupyroniuit mosmHOM HINETCs: B BHJIE

flz) = zm:wk : Pk,n(%)v
k=0

e Ko3hMUIMIEHTD! Wy, HA3LIBAIOTCS kKoogduyuernmamu Pypve dynkuun f(x) OTHOCHTETHHO
CHCTEMBI OPTOTOHAJIBHBIX TTOMHHOMOB Hebbimena Py ,((x — z9)/h) (k=0,1,2,...,m):
n
> i+ Ponli)
wy = =0
==
1Pea (O]

B wactHOCTH, ecoM cmcTeMa TTOJIUHOMOB HE TOJBKO OPTOTOHAJIbHA, HO M OPTOHOPMAIbHA,

flz) = zm:@k : pk,n(%)v
k=0

rae KosphuImenTsl Wy, onpeeadeMble BbIIIe KaK 37deMeHTh MaTpunsl BTy, ecTo:

TO

Wy = Zyz . Pkn(l)
=0

Ocraercst BOPOC 0 CTATHCTHIECKOM KPHUTEPUU BBHIOOPA CTEMEeHW ANPOKCHMHUPYIOIIEro
IIOJIMHOMA M.
OcTtarounas JIUCIIEPCHS ITPU AIIPOKCHMAIIMI OPTOHOPMAJILHBIME HOJTHHOMaME YeObirie-

Ba CTEIIEeHH 1M eCThb
n m n 2
9 ~
=0 J =0

e = =
" n+1)—m-—1
Tak, ecin
€mi1
m
N
m

TO B Ka4eCTBE PErPecCHN NPHHUMAETCS MOJHHOM CTEHeHH 1. 3HAYNMOCTH OTJIHTHS OCTa-
TOYHbIX ;LI/ICHepCI/H?'I Ha KazKJAO0M Hiare yBeJIMYeHHA CTEICHU IIOJIMHOMA JaeTCdA KPpUTEpUEeM
®umepa F,(n —m,n —m — 1). Tax, ecan

€

6—2>Fw((n—kl)—l(”ﬂ'l)_2_1)>
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Tabumna 25:

Harnvie nabmodenudi, s KOMOPLLL HYACHO 8LLOPAMD NOOTOOAUYIO PEPECCUOHHYIO MODEAD

1.1] 32 (53] 74 9.5 11.6 13.7 15.8 17.9 20.0

X

yi | 1.3 1475168 ]186 | —15.6 | —=51.1 | —110.3 | —198.6 | —321.8 | —485.2

TO TOJIMHOM BTOPOii cTenenu (m = 2) NpeAnodYTHTEIbHee HOJIUHOMA TePBOil cTemeHu (T.e
KBaIPATUIHAS PErPECcCHsl MPeINouTHTeNbHee TnHeHHoi). Ecau
&

= >F(n+1)=3,(n+1)—3-1),

€3

TO TIOJTMHOM TPeTheii crernenn (m =

= 3) mpenouTHTEIbHee OJIHHOMA BTOPOii CTENeHN
[IponuttocTpupyeM cKa3aHHOE HIPUMEPOM.

ITPUMEP Ilycrs B pesyabrare HabIIOIeHUH TTOIYYeHbl caenytonue maper {x;, y;} (Tab-
Jna 25).

[TockoabKy ;11 — x; = h = 2.1, BBeJieM 3aMeHy IIepeMeHHOil:
_x—11
2.1

[TocKOIBKY BCe TOYKH 9SKBHIMCTAHTHBI, MOCTPOMM Ha MHOXKecTBe Todek {z;}(i =
1,2

HY
10) cucremy OpTOrOHAJIBHBIX TOJHHOMOB Uebbimena (n = 9, T.K. HyMepaius mo-
JIMHOMOB Ha4YMHaECTCA C HYJIEBOI'O HH,ZLGKC&)Z

Poo(t) =1,
t
Pl’g(t):1—2'§,
t tt—1)
Poo(t)=1—6-~46-
2(0) 9" o8
' tt—1) tt—1)(t —2)
P —1-12--4+430.-~—~ _90.
39(t) g 9.8 9.8.7
t (t— 1) tt—1)(t —2) tt—1)(t —2)(t — 3)
Po(t)=1—-20-=4+90- — 140 - 70 -
19(t) 9" 9. 0.8 7 9.8.7-6
,ZLJIH HOCTpOGHI/IH OpTOHOpMaJIbHOI/I CHUCTEMBI BBIYUCJIUM COOTBeTCTByIOH_[I/Ie HOprI
HPo,g(t)H = V10
11- 10 110
IPuofe)] = 2 = 10

12-11-10
P = ,/
172 5.9-.8

13-12-11-10 715
||P3,9<t>\>:¢ =¢m
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14-13-12-11- 10 715
Pyt = =\
[Pas®l \/ 9-9-8-7-6 V81
OKoHYATETHHO OPTOHOPMAJIbHAS CUCTEMA ITOJTHHOMOB (,ZLO 4-ro HopH;LKa) nMeeT BUJI:
Pyo(t) = 0.316,
Py o(t) = 0.495 — 0.110 - ¢,
Pag(t) = 0.522 — 0.392 - t 4 0.044 - 2,
Pyo(t) = 0.453 — 0.829 - t +0.243 - > — 0.018 - £,
Pyo(t) = 0.337 — 1.495 - t +0.956 - > — 0.232 - t3 4 0.023 - .
Borauncium ocrarounbie guctepcuu i m = 1,2, 3,4 no dopmy.ie:
n m n 2
IEDOITAE)
_i=0 j=0 \Ni=0
B n+1)—m-—1 '
€2 = 7707.451,

€2

m

€5 = 479.190,
€5 = 11.580,
€3 = 5.358.

C yBeJIn4YeHueM CTelIeHU allllpPOKCUMHUPYIOIIETro IIOJIMHOMa OCTaTOYHad JUCIIEPCHA ITaJacT,

T.€. ANMPOKCUMAIUs CTAHOBUTCS BCe TouHee. CpaBHUM, 3HAUUMBI JIH PA3JIHINSA OCTATOTHBIX
JUCHEePCUii:

—= = 16.084 > F0.95(8, 7) = 373,

— = 41.381 > F0.95<7, 6) =4.21,

HO
-5 = 2.161 < F0.95(6, 5) = 495,

qTO 03HAYAET, YTO Pa3Jndne OCTATOUYHBIX JUCIEPCUH IPU allIPOKCUMAIIAH IIOJIUHOMAMH 3-TO
1 4-ro mopsAKoB HesHaunMo. OTciona caeayeT, YTo HaOI0JaTeIbHbIE TaHHbIE AITPOKCAMHE-

PYIOTCS HEJIMHEIHONH PerpecCuOHHON MOJIEJIBIO B BHJE ITOJUHOMA 3-T'0 TIOPS/IKA ¢ JTOBEPUTE b
HOIT BepodTHOCTHIO v = (.95.

Haiiiem sror nmonunom o dpopmyJie

rae Ko3MPUIMeHThl Wy, eCTh:

OxoHYaTeTbHO TTOTyYaeM
f(z) =0.688 — 0.274 - 2 + 0.799 - 2° — 0.100 - 2°.

3aMeTuM TakzKe, YTO MHOI'O 3374 C PEIIeHUSIMH 110 MOCTPOEHUIO PA3JIUYHBIX PErpeccH-
OHHBIX Mojiesieii MOxKHO HailTh B cGopuuke noi. ped. A.B. Ebumosa u A.C. IMocnenosa [12]
B naparpade «DJeMeHThl PerpecCHOHHOrO aHAJIN3a U METOJ HAUMEHBIINX KBaJIPATOBY.
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14 HccaenoBaHue Buia paciipegejeHusd

[Mycrs {x;}, tne @ = 1,2,...n, ectb BIGOpKA HabsomeHuil caydaiinoii Besmanabr X .
[TycTb cTaBuTCst 33/1a9a MPOBEPHUTH (€ 33JAHHON JOBEPUTEIBHON BEPOSATHOCTHIO), 4TO (DyHK-
Ius pachpejieseHns TeHepaJbHONU COBOKYIHOCTH, K KOTOPON NPUHAIEKAT JaHHAS BBIOOD-
Ka, ectb F'(x). B npuKIagHBIX 3aa9aX Yalle BCero MpoBepsieTcs, IBJSETCs JIH TeHepalbHast
COBOKYIHOCTH PacCIpeIeIeHHOM T0 HOPMAJbHOMY 3aKOHY. TakKe MHOTO 3a/1a4 Ha TTPOBEPKY
coorBercTBus pacupejenenuio [lyaccona. Paccmorpum ajaropurm npoBepku Ha COOTBETCTBHE
dbyukmun F(z) obmero Buia, a jajiee, B IpuMepax, KOHKperusupyeMm Buj, dyHkimn F(x).

14.1 Kpurepuii «xu-KBajpaT»

Kpurepuii «xu-gBaapars (wiw Kpurepuii [TupcoHa) mo3BoJsieT KOJNIeCTBEHHO OEHUTh
OTKJIOHEHHEe HAOJIOJATEIbHBIX H 9KCIEePUMEHTAJBHBI JAHHBIX OT TEOPETHIECKOIO pacipee-
JIEHUsI U3BECTHON CTPYKTYPhlI, HO C HEM3BECTHBIMU Mapamerpamu. Mepoit OTK/IOHEHUST SBJIsI-
eTcs BeJUYNHA, KOTOpas UCIOAb3YeTCd /s TOCTPOCHUS JIOBEPUTEILHON 001aCTH IS HEU3-
BECTHOU IJIOTHOCTH pacupejiesnerus. [[pou3BoanTca 3aMeHa HEM3BECTHHIX UCTUHHBIX 3HAUE-
HUHA BEepOATHOCTEH NMONA/IAHUA B UHTEPBAJbL BEPOATHOCTAMHU, BHIYUCICHHBIMU 110 TeOpeTUYe-
CKOMY paclpeleaeHnlo.

AJIrOpUTM HPOBEPKH COOTBETCTBHUSI CJIydaiiHON BBHIOOPKM 3aJaHHON (DYHKIUNA pacIpeie-
JIEHUST CTPOUTCS € TIOMOIIBIO KPUTEPHsl «XH-KBaapaty», [12].

[To BhIDOpKe HAD/IOMEHNT HAXOAAT ONEHKH HEM3BECTHBIX MapaMeTpoB MPeanoaaraeMoro
3aKOHa paclpeseeHus ciaydainoil Beauuunbl X. lajee, obacTh BO3MOXKHBIX 3HAYCHHUM
caydaiinoi Betmaunbl X pa3OuBaeTcs Ha T MOJAMHOMKECTB

A17A27"'aA7“7

HAIpUMep, T MHTEPBAJIOB B CJydae, Korja X — HelmpepbiBHAS CAydaiiHas BeJIUYMHA, WU T
IPYII, COCTOSIIAX U3 OTJAEAbHBIX 3HAYCHU, /I8 JUCKPETHON CJAyYaiHONl BeJMIUHbI X .

[lycth mp — 9HCI0 37eMEHTOB BBIOODKH, MPUHAIEKAIIAX MHOKECTBY Ay, rje k =
1,2,...,r. Obmee 9UCI0 BCEX JIEMEHTOB BCEX BBIOOPOK €CThb N, IIOITOMY

T
E Nne = nN.
k=1

Wcnonb3ys mpejnonaraeMbiil 3aKOH pacrpejie/ieHus CjaydaiiHoil Benaunbl X, HAXOIAT
BEPOATHOCTH Pj, TOTO, 4TO 3HadYeHHe X IIPUHAIICKAT MHOXKECTBY Ag:

pe = P(X € A)
(k=1,2,....7).

T
Ouesnzgno, » ;,_, pr = 1. Iloydenusre pe3ynbrarsl MOKHO HpencTaBuTh B Tabmnme 26.
BribopouHOe 3HaUeHNe CTATHCTUKN KPUTEPHUS «XU-KBAAPAT» €CTh:

~2:zr: (nk_n'pk)Q.

n .
—1 Pk

[Iycrh 3a/1aHa JloBepuTe/ibHAs BEPOATHOCTD Y. Torjia npejylozKeHHbli 3aKOH paciipe/eJie-
HHS COOTBETCTBYET T'€HEPAJILHOI COBOKYIHOCTH UCCJEIyeMON BHIOOPKH, €CJIM BBITOIHACTCS
HEepaBEHCTBO

>~<2 <X3<T—l—1)7
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Tabumna 26:

Odopmaerue saemenmos 6bb0pKY 0A4 NPOSEPKU HA COOMBEMCMEUE 3a40aHHOT HYHKUUL

pacnpedeseHus
MHTEPBAJI Ay | Ay | ... | A, | KOHTPOJBbHASA CYyMMa, 3JIEMEHTOB
T
THCIIO ny | ng | ... | n, Yni=n
i=1
HabJIIO e Hu i
T
oKumaemoe | mpy | nps | ... | np, dn-pi=n
i=1
YUCJIO
HabJII0Ie i

rae x3(r — 1 — 1) — y-KBaHTHIb «XH-KBajpaT» pacupepenenus (TaGmuma 14) ¢ r —1 —1
cTeneHsMU CBOGOJIBI, | — YMC/I0 HEM3BECTHBIX IAPAMETPOB, KOTOPbIE ONEHUBAIOTCSI 110 BEIGOPKE
(1Ba MapameTpa p w02 Qg CPABHEHHS C HOPMATBHBIM DACTIPEETCHAEM, OUH MAPAMETD A
JUIsl CDABHEHUS ¢ pacupejienenneM [lyaccona u T.1.).

Ormernm BaxkubIiT MOMenT. Kpurepuit «xu-KBaapars ucnosabsyer Tor (hakT, 910 CJy-
qajinasg BeaMdnHa (ny —n - pr)/\/N - P, Loe k = 1,2,...,r, nMeer pacupejesienne, 6,113K0e
K CTaHJIAPTHOMY HOPMaJbHOMY. UTOGBI 9T0 yTBEPKAeHHE ObLIO JOCTATOYHO TOYHBIM, PEKO-
MEHJIYeTCsl, ITOOBI sl BCEX MHTEPBAJIOB BHIIOJHSIOCH YCIOBHE

n-pg 29,

Ecaun 11 HEKOTOPBIX MHTEPBAJIOB 9TO YCJIOBHE He BHIIIOJTHAETCH, TO UX CIeayeT 00beIu-
HUTh C COCETHUMU /10 BBITIOJHEHHS STOTO YCJIOBHUS.

PaceMoTpuM mpuMep TPOBEPKU BBIOOPKHU CJIYUYANHBIX 3JIEMEHTOB Ha COOTBETCTBUE KOH-
KPETHBIM PACIPE/IEICHUEM.

ITPUMERP Ilpumep npoBepku BBIOOPKHU Ha COOTBeTCTBUE pactpejierennto [Iyaccona. B
MePBHIX JBYX cTOI0Mmax Tabannnl 27 TpUBeeHb JaHHbIe 00 OTKazax ammaparTypsl 3a 104
gacoB paboTel. O0IIee U0 00CIeJOBAHHBIX Y9K3EMILIAPOB allllapaTypbl N = 757, IpH 3TOM
nabuomancs 0-42741-23542-72+3-21+4-1+5-1 = 451 orkas. [IpoBepuTh, pacipeieneHo
JIM YMCJIO OTKA30B 110 3aK0oHy Ilyaccona, npungaB joBepuTe/ibHyI0 BepodTHOCTH (0.99:

k
pk:P(X:kz):%-e_A

(k=0,1,2,...)

Onenka mapaMerpa \ paBHa CPeIHEMY YHCAY OTKA30B:

451

757
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Tabsumna 27:

Odopmaerue aremenmos 6vb0pKY 0AA NPOSEPKU HA COOMBEMCMEUE HYHKUUL

pacnpedenenus Ilyaccona

YHCII0 KOJIMYECTBO | P = Ok—(?k e 06 OKHJIAEMO€e YUCJIO
OTKAa30B CJIyUaeR, ' caydaes ¢ k oTKazaMu, n - py
B KOTOPBIX
HaOJIIOIATIOCH
k orkazos, n
0 427 0.54881 416
1 235 0.32929 249
2 72 0.09879 75
3 21 0.01976 15
4 1 0.00296 2
5 1 0.00036 0
> 6 0 0.00004 0
cyMMa, 757

g A = 0.6 BbIYUC/IsIeM BEPOSATHOCTH Pr M OKHUJIAEMOE UYHCJO CAYYaeB ¢ k OTKa3aMu
(Tpermii m werBepThIii cTOIONB Tabmumer 27).

Jnsa k= 4,5 u 6 3nadenus n - pr < 5, MOITOMY OOBEJUHUM ITU CTPOKHU CO CTPOKOH JJIst
k = 3. B pesyabrate moayunM 3HaUYeHUs, yKaszaHubie B Tabsuie 28.

Tak Kak 110 BEIOOpPKE OIleHHBAaeTCs OJMH IapaMeTp A, To [ = 1 1 9ucyo cremneneir cBOOOIbI
paBao 4 —1—1 = 2. [To Tabaune 14 «Xu-KBaIpaT» pacIpeseeHus HAXOIUM Xg go(2) = 9.21,
caeI0BaTe/IbHO, TPHHUMAETCS IPeIoI0oKeHne o pacupenesenun [lyaccona.

ITPUMEP Ilpumep npoBepku BbIOOPDKH HA COOTBETCTBHE HOPMaJIbHOMY paciipejeJie-
muto. lana BeiGopka u3 55 nabaoenuit (Tabauma 29).

Pasmax Bei6opku J,(z) = x} — 27 = 23.8 — 10.1 = 13.7. /Ininna uHTEepBaTa TPYITNHPOBKH
b= 13.7/7 ~ 2. B kadecTBe mepBOrO WHTepBasa yiIo0HO B3aTh wHTepBaT [10, 12).

Tabumna 28:

Odopmaerue snemenmos 8ubopKy 0Af NPOGEPKU HA COOMBEMCMEUE PYHKUUU
pacnpedesenus Ilyaccona nocae MasoNucreHHBT 006EIUHEHUA UHMEPBAN0E

2
T . W
0 427 | 416 0.291
1 235 | 249 0.787
2 72 75 0.120
>3] 23 17 2.118
2 = 3.316
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Tabumna 29:
Buwibopra, nposepaeman na coomsememeue HOPMAALHOMY 3aGK0HY pacnpedeserus n = H5

203 154 172 19.2 233 181 21.9
153 16.8 13.2 204 16.5 19.7 20.5
14.3 20.1 16.8 14.7 20.8 19.5 15.3
19.3 178 16.2 15.7 228 219 125
10.1 21.1 183 14.7 145 181 184
139 19.1 185 20.2 238 16.7 204
195 172 19.6 178 21.3 17.5 194
178 135 178 11.8 18.6 19.1

Pesyabrarsl rpynnupoBku csegenbl B Tabauiy 30.
B gerBeprom crosibie Tabsiuibt 30 npuBOISITCS BEPOSITHOCTH, BHIYHCIEHHbBIE 110 (hopMyJie:

kaP(XeAk)qu(ﬁ’“_‘T) —é(ak_f)

S S

(k=1,2,3,4,5,6,7)

3nmech ai U Jr — COOTBETCTBEHHO HUKHSS W BEPXHss T'PAHUIBI MHTEPBAJOB, & 3HAUe-
HUusl PYHKIUU CTAHJAAPTHOI'O HOPMAJILHOIO pacipejiejieHust 6epyTcs U3 COOTBETCTBYIONIEH
crarucrugeckoil Tabaumpl (cm. Tabmuna 11).

[TockoJibKy TOCJIE OOBEJMHEHUS OCTAJI0Ch ' = D MHTEPBAJIOB, & 1O BLIOOPKE OIEHEHBI
nBa mapamerpa (T u s), T.e. | = 2, T0 4nca0 creneHeil cBoOOABI paBHO 5 — 2 — 1 = 2. Ba-
JTaBasCh JTOBepPUTEJbHON BeposaTHOCThIO (.90, Mo craTucTwdeckoil TaOIuIe pacupeneleHns
«xm-kBagpar> (cm. Tabmuma 14) maxomum X3 ¢0(2) = 4.61. Beibopounoe 3mauenme cTaTH-
cTuKn Kpurepus ecTh x> = 0.928 < 4.61, ciemoBaTeabHO, IPEIIIOA0KEHAe 0 HOPMATBLHOM
pacupejie/IeHuu BepHO.

14.2 Kpurepuit Koamoropona

Kpurepuit «xu-kBajpary — OJMH U3 JIydIInX, HIPUMEHsIeMbIX Ha npakTuke. OIHAKO T10-
MHUMO HETO CYIIECTBYIOT ellle HeCKOJbKO KPHUTepPHeB J/I MPOBEPKH SMIUPUIECKUX pacipe-
JleJIeHnii Ha COOTBETCTBHUE 33J]AHHOMY TEOPETUYECKOMY 3aKOHY paclipe/le/IeHuns.

PacemorpuM jiist mpuMepa kpumeputi Koamozoposa (i Koamozoposa-Cmuphosa).

B kadecTBe Mepbl cpaBHEHUsI BBIOUPAETCS PACCTOSHHIE

D,, = max |F(z) — F(x)|,
|z|<oo
rae FX(z) = F¥(z,0) — smnupudeckas yHKIws pacinpesenenus, a F(x) = F(x,0) — teope-
THYecKas GYHKIHUs pacipeaenaenus. [lapaMeTpsr § — 970 napaMeTpbl pacpe/ieeHnst, Hens3-

BECTHBIE B OOIIEM CIydae U TPeOYIONNe ONEHOK MO SMIUPUICCKUM JAHHBIM.
A H. Koamoropossim ObLIO J0KA3aHO, 9TO 3aKOH PACIPE/ICTCHUS BeTHIHHBI

A = D,v/n=+/n- max|F*(z) — F(x) (18)

|z|<oo
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Tabauma 30:

Buwibopra, nposepaeman na coomsememeue HOPMAALHOMY 3aGK0HY pacnpedeserus n = H5

(60 6mopom u mpemvem cmosbue NPUEedeHv: PE3YALINAMbL 2PYNNUPOSKY No k
UHMEPBANGM, 8 HEMEEPMOM CTNOAOUE NPUBEIEHD, BUUUCAEHHBIE BEPOATIHOCINY (CM.

mexem). B namom cmoabue npueodamcs oHcudaemvle 4acmomol, @ 6 WECTNOM — 3HAYEHUS
00HCUIAEMBLT 4aACMOM NOCAE 006EIUHEHUA NEPEULL 8YL U NOCACORUL 08YL UHMEPEAN08)

HabJ1. | BEPOSITHOCTD | OXKHU/I.
4acT. | TOomaJaHusd | 4Yacr.
k Ay, N, B UHTEPB. n-pr | mopr | np—n-pp %
Ay,
(k)
1] (—o00,12) 2 0.0228 1.254
2 [12,14) 4 0.0731 4.020 | 5.274 0.725 0.099
3| [14,16) 8 0.1686 9.273 | 9.273 —1.273 0.175
4 | [16,18) 12 0.2576 14.168 | 14.168 —2.168 0.332
5 [18,20) 16 0.2484 13.662 | 13.662 —2.338 0.400
6 | [20,22) 10 0.1519 8.354 | 12.663 0.366 0.011
7| [22,+00) 3 0.0778 4.279
cyMMa 55 1.0001 55 55 1.017

Ipu n — 00 ompejesieTcs (pyHKIuei

—+00

FQA) =

Z (—1)k6_2k2>\2.

k=—00

(19)

Eciun Benmanua A, BeraucjenHas 10 JaHHBIM BBIOOpKE 10 hopmyiie (18), okarxKercs: MeHb-

11e, 4eM CTATHCTHKA A, KOTOpas eCTh TabANYHAsl BeTUIHIA, OUpe/enseMas cBoeil byHKImeit
pacmpegesnenust F'(A) ((19), em. Tabaumy 31), T0 sMIupryeckoe pacipe/ie/ieHie TPU3HAETCsT
COOTBETCTBYIOIUM TEOPETHICCKOMY.
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Tabsumna 31:

Kearmuau Ay pacnpedeserus Koamozoposa F(N)

F(Ay) =~

0.80  0.90

0.95

0.98

0.99 0.999

Ay

1.073 1.224 1.358 1.520

1.627 1.950

Jns sdpdexkTuBHOrO nmpuMeHenus Kkpurepusi Kojimoroposa HeoOX0uM0, 9TOOBI BCE I1a-
pameTpsl 6 Teopernueckoii byHKIMN pactpeenenus F(x, ) Obln u3BeCTHBI 3apaHee.



15 Henapamerpu4deckue KpuTepuu cCpaBHEHU pPaciipe/ie-
JIEHU

15.1 IloHdaTne paHroBBIX KPpUTEPUEB

Jlna cpaBHeHUsT IBYX BBIOOPOK, 3aKOHBI PACIpPeIe/IeHnsT KOTOPHIX HEN3BECTHBI WJIN OHU
CUJIBHO OTJIMYAIOTCA OT XOPOIIIO U3BECTHBIX 3aKOHOB paclpejie/IeHnsd, a TaKzKe IpPU aHaJH3e
MaJIbIX BBIGOPOK (¢ 9HCIOM 37eMeHTOB 1 < 10) HCIOIB3YIOT HENAPAMempudeckue Cmamu-
cmuveckue memodo,. OCHOBHAST UJes STHX METOJ0B — 3TO CpaBHEHHE HMapaMeTPOB IMOJI0ZKe-
HUsI 1 TapaMeTPOB MaciiTaba JBYX BBIOOPOK (T.e. KOJIMYeCTBEHHbIT AHAJIN3 TOIO, KAK CUIBHO
CMEIEeHbl CPeIHNE IBYX BBHIOOPOK JPYT OTHOCHUTEIBHO APYTa M KaK CHILHO PaCIpee/IeHust
BBIOOPOK MCKAZKEHBI IPYT OTHOCHTEIBHO JIPYTa).

Panrosbie kKputepuu — oHu U3 caMbIX 3(pHEKTHBHBIX METO/IOB HellapaMeTpUIecKoii cTa-
TUCTUKA (9DDEKTUBHOCTD JIYUIIMX W3 HUX COCTaBIgAeT 10 95% OT MOUIHOCTH t-KpuUTepust
CrhIo/IeHTa U COMOCTABUMA, C IOCIEHUM Jist CJydast OosbimX BHIOOPOK, |8]; namree apdek-
THBHOCTH BE3/Ie€ YKA3bIBAETCsI OTHOCHTEIHHO t-KpuTepusi). OHI OCHOBBIBAIOTCS Ha MCIIOJIb30-
BaHUU PAHTOB, MPUMHACHIBAEMBIX 3HAUYEHUSIM CJIYUYANHBIX BEJIMAWH B O0IMel yropsgodeHHoi
[0 BO3PACTAHUIO BHIOOPKE (T.e. B YIOPSAAOIEHHOM DIy THCea T1 < T < ... < T, 3HAYEHUIO
x; UPUIHCHIBAETCs palr R;). IIpu 5TOM OJMHAKOBBIM BEJIMIMHAM NPUCBAHBACTCS YCDEIHEH-
Hblil panr. Takum 06pa30M, aHAJAU3UPYIOTCH HE CaMU 3HAY€HUs BbIOOPOK, HO UX PAHI'H.

15.2 IlocTaHoBKa 3aJa4y MOUCKA KOCMUYECKUX CTPYH C MOMOIIBLIO
PAHTOBBIX KPpUTEPHUEB

Ha npumepe 06paboOTKH peabHBIX JAHHBIX PACCMOTPUM HECKOJIBKO PAHTOBBIX KPUTEPU-
eB: OBICTPBIN PAHTOBBI KpuTepuii, Kpurepuii Ban jep Bapaena n kpurepuit Manna-Yurnu-
BuikokcoHa, 9aCTHBIM CJIydaeM KOTOPOTO ABjigeTcs ammpokcuManus vana.

Peanbuble HAOTIOMATEIBPHBIE JAHHBIE OBLJIN MOJTYY€HbI B XO/I€ TOUCKOB KOCMUYECKOI CTPY-
HBI — THIIOTETHYECKOTO OTHOMEPHOTO 0OBbEKTa KOCMOJIOTHIECKAX MACIITA00B, CYIeCTBOBAHTE
KOTOPOTO cJAeayeT U3 Teopuil spoJonuu panueit Beenennoit. CoracHo Teopuu, KOCMHUe-
CKHUE CTPYHBI 00JIaIAI0T PAJIOM XOPOIIO OMUCAHHBIX acTPO(U3NIECKUX CBOUCTB, OJarojaps
KOTOPBIM OHU MOTYT OBITH OOHApyzKeHbl. [I0CKOJIbKY Takue 0ObEeKThI JIBUKYTCH C PEISITH-
BHCTCKHMU CKOPOCTSMH, TO OHH MOTYT IPOABJIATH cebd mocpecTBoM 3ddekTta lomrepa B
PETMKTOBOM MHUKPOBOJHOBOM H3JydeHUU. Kpome TOro, B Ha TI00AJBHYIO CTPYKTYDPY
MPOCTPAHCTBA-BPEMEHU, KOCMUIECKNEe CTPYHBI JOJZKHBI MOPOYXKIATH XapaKTePHbIE IEeTOYKN
PABUTAIMOHHO-JIMH30BBIX COOBITUI, CTATUCTUYECKOE PACIPEIE/IeHUe KOTOPbIX U UCC/IeyeT-
¢S ¢ MIOMOIIBIO HEllapaMeTPpUIecKuX Kputrepuen. V3BecTHO, 4TO OOBIYHBIE COOBITHS I'DABUTA-
IIMOHHOTO JIMH3UPOBAaHUs 00PA3YIOTCS ITPU UCKAYKEHUU BOJIM3M MACCUBHBIX TeJI JIy4deil cBeTa
OT JTaJIeKNX UCTOYHHUKOB H, CJIeI0BATEIbHO, MOTYT MIPUCYTCTBOBATH MOBCIOY BO BeeneHHOM.
OHaKO cOOBITHS TPABUTAIMOHHOTO JIMH3UPOBAHWS HA KOCMHUYECKUX CTPYHAX 00JIaaioT Xa-
PAKTEPHBIM JIOKAJIM30BAHHBIM BJIOJIb JIMHUM U30BITOYHBIM PACHPEJIEJIEHUEM, YTO OTJINYaeT
X OT COOBITUI OOBIYHOTO T'PABUTAIMOHHOIO JITH3MPOBAHMS.

Takum obpazom, HA BCeil MPOTAKEHHOCTH CTPYHBI 0KHjIaeTs (POPMUPOBAHUE IENOYEK
IPAaBUTAIIMOHHO-JTUH30BBIX Hap (POHOBBIX MO OTHOINIEHUIO K CTPYHe TaJakKTuK, T.H. “Mied-
HBIIl TyTh T'PABHTANMOHHBIX JINH3 , KOJTUIECTBO KOTOPBIX M30BITOYHO MO CPABHEHUIO C YHC-
JIOM OOBIYHBIX I'DABUTAIMOHHO-JIMH30BBIX COObITHII U paciipe/ie/ieHue KOTOPbIX OTJIMYHO OT
COOTBETCTBYIOIIETO PACIPE/ICJICHIS B OOBITHOM CJIydae.

B kadectBe 06/1aCTH MOUCKA TAKUX IEMOYEK JIMH3UPOBAHHBIX MAJIAKTUK U HCCJICTOBAHUS
XapaKTePUCTUK UX pPacIpeesenii HCIOoTb30BAJUCh TaHHbIe 00pabOTKU KapT PEJUKTOBOTO
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M3JIyUYeHHsl, B KOTOPBIX ObLI HaleH KaHIUIaT B KOcMIYecKyIo ¢TpyHy (CSc-1; nporszkeH-
HOCTBIO OT (v = 11 : 29 : 03,0 = +15: 23 : 37) 1o (a = 10 : 57 : 47,5 = +25 : 03 : 51),
|14]). Takum 06pazom, IPOBOAMUIOCH CTATUCTHYECKOE CPABHEHUE KOJIMIECTBA IPABUTAIIMOHHO-
JIMH30BBIX [Aap rajJlAKTUK B TI0JISIX, 3aBEJOMO He COJAEPKAIINX CTPYH, ¢ KOJUIECTBOM AHAIO-
IHYHBIX AP B [0JIe, TJe M0 JAHHBIM AHU30TPOIUH PEJUKTOBOIO H3JIyUYeHUs DPACIOJIOKEH
KaHIUIaT B KOCMHYECKYIO CTPYHY.

CpaBHHUTEIBHBINH aHAJIN3 IJIOTHOCTH PACIPe/IeIeHUs Tap JUH3UPOBAHHBIX MAJTAKTHK ITPO-
BOJMJICA IIyTEeM IOKA3aTeIbCTBA HEOIHOPOJIHOCTH ABYX HAGOPOB CTATUCTUYECKUX JAHHBIX.

15.3 MWcxoaable HAOIIOIATEIBHBIE JaHHBIE 1 (DOPMHUPOBaHIE BHIOO-
POK JIJIsi CTATUCTUYECKOTO aHAJIN3a

Kananaarsl B rpaBuTaliiOHHO-JIMH30BbIE COOBITHS ObL/IN HAaIEHbI 110 (DOTOMETPUIECKOMY
karasory rajakruk DR12 SDSS, [14].

Tabumna 32:

Hexodnwme darnnwe

N nose | KoHTpoabHOE | N o€ | KOHTPOJIbHOE
CO CTPYHOI’ noJie CO CTPYHOI noJie
1 52.61 20.06 17 23.23 11.01
2 32.92 16.05 18 27.53 14.44
3 37.38 23.10 19 27.64 16.87
4 26.42 30.09 20 14.91 32.72
5) 26.48 27.07 21 21.37 13.98
6 24.31 32.23 22 32.19 23.35
7 13.23 31.13 23 30.11 28.89
8 25.09 20.08 24 17.38 14.23
9 30.21 15.05 25 10.87 11.74
10 10.73 10.75 26 26.21 25.88
11 30.13 19.82 27 15.37 18.19
12 36.71 23.22 28 26.50 23.61
13 38.95 30.52 29 51.08 22.85
14 30.41 12.68 30 17.05
15 21.06 25.64 31 17.92
16 29.49 18.85

Bouio chopmuposano ase Buibopku (Tabsmna 32). Kax bt s/eMenT neppoit BoIGOpKT —
9TO KOJUIECTO Tap TaJaKTHK, PACIOIOKEHHBIX B ITomaake 1 kB. rpaj. B moje CSc-1. Kax-
JBI 9JIeMeHT BTOpPOil BHIGOPKH (KOHTPOJIbHASI BRIGOPKA) — 9TO KOJMYECTBO Map TATaKTHK,
PACIOJIOKEHHBIX B ILIOMAIKe 1 KB. IPaJl. B 10Je, He MPHHAJICXKAIIEM CTpYHe (T.e. B TOJIe,
rjie Mo JAHHBIM MPeIbIIYIIHM HCCIeJOBAHUAM aHU30TPONUH PETUKTOBOTO H3JIYUEHUS CTPY-
Hbl He obHapyzkeHbl). JIpobHble 3HAYEHUST KOJIMYECTBA AP IIPOUCXOJAST M3-32 HOPMHPOBKH
Ha 1 KB. Tpaj.

Takum obpazom, 006e BHIODOPKH MTPEJACTABISIIOT cODO# COOTBETCTBYIOIINE TJIOTHOCTH TIap
PaBUTAIIMOHHO-JTUH30BBIX TATAaKTHK B mose CSc-1 u B KOHTPOJBHBIX TOJIX 0e3 CTPYHBI.
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C moMoripio HemapaMeTPpHYeCKHX KPUTepHeB MPOU3BOIWIACH MPOBEPKA TOTO, YTO BHE
3aBHCUMOCTH OT CIIOCO0A TPYHIUPOBKU JAHHBIX TUX BHIOOPOK U TIPUMEHSIEMBIX METOJOB,
IJIOTHOCTH PACIIPEJIEICHUS JAHHBIX JIBYX BHIOOPOK pa3/ndubl u, Takum odpasom, CSc-1 Bbi-
OOpKa PeJICTaB/ISIeTCST AHOMAJIBHO 110 CPABHEHUIO ¢ KOHTPOJIBHON BBHIOOPKOIA.

[Ipumep Takoit rpynmupoBKu AaHHBIX: B moje CSc-1 9uc/io TI0ImaioK, B KOTOPHIX 3HA-
YeHWe TIOTHOCTH Tap JexKuT B uaTepsase (9, 11) paBHo 2, a st KOHTPOJBHOTO HOJISI THCJIO
IJIOTHOCTH MAp B 3TOM HHTEPBAJe PABHO 3. DTH YHCJIA MOXKHO PACCMATPUBATH KAaK CJIyYaii-
HBbIe BEJTMYUHDI, XaPAKTEPU3YIOIIHE TACTOTY, ¢ KOTOPOH B UCCIETYEMBIX TOSIX BCTPEUAIOTCS
IPABUTAITMOHHO-TMH30BbIE TaPhl. TakuM 00pa30M, pACIPeIe/IeHNs] STHX BEJIMIIMH MOYKHO HC-
MOJIK30BATH JJIsI JOKA3aTeIbCTBA HEQMIHOPOIHOCTH JABYX HAOOPOB CTATHCTUIECKUX JTAHHBIX.
Pazbuenue na uuTepBaJibl IJIOTHOCTH AP IMPOBOIMIOCEH JIBYMs criocobamu. B mepBom ciryuae
JIUISI TIOJISE CO CTPYHO¥ OBLIO HOJYYEeHO PACHpeIe/IeHIe YACTOT, COCTOsIIee n3 24 cIydaiHbIX
BEJIMYHH, JJIs KOHTPOJBHBIX MOJIeil — cocTosmee 3 13 BeJIMYMH; MOCJTe TeperpyninupoOBKI
HAOOPBI Y9aCTOT BKJIIOYAIN yiKe 12 u 7 BeJUYuH JUIsi UCCIeIyeMOr0 U KOHTPOJIbHBIX TOJIei
coorBercrBeHHo (Tabauma 33). OueBuHO, 9TO 3TH BHIGODKH SIBJISIFOTCS MAJbIMH, MO3TO-
My IIPOBO/Is CPABHUTEIbHBII aHAIN3 TAPAMETPOB PACIPe/IeIeHn, HeOOX0IUMO PACCMOTPETD
HECKOJIbKO KPHTEPHEB.

15.4 CraTtuctuieckaa o6padboTKa JaHHBIX
15.4.1 OO6ocHOBaHUE NCHOJH30BAHNSA HEMAPAMETPUIECKUX KPUTEPUEB

151 TOro, 9TOOB YyTBEPKIATH, YTO M30OBITOK COOBITHH IPABHTAIIMOHHOIO JHH3UPOBAHUS
B ucciaeayemoM mojie CSc-1 BBI3BAH HAJUYUEM B ITOM TOJI€ KOCMUYECKON CTPYHBI, HEOOX0-
AUMO IIPOBECTH aHaJINU3 Ha6JHO,ZLaTe.HbeIX JaHHBIX C IIOMOIIBIO METOIA0B MaTeMaTHu4eCKO
CTATHCTUKA. DTO MOKHO CIAEAATh, CDABHUB IMapaMeTPhl pACIpeIeIeHni, XapaKTepu3yoInx
ILTOTHOCTH 9HCJIA AP JHH3MPOBAHHBIX T'AJAKTUK B MCCIEIyeMOM U KOHTPOJBHBIX IIOJIAX.

OcHOBHasl TPYJAHOCTD IIPU PEIICHHH IOJIOOHBIX 3aJa4 3aKJII0YaeTCs B TOM, YTO 3aKOHBI
pacIpeaeaeHnsl BEpOSITHOCTER [IIsT pacCMaTPUBAEMBIX CAYYAMHBIX BEIUYUNH 3apaHee He H3-
BECTHBI. KpOMe TOro, HeT BOSMOZKHOCTH YBEJIUYUTDH O6’beMbI BbI60pOK JJId yaIydIieHusd TO4-
HOCTH aHAIM3a. DTO 03HAYAET, ITO NIPUMEHEHUE CTAHIAPTHHIX MaPAMETPUIECKUX KPUTEPUEB
(Crbrosierra, Quirepa u Jp.) MOXKET HPUBECTH K MAJIONPABIONOA00HBIM BbiBOgaM. [o3To-
My B JaHHOM CJIydae IeaecooOpas3Ho UCIOIb30BaTh CBOOOIHBIE OT pacupeaeaeHns KPUTepUn
OJIHOPOTHOCTH.

B obmiem ciydae, menapaMerpudeckne KPUTEPUU JIEISTCS HA KPUTEPHUH CJIBUTA U MAac-
mraba (Jr0boe pacnpeeseHne MOXKeT ObITh OMHUCAHO ¢ MOMOIIBIO MAPAMETPOB HOJOKEHUS 1
MaciTaba, Ha COMOCTaBIEHUN KOTOPHIX W OCHOBAaHbI YKA3aHHBIE BbITIe KPHTEPHH ).

[enp uccreI0BaHUS — A0KA3aTEIbCTBO HECOBIAIEHUS IBYX paclpeaeneHuil caydailHbIX
BeJrunH. TakuM 0O6pa3oM, HYZKHO OIPOBEPIrHYTH XOTS OBl OJHO M3 HPEIIOJIOXKEHUA: O pa-
BEHCTBE MapaMeTpPOB MOJIOXKEHUsI U O PABEHCTBE MapaMeTpoB MaciTada.

Bynem uccienoBarh CaBUT, ONpeaeaseMblii PA3HOCTHIO MAPAMETPOB TOTOKEHUS, XapaK-
TEPU3YIOIMUX IEHTPHI I'PYINIIAPOBaHU A Cﬂy“laﬁHbIX BEJIMYUH B UCCJIEAYEMBIX DaClIpedeJICHUAX
(k kpuTepusaM MacirTaba HeOOXOTUMO OyIeT 0OPATUTHCSI TOJBKO B TOM CIIydae, eCJIu Ipe/i-
MOJIOZKEHHe O HAJUYUHU CIABUra OyIeT OTKJIOHEHO). VICmob3yeMble KPUTEPUH TeCTUPYIOTCS
Ha MCKYCCTBEHHO CreHepupoBaHHBIX BblOOpkax (Tabuuna 37), pacupejesenus cirydaiHbix
BEJIMYWH B KOTOPBIX 3aBEJIOMO COBMAIAIOT. DTO MO3BOJIAET YIAOCTOBEPUTHCS B a€KBATHO-
CTH TIPUMEHSIEMBIX METOJIOB, U, CJIeJ0OBATENHHO, B JOCTOBEPHOCTH CJIEJAHHBIX HA WX OCHOBE
BBIBOJIOB.

134



135

Tabaumna 33:

Zannvie, nepezpynnuposaHrvie No UHMEPSAAAGM NAOMHOCTIU YUCAG AP
2PABUMAUUOHHO-AUHI0EVT 00BEKMO8 6 UCCACOYEMOM U KOHMPONOHBIL NOAAL

nepBas MePerpynimupoBKa

BTOpas MePerpynmupoBKa

nHrepBaJi ImoJIe . KOHTPOJIbHOC | HHTEepPBaJI IoJie . KOHTPOJIbHOEC
CO CTPpYHOH I1oJie CO CTPYHOH I1oJie

9 0 0 11 2 3
11 2 3 13 3 5
13 1 2 17 3 5
15 2 3 21 3 7
17 3 2 25 8 3
19 0 3 29 ot 4
21 2 2 33 2 2
23 1 5 37 3
25 2 2 41 0
27 6 1 45 0
29 1 1 49 1
31 4 3 23 1
33 2 2
35 0
37 2
39 1
41 0
43 0
45 0
47 0
49 0
ol 1
53 1
59 0




15.4.2 PauroBble KPUTEPUHN CABUTA

PanroBeie KpuTepun oaHA 13 caMbIX 3 (PEeKTUBHBIX METOI0B HeIapaMeTPUIecKOi cTaTH-
crukn (3dpdexTuBHOCTH MYyUIUX N3 HUX cocTaisier 10 95% ot montaocTH t-KpuTepus CThio-
JIGHTA U COTIOCTABUMA C MOCJEIHUM JJId Caydas OOJILITUX BBIOOPOK; jajee 3pdekTuBHOCTD
Be3Jie YKa3bIBAETCS OTHOCUTEIBHO t-KpuTepus). PAHrOBbie KDUTEPUH OCHOBBIBAIOTCS HA WC-
OJIb30BAHUU PAHIOB, IPUIKUCHIBAEMBIX 3HAYCHUSAM CAYyYANHBIX BEJIUIHH B OOIIEH yIIOpSIO0-
JEeHHOH IO BO3PACTAHHUIO BLEIOOPKE (T.e. B YHOPAAOYEHHOM PAAYy YUCENT T X To X ... X Tp
3HAYEHHIO X; IPUIHCHIBaeTCst panr R;). [Ipu 3m0M OMHAKOBBIM BeJIMYHHAM IPUCBANBACTCS
yepennenusiii panr (Tabaunsr 34 — 35).

Tabumna 34:

IIpucsoerue parzos saemernman nepeoti epynnv, dannwvr (ny = 24, ny = 13)

N | wactora | panr | N | gacrtora | panr | N | gacrora | panr
1 0 5.5 | 14 1 14.5 | 27 2 24
2 0 5.5 |15 1 14.5 | 28 2 24
3 0 5.5 | 16 1 14.5 | 29 2 24
4 0 5.0 | 17 1 14.5 | 30 3 32
bt 0 5.5 | 18 1 14.5 | 31 3 32
6 0 5.5 |19 2 24 | 32 3 32
7 0 5.5 | 20 2 24 | 33 3 32
8 0 5.5 |21 2 24 | 34 3 32
9 0 5.5 | 22 2 24 | 35 4 35
10 0 5.5 | 23 2 24 | 36 bt 36
11 1 14.5 | 24 2 24 | 37 6 37
12 1 14.5 | 25 2 24

13 1 14.5 | 26 2 24

PaHroBoIX KpUTEpUEB CABUTA CYIIECTBYET MHOIO, HO €CTh TPH YCJOBHS, KOTOPHIE CYIIIe-
CTBEHHO OTPAHMYHMBAIOT BHIOOP: HAMNYUNE TIOBTOPSIONIUXCS 3HAYEHUH B HAOOPaAX CJIydaiiHbIX
BEJIMYUH, HEPABEHCTBO 00bEMOB BBIOOPOK M MaJiblii 00 beM BBIOOPOK. Y YUTHIBAS BBIIIEIIEPe-
YUCJIEHHBIE OCOOEHHOCTH, MOXKHO BBIJICJIUTH TOJIBKO TPU KPUTEPHUs, IPUMEHEHHEe KOTOPhIX B
paMKax IOCTaBJICHHON 3a1a9u OYyAeT 000CHOBAHHBIM: OBICTPBIHl PAHTOBBIN KpUTepuii, KpuTe-
puii Ban Jiep Bapaena u kpurepuit Manna-Yurnu-Bujikokcona, 4acTHBIM CJIy4aeM KOTOPOT'O
SIBJISIETCSI anmpokcumanusa VvaHa.

15.4.3 DBsricTpshlii paHroBbIil KpUTEpUii

Beictpbiii (rpy6blil) paHroBbIii KpUTEPHl — caMblii MPOCTON € TOYKH 3DEHUsST BbIYUC/IH-
TeJIbHOU CJIOKHOCTH, €ro 3hbderrusHocTh 86%. Kpurepuii ocHOBaH Ha Ilepexojie K CTaTHCTH-
Ke d-KpuTrepusi, KOTOpasi MOKeT OBITH ANIPOKCUMHUPOBAHA HOPMAJbHBIM pacHpeaeeHueM ¢
HYJIEBBIM CpeIHAM. AJITOPpUTM Hepexoa K d-CTaTHCTHKE:

® CoCTaBJIeHHE ODIIEro paH:KHPOBAHHOIO Psa U3 JBYX BHIOOPOK OObEMaMU Mg U N

® IIPUCBOEHNE PAHTOB;
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Tabauma 35:

IIpucsoerue panzos aremernmans nepeot epynnv dannur (my = 24, my = 13)

N | wacrora | paur | N | yacrora | panr
1 0 1.5 |11 3 10.5
2 0 1.5 |12 3 10.5
3 1 3.5 |13 3 10.5
4 1 3.5 |14 4 14
5 2 6 15 5 16
6 2 6 16 5 16
7 2 6 17 5 16
8 3 10.5 | 18 7 18
9 3 10.5 | 19 8 19
10 3 10.5

® pacyeT CYMMapHBIX YCPeJHEHHBbIX PAHIOB JJIsI KAXKJI0N U3 I'PYIIIL, TO eCTh

Torna d-xpurepuit umeer Bug: d = Ry — Ry ¢ mucIepcuei

(n1 + ’ng)(TLl + no + 1) 1 1
Sd — — 4+ — ).
12 sl Mo

[IpoBepka THIOTE3bI O HEOIHOPOJHOCTH ABYX HAOOPOB CTATUCTUYECKUX JAHHBIX OCY-
IECTB/IAETCS IyTeM CPABHEHUs TOJIydeHHoil Besmaunbl ¢ u, (Tabmuna 12). Ecan |d/sq| <
1.96, To rumoTesa caBUTA OTKJIOHAETCS ¢ JOBEPUTETbHON BepodTHOCTRIO v = 0.95. g man-
HBIX Tabaunsr 33:

o s ng =24, ny =13 :

_ 1
Ry = 57(55- 94+ 1456+ 24+ 6+ 324 35+ 37) ~ 16.021,

— 1
Ry, = 5(5.5+ 14524245+ 3244 36) = 245,
d =245 —16.021 = 8.48,

a3+ 1341) (1 1
Sd_\/ 12 o1 T13) AT
4] 848
L1128 x 227> 1.96
sal (373
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o I my = 12, my =7

_ 1
Ry = 15(15-2 4352462+ 10.5 -4+ 16+ 19) ~ 8.25,

— 1
Ry, = =(6+105-2+ 1441624 18) = 13,
d =13 —18.25=4.75,

1247)(12+7+1 1 1
s&:\/< 72+ +)( +—)x2.25,

12 127
d 4.75
o2 177 < 1.96
s ’2.25

[Ipenmosioykenne o CABHUTE, MOJIYyYEeHHOE OBICTPBIM PAHTOBBIM KPUTEPHEM, TOITBEPIKI1a-
eTCsI TOJBKO M1 GOJIBIION BBHIOOPKH, IMOITOMY TPeOYIOTCs JOMOTHUTEIbHBIE HCCIeT0BAHN
apyrumu 6osiee 3 EKTUBHBIMEA METOIAMMU.

15.4.4 Kpurepuii Ban nep Bapaena

Kpurepuii Ban jiep Bapjena ocHoBaH Ha aJlrOPUTME LEPEXOJa K CTATUCTUKE X-KPUTepHs
U pa3jindeH Jiis BBIOOPOK CPEJIHUX U MaJIbiX 00beMoB. [jis BTopoii rpynnbl ganabix Tad bt
33 cymmapHubIiM 00 beMoM My + my = 19 cratucTuka BaH aep Bapaena mmeer BuL

m2
X = E (L
j=1

TJIe U, — 7Y;~KBaHTH/Ib CTAHJAPTHOTO HOPMAJIBHOIO pacmpeeeHus (CyMMIPOBAHHE MOZKHO
BECTH OTHOCHTEJIBHO 1M, Pe3yJbTaT He MeHsiercs). Beananna U, BBIYUCJIAETCA 110 11pubJin-
JKeHHOoit hopmyie
~ 0.14 0.14
Uy, R 491 [ — (1 =),

rae
R; .
= — = Mo.
7] my + M + 17 J ) 2
Jns BTOpO#t Tpymmbl gaHHbIX Tadbauns 33
6 0.14 0.14
N= el 0.3: Uy, =4.91[0.3"M — (1 -0.3)""] =~ —0.52;
10.5
’}/QZW: U72%006,
14
V=50 U ~ 0.52;
16
’}/4:% . U,Y4%O.84;
18
V=550 U ~ 1.28;

X =-05240.06-2+0.52+0.84-2+1.28 =3.02.

9TO MeHbIe KPUTHYECKOTO 3HAYEHWs] COOTBETCTBYIONIEH cratuctukn 3.62 (v = 0.95 u
my = 12,my = 7), [8]. Ilpeanonoxenne o ¢ABUTE OTKIOHACTCS.
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g nepBoit rpynnnsl JanHbiX Tadaunsl 33 n = ny+ny = 37 craTucTuKa Bad Jiep Bapaena
AIMIPOKCUMHUPYETCS HOPMAJIBHBIM PACIpeIe/IeHHEeM C HYJIEBBIM CPEJHUM H JIHCIIepCHei

ni+nz
ning
D(X) = u? |
( ) (m + n2)<n1 + ngo — 1) p_Zl Tp
e
R, _
= — =1,n.
T ny + Ng + 1 p
CoOTBeTCTBYIOIIE PACIETHI JAOT:
no=13
Xo= Y u, =564,
j=1
n=37 0.5
24 -13
D(X) = 2 =2.49.
X =\ a1 2w

p=1
Kak u B ciryuae GsicTporo panrosoro kputepust, senunauny |X,/D(X)| Tpebyercs cpas-
HUTBb C Up.95-

X, 5.64
= ~ 2.26 > 1.96.
D(X) 2.49
Takum oO6pa3oM, /s MepBO# IPyIIbl HAOIIOJATEIbHBIX JAHHBIX Tabuipl 33 mpeanosio-
JKeHue o cABHTre crpaBiaeanBo. OIHAKO IO OTHOIIEHUIO K MaJbIM BBIOOpKAM TpedyeTcs J10-
HOJIHUTEIHHOE MCCIEI0BAHIE, TOCKOIBKY MeTo/ 06/1a1aeT BhICOKON 3(hdeKTHBHOCTHIO (€10

MOIITHOCTh paBHa MOITHOCTH t-KpuTepust CThIOMEHTA) TOJBKO it GOTBITHX BEIOOPOK.

15.4.5 Kpurepnit Manna-Yutau-Buikokcona

Kpurepnit Manna-Yutau-Buikokcona ocroBan Ha U-ctatmctuke Manna-Yutau un R-
cratuctuke Buikokcona. Ero adpdexrusaocts 95%. U-cTtaTncTuka onpeneaserca Kak

k1 ke 1

ecan T; < y;
U= > hy ot  hy=q] o

=1 =1 0, ecmm x; > y;.

3nech ki, ky — 06beMBI IBYX BEIGOPOK B paccMaTpuBaeMoii rpymie; i = 1, ky,j = 1, ky.

g seraucaenng U HeOOXOIUMO MOJICIATATh KOJTUIECTBO 3JTEMEHTOB MEPBOil BEIOOPKH,
He MPEeBOCXOIANINX 0 CBOEMY 3HAUEHWIO CIyYailHble BeJWYWHBI W3 BTOPOi BBIOOpPKHU. 1lpn
TOM He BayKHO, OTHOCUTETbHO KaKOi M3 BBIOOPOK BeJIETCS cyMMHpOBaHUe. MBI comocTaBu-
Jin BesimauHbl, cooTBeTcTByONMEe CSc-1 M KOHTPOJIBHOMY TOJIIO0, W MOJIYYWIN CJIe/ Ly OIIe
3nadenus U i EepBOil U BTOPOi neperpynnupoBok fanuwix: U, = 57, U, = 15.

B ciygae mMaJibIx BBIOOPOK HAMWYNE CABUTA MPU3HAETCS, €CIN HaliieHHas Beandanna U He
BXOJIUT B YHMCJIOBOH MHTEPBAJI, ONpe/IeisieMblil Kpurudeckumu 3uadenusivu Uy u Uy, (8. dus
my = 12 mw mo = 7 monyvaem Uy = 18, Uy = 63.

g BbIOGOpKM 0OJIbIIEro 00beMa JIyUIyIo OlEHKY JlaeT R-craTucruka

ng(ng + 1)

R =nyny + 5

_U’
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KOTOpas amnmpokcuMupyercsd W-pacmpe/ieieHueM:
R— TLQ(TLl +7’LQ + 1)
W= 2
g

Besmuuna g B 3HaMeHaTe/ie CTATUCTUKU YYUTHIBAET COBIIAJIAIONIUE JIEMEHTbl B BbIOOD-
Kax, Omarojaps 4eMy IOJIyYeHHOE paclpejiesieHne MOKeT ObITh ammpOKCHMHPOBAHO HOP-
MaJTbHBIM. 3HAUEeHNE g MOYKHO BBIUHCJIUTH KaK

q
Zt8<tz - 1)
B \/nlng(nl +ns+1) 1_ s=1
g 12 (n1 + TLQ)(TLl =+ ng + 1)(n1 —+ ng — 1)7

rjae S — KOJIMYeCTBO I'PYIIIL, 3HaY€HU A 3JIEMCHTOB B KOTOPbLIX OJIMHAKOBDI, ts — KOJIMYIECTBO dJIC-
MEHTOB B KaxKJIOi rpyIe, ¢ — obiiee 9ucao rpymni. [Ipu 37oM 3/1eMeHThI, YUCJCHHO PaBHbIE
JIPYT JApYyTy, HO NPUHAJIEZKAIINE PA3HBIM BBIOOPKAaM, HE YUUTHIBAIOTCS.

Takum obpasoM, g ny = 24 U ny = 13 noaydaem

13(13 4 1)

R=24-13+ — 57 = 346,

Bennuuna ¢ = 4, ciaejoBare/ibHO
tl(O) = 10, t2(1) - 8, t3(2) = 11, t4(3) - 5

B ckobkax npwu ty ykazaHbl YUC/E€HHBIE 3HAYEHUS COBIAJIAIONINX 3JEMEHTOB B Habope
JIAHHDBIX.

4 0.5
ts(t2 —1
9= 12 24+13)- (24+13+1)- (24 + 13— 1) — O
o 13-(24-513“)

W = ~ 3.25 > 1.96.

9
Takum obOpazoMm, THIOTE3a CJIBUTA MPUHUMAETCH KaK JIjid [EPBOii, TaK W JJsd BTOPOIl
(MaJIoii) PPYTIIMTUPOBKH MCXOMHBIX JTAHHBIX.

15.4.6 Annpokcumariusa Mmana

OpruM u3 Hanbostee TOYHBIX HAPSLY C PACCMOTPEHHBIMHU HEMapaMeTPUIeCKUMEI MeTO A~
MU ABIAETCA MeToJ annpokcumaimu Mvana. Dddexrusnocrs meroma 95%. J-crarucruka
9TOr0 MeTojla cTpouTcs Ha ocHOBe W-ctarnctuku Buyikokcona:

W -2 \*
J=2 114 n1 + Na
2 n1+n2—1—W2

[Tosydennoe 3Ha4YeHNe CPABHUBACTCH ¢ KpuTHaeckKnM: J, = (uy +t)/2. 3gecs uy u ty
— 7/-KBaHTWJIX HOPMAJLHOIO pacupeaeseHus u pacupeaenaeans CThIOJeHTa ¢ 7' = 1y + Mg — 2
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cTeneHIMH cBOOOIbI cooTBeTcTBeHHO. Ilpumem v = 0.95. Torna Kpurudeckas CTaTHCTHKA
eCcTh

J.y = 2.00.
PacquHoe 3Ha4YeHue JJI BTOpOﬁ prHHbI ﬂaHHbIXZ
3.25 24 +13—2 0-5
J="" =353 > 3.44
2 (24+13—1—3.252> ’

YTO CBUJIETEJNLCTBYET O MOJATBEPZKJICHUN MPEJIIIOJI0KEHUS O CJIBUTE C JIOBEPUTEILHON BEPO-
aTHOCTHIO ¥ = (.95.

15.4.7 Pe3yabTaThl CTATUCTUYECKOH 0OPABOTKM HETPYINMUPOBAHHBIX MCXOIHBIX
JaHHBIX

[IpuBeieM pe3yabTaThl CTATUCTHIECKON 06pabOTKH UCXOIHBIX HADIIOATEILHBIX JTAHHBIX
(n1 = 31, ny = 29, Tabauna 32). Tak Kak cO CTOPOHBI PACCMOTPEHHBIX HEMAPAMETPHIECKUX
KPUTEpHEB HUKAKHX TEOPETUYECKHX OIPpAHHYEHHN CBEpXY Ha 0OBbeMBI BHIOOPOK HET, TO MbI
MOKEM ITPOAHAJU3UPOBATH X ¢ IMOMOIIBIO STHX KpurepueB. OTMETUM, YTO TeHepb paHraMu
paccMaTpUBaeMbIX BEJHYUH OYyT WX MOPSIIKOBBIE HOMEpPa B 00IEM PaHKHMPOBAHHOM PsiJIy,
MOTOMY 9TO COBIMAJIAIONINX 3HAYEHNH cpean 371eMeHTOB BeIOOpoK Het. B Tabsuie 36 npuso-
JIATCS Pe3yJIbTAThl BBIYUCICHUH JIJId UCXOJHBIX JaHHBIX, a TaKKe CBOJKA BCEX PACYETHBIX
BEJIMYUH, HOJIYIEHHBIX IIPH IIePBO U BTOPOI IPYNIUPOBKAX MCXOIHBIX TAHHBIX.

Tabauma 36:

Hmozosve peaysomamol das uccaedyemuis 8vb0pok

HeTlapaMeTpuIecKuii Ny =31, | ng = 24, | xpurugeckoe | my = 12, | kpuTHIeckoe
KPUTEPHUI CJIBUTA Ny =29 | ng =13 3HAYEHWNE mo =17 3HaYEHUE
OBICTPBIN PAHTOBLII 2.17 2.27 1.96 1.77 1.96
BaH gep Bapmena 2.12 2.26 1.96 3.02 3.62
Mamua- Yurau- Bunkokcomna 2.18 3.25 1.96 15 18 <...< 63
annpokcuManusg Vvana 2.22% 3.53 2.00 - -
(11.98%)

15.4.8 TecTupoBaHue UCHOJIb3yEMbIX METOOB HA CUHTE3NPOBAHHBIX BbBIOOpPKaX

Y1006l IPOJIEMOHCTPUPOBATH CLIPABEJIMBOCTD [IOJIyYE€HHbIX PE3Y/IbTaToB, ObLIU 1IPOTE-
CTHPOBAHbBI BCE MCIIOJ/IL30BAHHBIE PAHTIOBbIE KPUTEPUU CJIBUTA HA 3aBEJIOMO OTHOPOHBIX BbI-
Oopkax, npejcraBjaeHubx B Tabsuie 37. Boumm B3gThl BBIOOPKU TOTO Ke 00bEMa U CTPYK-
TYPBI, 9TO U PACCMOTPeHHBbIe paHee. Tak, HapuMep, B OMHOPOTHBIX BBIOODKAX € Ny = 24,
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Mo = 13 IMeI0TCA MOBTOPSIONMINECS YUCJIa, a JUala30H 3HAYeHUH — IeJouncIeHHbli, ot 0 1o
6. Kak MoxxHO BueTh n3 Tabuunsl 38, HCIOIb30BAHHBIE IS AHAJIN3a KPUTEPUU OJHO3ZHATHO
HOATBEPZKJIAIOT OJMHAKOBOCTDH PACIPEIEJICHHsI CJAydailHbIX BEJMYUH B TECTOBBIX BbIOOPKaX,
9TO yKa3bIBaeT Ha YCTOWYMBOCTH PAbOTHI KPUTEPHEB.

Tabauma 37:

Cunmesuposanmvie 00HOPOOHBLE BbLOOPKU

n1:31 m1:29 n2:24 m2:13 n3:12 m3—7
27.97 24.34 2 o 1 6
27.71 16.17 6 1 6 6
11.37 13.55 2 2 6 5
11.64 24.4 0 4 4 5
23.29 10.46 5 6 1 1
11.56 24.96 ) 3 6 2
23.27 29.43 4 2 5
12.14 21.19 ) 6 3
27.02 10.05 0 1 6
13.19 17.49 3 4 2
26.14 15.15 4 3 b}
15.10 28.85 3 4
10.44 23.89 1
16.89 13.82 6
15.21 26.24 2
27.83 21.86 3
28.90 29.48 2
12.33 20.70 3
24.95 25.91 )
14.05 28.15 5
15.97 9.58 4
23.65 19.46 6
9.53 27.38 1
29.91 28.66
26.87 18.33
20.07 19.43
28.27 25.50
11.59 26.99
24.16
15.57

15.4.9 BpsiBoapbl

Drina pemena 3aada CTaTHCTHYECKOTO CPaBHEHUW paclpeieieHns] T'PaBUTAIMOHHO-
JIMH30BBIX TP MAJIAKTHK B IIOJISIX, 3aBEJOMO HE COIEPKAIINX KOCMUYECKUX CTPYH (KOHTPOJIb-
HOE TI0JIe), ¢ Paclpe/ieieeHuM aHaJorndHbIX nap B nose CSc-1, riae mo JaHHBIM aHH30TPO-
MU PEJTUKTOBOTO M3y YeHusl, |14], pacmoioxkeH KaHIUIAT B KOCMAYIECKYIO CTPYHY. B ciaydae
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Tabauma 38:

Pe3y./meamu araAU3a OdHOPOdH?)LLL’ CUHMESUPOBAHHDIT 6?)L60p07€

HelapaMeTpUYeCKuit ny =31, | ng =24, | kpuTudeckoe | n3 = 12, | KpUTHUIECKOE
KPUTEPUil CABUTA m; =29 | mo =13 3HaYEHNE mg =7 3HaUEeHNEe
OBICTDBIN PAHTOBBIN 1.04 0.03 1.96 0.08 1.96
Ban Jep Bapaena 0.97 0.06 1.96 0.02 3.62
Mamnna- Yutau- Bunrkokcona 1.04 0.67 1.96 31 18 <...< 63
annpokcumanns Mvana 1.04%* 0.67 2.00 - -
(11.98%)

JIEHCTBUTEILHOIO IPUCYTCTBHSA KOCMUYIECKON CTPYHBI B COOTBETCTBYIOIIEM IT0JI€ JIOJIZKEH Ha-
BII0/IATHCS HE TOJIBKO CTATUCTHYECKUN H30OBITOK IPABATAIMOHHO—JIMH30BBIX Nap (KOTOPBIi
Ob1 mosiyded B [14|), HO U cama WIOTHOCTH PACHPE/IEJCHUs TDABUTAIIMOHHO-TMH30BbIX I1ap
JIOJIZKHA OTJIMYATHCS OT COOTBETCTBYIONIEH IJIOTHOCTH Paclpejie/ieHus KJIACCHIeCKHX TaKUX
COOBITHI B HECOJEPKAIIUX CTPYH MOJISAX.

CpaBHUTEIbHBIH aHAIN3 IIJIOTHOCTH PACIIpe/ie/IeHIs Iap JUH3UPOBAHHBIX MAJJAKTHK IPO-
BOJHUJICS IIYTEM JO0Ka3aTeJIbCTBa HEOJHOPOIHOCTH JIBYX HAOOPOB CTATUCTHYCCKUX JIAHHBIX.
Bribpanublie 1715 9TOM MeIN METOAbI MATeMAaTHIYeCKOM CTATHCTUKY, & HMEHHO HellapaMeTpH-
YEeCKHUEe PaHI'OBbl€e KpUTEPpUN CABHUI'A ITO3BOJIMJIN pa6OTaTb C MaJIbIMHI BbI60pKaMI/I, IIJIOTHOCTH
pacupejiesieHns KOTOPHIX 3apaHee He N3BeCTHHI. TakyKe 00Cy K /1a/1ach IPaBIIbHOCTD PabOTHI
UCIIOJIb3YEeMbIX KPHUTEPUEB Ha OCHOBE CTATUCTHYECKONH 0OPabOTKU CHHTE3UPOBAHHBLIX BBLIOO-
POK € 3apaHee U3BECTHBIMHU IapaMeTpPaMHu.

[Tonyuennbie pe3yabTAaThbl YKA3bIBAIOT Ha CTATUCTHUYECKOE pa3audue pacipeaeaeHui
I'PaBUTAIIUOHHO-JIMH30BLIX IIap B CSC—1 1moJie 110 CpaBHEHUIO C KOHTPOJIbHBIM I10JIEM. BbIHB—
JIEHHOE pa3JIu4due CJAYyZKHUT AOIIOJHUTECJbHBIM apIr'yMEHTOM B IIOJIB3Y HaJIUYHUA B UCCJIeAYyeMOM
[10JIe KOCMUY€ECKOM CTPYHBI.

baarogaprocTnu
Agrop Beipazkaer 6aarogaprocts mpod. M.B. Caxunuy (TAWIIT MTV uvm. M.B. JTomoro-
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B Ipoiiecce pabOTHI.
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— MaKCAMAJILHOTO IPaBIononobus 63 — TpejieabHasd
— HAMMEHBITX KBaJIPATOB 09 — — abcosrroTrnaga 9
— HenapaMeTpudeckuit 132, 134 — — OTHOCHUTeJbHAA 9
— CKOJIB34IIEro KOHTpoJid 33
[IOJTUHOMBI
Moja 39 — opToroHajbHble 118
— OpTOHOpMaJIbHEIE 118
MOMEHT — Yebnrmiesa 120
— HaYaJILHBIN 41 — — , nopma 122
— TEHTPAJTBHBIN 41
OPUHIIATI,
HEBSI3Ka (CM. TIOTPEITHOCTE OCTATOTHAS) — Jlexxanapa 90

— —, obobmmennwIit 90
HEPABHOTOYHOCTE 88

PaBHOTOYHOCTH 88
obobrennnre cremenu 120

pasmerteHus 22

OTKJIOHEHIE — , Tabsauna 23
— BBIOOPOUHOE KPYTOBOE CTaHAApPTHOE 78
— cpennee 40 pacupejesieHme
— CpeTHEKBaIpaTHIeCKoe 36 — buHOMMAJIbHOE 47
— crangapraoe 36 — Taycca (cM. HOpMAaBHOE)
— —, rabmna (cM. HOpMaJIbHOE)
OIIEHKA — reoMerpudeckoe 48
— WHTepBaJbHasg 59 — , 3aKOH 25
— ToyeuHas 59 — HOpMaJibHOE 49
— , TOYHOCTE 59, 60 — —, Tabsuna 56
— , JIOBEpUTEJIbHA BEPOsiTHOCTL 59, 60 — HokasarejibHoe 49
— , IOCTOBepHOCTD 59, 60 — , ILIOTHOCTEL 28
— , HaJIe’KHOCTE 59, 60 — Ilyaccona 47
— , IIPOIeHTHAad TouKa 60 — — , noJjie 48
— , YPOBeHb 3HAUNMOCTH 60 — paBHOMEpPHOE 49
-, pan 26
ormubKa — , — BapuaImoHHbIH 30
— WHCTPYMEHTAJIbHAS &8 — , — cTaTucTuyecKkuii mpocroit 30
— KoHedHasa 9 — Croronenta 69
— TPUOIHKEHHOTO IUCIa 9 — , Tabauma 26
— —, ToyHadg 9 — Qumepa 74
— cucremarnyeckasi (CM. MHCTPyMeHTanbHas) — , byHkims 26
— caydatinas 8 — , — aMmupudecKasa 30
— cybbexkTuBHAs 8 — «xu-kBajpary 70, 71
— (busnueckas 8 ~ IKCIMOHEHIMAIBLHOE (CM. TTOKA3aTeTHLHOR)
rnepecTaHoBku 22 perpeccust
—, Tabsauna 23 — auuettnas 104

— wesnneiinaa 104
IUIOTHOCTD (CM. PacIpe/iesieHne IJI0THOCTH)

— , dJlepHad OleHKa 33 CHACTEMA

— KBagpaTtHasa &84
HOI'PENTHOCTh — Heo tHOpogHasd 84
— octaTovyHas 95 — HeoIllpeeseHHas 84
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crucTeMa
— HecoBMecTHAd 84
— ojiHOpOsiHAA 84
— coBMecTHad 84

CKOIIIEHHOCTD 4 1

cayvaiinasg Beamanna 25

dbyHKITHIA
— Jlamnaca-T'aycca 50
— npouzBogsias 24, 52

qacrota 17
— , TIOJIUTOH 51

9KCIIece (CM. KpyTH3HA)

— TUcCKpeTHada 25
— HempepbIBHAS 25
— , dyskmg 25

coOBITHE

— He3asucuMmble 18
— HecoBMecTHbIE 19
— coBMecTHBIE 19

coueTraHust 22
—, Tabsuna 23

cpennee
— B3BeIlleHHOe 39

— Kpyrosoe Bbibopounoe 77
— 110 BeIGOPKE 39

— 10 peaam3arnuu 51

CTATUCTUKA TOpaaKoBag 30

TaOJIUITa, KBAHTIEH

— HOPMAJIBHOTO pacupeneieHus 60
— pacnpenenenusa Komamoroposa 131
— pacnpegenenuss Crbiogenra 68

— pacnpenenenus @ummepa 75

— «XU-KBaJpaT» pacrupeqenenns 74

TEOpeEMa,
— Kponekepa-Kamnemamm 84
— LeHTpaJibHAY HpeaesibHas d1

YMHOXKEHUNE
— BepodaTHocTel 19
— Ipub/IMKEHHBIX Guces 14

ypaBHEHUE
— HOpMaJIbHOE 90
— ycaosHoe 89

dopmyaa

— baiteca 21

— KOMOMHATOPHBIE
— — Tabauna 23

— Kpawmepa 85
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